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The setting

The d-dimensional space RY with Riemannian metric

g= Z gjk(x) ax;alx.
J,k=1

Magnetic potential is a real-valued one-form

d
A =>"A(x)dx.

j=1

Electric potential is a real-valued function V € C*(RY R).
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The magnetic Schrédinger operator

h o0
Hy = b
" ];1«/detg (’8Xj
0

x [gjk(x) det g(x) <h(9x_Ak( )ﬂ +aV(x), i=+v-1,

- Aj(X)> X

(g% (x)) is the inverse matrix of g(x) = (gi(x)), h > 0 is the
semiclassical parameter (Planck constant).
@ It describes the motion of a quantum charged particle in an
external electromagnetic field.
@ One can consider the case of a smooth manifold (either compact
or noncompact, of bounded geometry) as well as the case of
non-exact magnetic field (then % takes a discrete set of values).
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Assumptions

h O
Hy = ( —A-(x)) <
/;1 % detg 1 0X; !

« [g/k(x) det g(x) (hai—Ak( ))] +RV(x), B> 0.

Foranyj,k =1,...,d, we have gi € Cg°(R?), that is, for any a € Z9,

sup [0“gik(x)| < oo.
xeRd

9(x) = (gi(x)) is positive definite uniformly on x € R:

inf g(x) > ¢go > 0.

XERI
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Assumptions

h 0

P W (7%
X [gjk(x) det g(x) (haAk( ))]JrhV(x), >0,

i 0x;

- Aj(X)> x

For the magnetic field B defined by

0Ax  O0A;
B=dA= ZBfk(X)de A dXi, Bjk = 67)(] — ((“)7)(;1
j<k

we have Bjk S Cgo(Rd)
Finally, V € C°(RY).
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Setting of the problem

@ The magnetic Schrédinger operator

h 0
/; x/detg <i8X/_A’(X)> "

X [gjk(x) det g(x) (hai — Ax(x ))] +hV(x), h>0.

is a uniformly elliptic second order differential operator.

e ltis essentially self-adjoint in the Hilbert space L2(RY, dvg) with
initial domain C3°(RY), where dvg = +/det g(x)dXx is the
Riemannian volume form.

@ We study spectral properties of H; in the semiclassical limit 2 — 0.

@ First, in the case, when B is of maximal rank (d = 2n), we give a
rough asymptotic description of the spectrum of H; as i — 0.
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Model operator

For any x; € R9. the model operator #(*) is the magnetic Schrodinger
operator on C®(T,,RY) = C>*(RY)

-3 ) ( 1))

J,k=1
X <a - iAk,XO(v)> + V(x), veRI=T,RY
aVk

with the magnetic potential

ZA/ % (V)dv; = Z Bjk(xo)(vjavk — vkadvj),
j<k

and constant magnetlc field

dAx, = > Bi(Xo)dv; A dvk = By,.
J<k
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Spectrum of the model operator

o Let By, be a skew-symmetric operator in Ty, R = R? such that
BXO(Uﬂ V) = gXo(BXo u, V)7 uve TxoRd~

Since By, is skew-symmetric of rank 2n, zero is an eigenvalue of
multiplicity d — 2n and its non-zero eigenvalues have the form

+iaj(xo),j=1,...,n, ajx) >0,

@ Denote

Me(X0) =D (2K + 1aj(x0) + V(x0), k= (ki, -~ kn) € ZT.
j=1
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Spectrum of the model operator

@ In the maximal rank case d = 2n, the spectrum of H(X) consists
of eigenvalues of infinite multiplicity (Landau levels)

o(H™)) = {A(x0) : kez}.

In particular, the lowest eigenvalue of H (%) is

No(x0) = Y a(X0) + V(xo)-
=

@ In the case d > 2n, the spectrum is the half-line

o (1)) = [Ag(Xo), +00),
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Description of the spectrum

Theorem (Yu.K. 2020)

Assume that B is of maximal rank (d = 2n). Then, for any K > 0, there
exists ¢ > 0 such that for any h > 0 the spectrum of Hj, in [0, Kh] is
contained in the ch®'*-neighborhood of hx., where

U ZXO :{/\k Xo) : kGZi,XoERd}.

