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Hermite-Padé approximations

oo

= Cik =
f=(f,...,f), 5=Zﬁ7 i=(m,...,np) €2~
k=0

Problem

Find a vector of polynomials (Qs 1, ..., Qs p) # 0 and a polynomial Q7 o,
Qs € Clz], such that deg Q5 ; < n; and

1
(Qﬁ,o + Qﬁ,lfl Al ooodb Qﬁ,pfp)(z) =0 (> , Z— 00.

ZIAl+p

Problem
Find a polynomial P5 # 0 and a vector of polynomials (Pz 1, . .., Ps ),
P, Pi € Clz], such that deg P; < |ii| and

1 :
(Pﬁ,jJFPﬁ’S‘)(Z)—O(ZmH), z—o00, j=1...,p.




Asymptotic problems of Hermite-Padé polynomials

\

e O: N — NP.Q(n) =f, |A| — co while n — o0

Weak asymptotic problem of H-P polynomials

To describe the weak limit of the sequence of counting measures of zeros
of the corresponding polynomials.

Strong asymptotic problem of H-P polynomials

To describe the limit of the sequence of the corresponding polynomials as
the limit of the sequence of functions in some domain D C C.




o fi(z) = 71(2), 2(2) = 02(2)
e Q(n) == (n,n)
@ Py #0,Ps1,Pro: deg P; <2n and

1
(Paj + Pafi)(z) = O (—+) ) z0voo, j=1,2

@ 01,02 suppo; C E; CR, E10E2=®,%>Oa.e. on E; J
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Example: weak asymptotics

Vector potential and energy
For v = (v1,1»), suppy; C Ej:
o W¥(z) = (Wy(z), Wy (2))
Wi (2) = 2V (2) + V*2(2)
Wy (z) = V*2(2) + 2v*2(2)
o I(v) =2(I(v1,v2) + I(v1,v1) + I(v2,12))

Energy minimization problem
J(v) = min
‘Vl‘ = %a |V2| = %
has the unique solution A = (A1, \2); it is completely described via the
equilibrium property
VVJ-)‘(X) =Xj, X EsuppA;
WA(x) > %, x &supp

o
Moreover, ﬁPﬁ — A as n — oo.




l

Example: strong asymptotics

do(x) = (L +x)%(1 — x)’x7dx, «,B,v> -1
E = [_17013 E; = [Ov 1]

o1 =0l|g, 02 =0|g

Pa(z) = P3() - P3(2)
Pi(z) = af00(z)(Fi(2) + O(1), z€C\E;
Fi(z) € H(C\ E),

2
0i(2): 43024 (3—7722><D+1:O
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Favorite applications of H-P

Hexagon tilings
e K. Johansson, Non-intersecting paths, random tilings and random
matrices, Probab. Theory Related Fields 123 (2002), pp. 225-280

e M. Duits and A. B. J. Kuijlaars, The two-periodic Aztec diamond
and matrix valued orthogonal polynomials, J. Eur. Math. Soc. 23.4
(2021), pp. 1075-1131

Constructive analytic continuation

A. V. Komlov, The polynomial Hermite-Padé m-system for meromorphic
functions on a compact Riemann surface, Sbornik: Mathematics 212.12
(2021), pp. 1694-1729




Class A°(X), #X < +oo of analytic functions which

@ are holomorphic at each point zy € C \ ¥;

@ can be analytically continued over any path v ¢ C\ Z;
@ have at lest one point of X as a branch point.
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H. Stahl's theory for Padé polynomials

l

feA(X), cap(X) =0
Pn, @, € Clz]: Q, #0, degQ, < n and

(Pn+ Quf)(z) =0 (#) ,  Z— 0.

H. Stahl, Structure of extremal domains associated with an analytic
function, Complex Variables Theory Appl. 4.4 (1985), pp. 339-354

o H. Stahl, Extremal domains associated with an analytic function.
I, I, Complex Variables Theory Appl. 4.4 (1985), pp. 311-324,
325-338

e H. Stahl, Orthogonal polynomials with complex valued weight
function. I, Il, Constr. Approx. 2.3 (1986), pp. 225-240, 241-251

e H. Stahl, The Convergence of Padé Approximants to Functions with
Branch Points, Journal of Approximation Theory 91.2 (1997),
pp. 139-204, 1ssN: 0021-9045




H. Stahl’s theory for Padé polynomials

H. Stahl's theory: geometric part

There exists a unique compact set S = S(f) which has minimal capacity
among elements of {I C C | f € H(C\ I")} and possesses the following

properties:
e D:=C\S is a domain;
o S=; ;S where S; are analytic arcs;

6gD(Z,OO) — 8gD(Z’OO) O.
o =Eh—t = Bl ZES;.

H. Stahl’s theory: analytic part
° %X(Qn) 25 X\, where ) is the equilibrium measure of S;

o [(f — Po/Qy)(2)|Y" S8y e20(z:0) 7 e D.




Examples of Stahl compacts
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Generalized Nikishin system

Let's start from a vector of measures o = (01, ...,0p); we will construct
the vector of measures (fi1, ..., ttp) using the following inductive process:

dua(x) = doi(x),
d,LL2(X) = <01,0’2> = 82(X)d0’1(X),

dus(x) := (01,02,03) := (01, (02,03)),

dpp(x) == (0o1,...,0p) = (01,(02,...,0p))

Measure composed via Nikishin's rule

We will say that the measure p, is composed from the vector of
measures o via the Nikishin's rule; we will denote it as p(c).