X0 €Rd

L. Charles (2021): for a compact manifold, better estimate c#3/2
instead of ch®/4.

Lower bound
inf o(Hy) > h\g — ch?, h >0,

where
Ao = inf{/\o(xo) L X € Rd}

= = = = =
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Band structure and gaps

@ Y is a closed subset of R:

= lak A,

kezZ”

where, for any k € Z" , we have the band

[, Bi] = {Ak(X0) : Xo € RY}.

@ In some cases, ¥ has gaps: [Ag, +o0) \ £ # () and Theorem
implies the existence of gaps in the spectrum of Hj,.
For instance, if V(x) = 0 and &; can be chosen to be constants:

a(x)=a, xeR? j=1,...,n,

then ¥ is a countable discrete set.
The set ¥ may also have gaps if the functions a; are not
constants, but vary slow enough.
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Functions of the operator

@ For any ¢ € S(R), the operator ¢(H;/h) is defined by the spectral
theorem. It is a smoothing operator in L2(RY, dvg) with smooth
Schwartz kernel Ky, /) € C°(R? x RY):

o(Hy/h)u / Kook (X, X U(X ) dvg(x'), U € AR, dvg).

@ If the spectrum is discrete (a compact manifold M):
Hynuy j = vy jup j with a complete orthonormal system
{upj € C*(M),j=0,1,2,...}, then

Koty iy (X; X') Zso v/ ) Un j(X) Up  (X7).
/=0

@ Theorem: Foranye >0and k € Z,
| (Hh/h ‘Ck = O(hoo), |X — X/| > €.
@ For the proof, we use the finite propagation speed property of
solutions of hyperbolic equations.
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Full off-diagonal asymptotics

Theorem (Yu.K. 2022)
The following asymptotic expansion holds true as h — 0:

Kok /my(Xo + v, X0 + V')

s _1 _1 ,
~ p=% > Frao(h V20 VB ) ey B (V)2 (V)R X0 € RY, v, v/ € RY
r=0

@ iy, is @ smooth function on T, RY = RY defined by

kixo (V) = /detg(xo + v), veRY

@ F; x(v, V') are some smooth functions.

@ Full off-diagonal expansions for the (generalized) Bergman
kernels Dai-Liu-Ma04,Ma-Marinescu07,Yu.K.18, ..., goes back to
Bismut-Lebeau localization technique in index theory.
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Full off-diagonal asymptotics

Theorem (Yu.K. 2022)

For any j,m,m" € N, there exists M € N such that, for any N e N, there
exists C > 0 such that forany p > 1, xo € R? and v, v’ € T, ,RY

y

Hlel+le/|
0P (v | Ketmm o+ Vx4 V)
J
d 1 r
—h"2 Z Fr xo v,h )”xo (V)ﬂxoz(vl)h2>
cm
Ch_ m+1

(14 2|+ a2 V)M + 12|y —v/|) N

Here C™ is the C™ -norm for the parameter x; € R.
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On-diagonal asymptotics

Corollary (Yu.K. 2022)
For any x; € RY, there exists a sequence of distributions

fr(xo) € S'(R), r > 0, such that the following asymptotic expansion
holds true as i — 0 uniformly on xgy:

d D
Koy (X0, X0) ~ h™2 > (Fr(Xo), Yz, (f(x0), %) = Fr.x(0,0).
r=0

Corollary: semiclassical trace formula
In the compact case

tro Hﬁ/h szh T: QDGS(R)
r=0

The Gutzwiller trace formula (for the zero energy level).
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Leading coefficient

@ Recall that, for any xg € RY. the model operator #(*) is the
magnetic Schrédinger operator on C>®( T, RY) = C*>(RY) with
constant magnetic field By, .

@ Forany ¢ € S(R), K, 3,00, (v, V') € C>(RY x RY) the smooth
integral kernel of the operator ¢(#0)):

o(HCNu(v) = » K<p(H(X0))(V’ Vu(Vdv', ue CP(RY).

@ Then
(fo(%0): ) = K.(3400,(0,0), X0 € R,
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Leading coefficient

In the maximal rank case d = 2n

(6(:0).9) = gz L[ 800) 3 c(elx0)),

(2m)" 5 kez!!

where Ax(xo) = L4 (2K + 1)aj(x0) + V(x0), k € Z1.
In the case d > 2n,

(h(%0). d nHa,(xO 3 / o(Me(x0) + [€2)de

keZ!
Sd 2n—1 d/o
|2(27-[-)dn’ XO Z/ QO(T T—/\k( ) /2-n- dT.
j=1 kezZ!
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Higher order coefficients

In the maximal rank case d = 2n

fr Xo Z Z fr K.j XO /\k(XO))

kez! j=1

In the general case d > 2n

(fr(x0), Z Zfr k,j(Xo / S0(/—1)(7_)(7. . /\k(Xo))i/Z_n_1d7'

kez" j=1
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Asymptotic localization of Schwartz kernels

Theorem (Yu.K. 2022)

Assume that, for some xo € R9, the rank of By, equals d and an
interval («, ) does not contain any N(xo) withk € 71 .
For any ¢ € S(R) such that supp ¢ C («, 3),

‘Kgo(Hh/h)(XmXO)}ck :0(77,00), k:0,1,..., h — 0.

Moreover, if an interval [o, 5] does not contain any N(xo) withk € Z17,
then the Schwartz kernel of the spectral projection E, 15 of the
operator Hy, associated with [ha, hf] satisfies

| Efna,ng (X0, X0)| = O(h™), h— 0.
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Magnetic walls and Ilwatsuka model

R? with Euclidean metric g = dx? + dy? and magnetic field
B = B(x,y)dx A dy.

@ B depends only on the first coordinate, i.e. B(x, y) = B(x);
@ Bis a monotone function of x;
@ There exist B_, B € R\ {0}, B_B, > 0 such that

lim B(X) = B:t.

X—+o0o

@ The particle is subject to a strong magnetic field on the right half
plane, and to a weaker one on the left half plane.

@ B_B, < 0 corresponds to a magnetic wave guide.
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Magnetic walls and Ilwatsuka model

@ Magnetic potential

X 0A>  0Aq
= = = B R(B=—7=—-—]).
A =0 ho= (0= [ B(sjos xer(B= k- T)
@ Landau Hamiltonian
02 o . 2
HB——W—F (ay—IB(X)> .
Theorem (lwatsuka, 1985)
If B_ # B, then Hg has absolutely continuous spectrum. J

Iwatsuka, A.: Examples of absolutely continuous Schrédinger
operators in magnetic fields. Publ. Res. Inst. Math. Sci. 21, 385-401
(1985)
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Asymptotic localization for Iwatsuka model

Corollary (Yu.K. 2022)
Assume that | = [a, b] doesn’t contain any Landau level (2k + 1)B_

and (2k +1)B; withk € Z..
Then B~'(I) = [B~'(a), B~"(b)] is a compact interval and the
Schwartz kernel of the spectral projection Ey,; of the operator
2 0 2
— _p2 =

H, = —h 92 + (hay /B(X))
associated with hl = [ha, hb] satisfies

|Eni(X,y,x,¥y)| = O(h*), h—0

for any (x, y) outside the strip B~'(/) x R C R2.
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Asymptotic localization for Iwatsuka model

8
B,
a8 B =5
(1%
p-
= —7
B0 B® x

For any (x, y) outside the strip B~'(/) x R c R2.
|Eni(x, ¥, %,y)| = O(h™), h—0
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