Generalized Nikishin system

A. |. Aptekarev and V. G. Lysov, Systems of Markov functions generated
by graphs and the asymptotics of their Hermite-Padé approximants,
Sbornik: Mathematics 201.2 (2010), pp. 183-234

Generating graph
@ Oriented graph I :=T(V, €&, O)

@ Set of vertices #V < +oo, V= {A, B, C,...}; set of edges
#E < 400, E={a,B,7,... }

@ Unique vertex O such that for any vertex A € V= V '\ O exists an
oriented path from O to A.

do,
Vaoe & — Ea::[aa,ba]CR,aa:dL>Oa.e.onEa;
Ix

we assume that if edges o and 3 have common vertex, corresponding
segments E, and Eg do not intersect.




To= {téa t927 t93}

t& = (a027 a%g)

t92 = (o2, 26, %69)
tg = (ao2, 04%9)

® fig(z) := (Hg + ez + Hez)(2)

o i = p(th) J

o GN(T) = {fia(2) | A€V}

«O> «Fr «E> <
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A: {6j(2)}ey, S(0;)) CE CR: ENE =@

N p(o1), -

©

o > 2
o1, B 02, E>

y(o1,...,0p), S(oj) CEjCR: EENEj1 =@
@

4

0p, E, ;®
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Main results for classical systems

Angelesco system

@ A. A. Gonchar and E. A. Rakhmanov, On the convergence of
simultaneous Padé approximants for systems of functions of Markov
type, Proc. Steklov Inst. Math., 157 (1981), pp. 31-50

o A. |. Aptekarev, Asymptotics of simultaneously orthogonal
polynomials in the Angelesco case, Sbornik: Mathematics 64.1
(1989), pp. 57-84

Nikishin system

e E. M. Nikishin, Asymptotic behavior of linear forms for simultaneous
Padé approximants, Russian Math. (lz. VUZ) 2 (1986), pp. 3341

o A. |. Aptekarev, Strong asymptotics of multiply orthogonal
polynomials for Nikishin systems, Sbornik: Mathematics 190.5
(1999), pp. 631-669




e E=(F,....Ep)eC™

o A= (akj)ka:1 e RmMxXm A >0
e C= (ij);?,Tzl e Rrxm,

rankC = r
@ b= (by,...,bp) ER’,

b#0

@ a; >0

@ g =0ifk#jand EENE #@, k,j=1,....,m
° {XGR"’:Z"’

J=1ijXj=bk7 k=1,...,r; Xj >O,J
bounded and nonempty.

=L“”m}h
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o MY(E):= M*(E) x - x MT(Ep)

o Wr= (W ...,WE), Wiz)=X"

o J(1) = 320 =1 il (ks 1)

~—

j=1 akj VHi (Z)

m
Mg,b(E) = {,U' S M+(E) : Zij || = bic, k = 1,...,r}
=t

{ J(p) — min

HE M::r,b(E)

u]
]
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- Vector potential equilibrium problem

Theorem (A. |. Aptekarev, V. G. Lysov, 2010)

@ There exists a unique measure \, which solves the minimization
problem.

@ Measure X is the unique measure in M7 b(E ) which satisfies the
following equilibrium conditions:

m . = X, X € 5 )\ 5
W) = S a0 { S % EE

(1. 5m) €EIMET.

k=1,...,m,




Weak asymptotics for GN -systems

Interaction matrix from the graph I'
A= A(T) = (a0p), aap

@ =2 if a=p orif @ and 8 come from the same vertex and come to
the same vertex;

@ =1 if « and 8 come from the same vertex but not come into the
same vertex or if & and 8 come out from diffetent vertices but come
into the same vertex;

= —1if « follows 3 or 3 follows «

°
@ =0 if @ and 8 do not have common vertices.

Measures masses restrictions

pEMT(E): > ual— Y. lusl=va, Acy

aEEL_ ﬂEgAJr




Let w be set set of edges that come out from the root vertex O; then
1

|7l

X(Pﬁ) i> Z Aa-

acw
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~ New scalar approach

S. P. Suetin, On a New Approach to the Problem of Distribution of
Zeros of Hermite-Padé Polynomials for a Nikishin System, Proceedings of
the Steklov Institute of Mathematics 301.1 (2018), pp. 245-261

1 1
h(z2) = NSt fa(2) =

o(z)dx

J (z—x)V1—x2’
d

where suppo C F := | | Fj C R, Fj = [¢}, dj];
j=1
conv FN[-1,1] = @.

do
¢ >0ae. on F and




U|d7Fd

e d7(x) = \/1":‘7, E=[1,1]

d
oa:i—g>03.e_ onFi= []F CR

j=1
o convFN[-1,1]=2

«O0r «F)>»r «=» « L




(Qso+ Qrafy + Quah)(z) = O (

1
Saz )1 270

Pi(z) = /F log L= £(2)(1)

|Z— t|2 d:u’(t)a

Y(z) := log|p(2)|

Sty = [ PHEu(a) +2 [ wla)dn(a)




New scalar approach

Theorem (S. Suetin, 2018)

There exists the unique measure A € M7 (F) with the following property:

Jp(X) = Lmin I (1)-

It can be totally described with the equilibrium property

=wr, z€S(N),

P(z) +9(2) {2 we, 2 F\S()).

There is the weak convergence

1 "
EX(QEQ) = A




S. P. Suetin, Equivalence of a Scalar and a Vector Equilibrium Problem
for a Pair of Functions Forming a Nikishin System, Math. Notes 106.6
(2019), pp. 971-980

Vector equilibrium problem for fand f,
4UM(x) —

U*2(x) = wy = const, x € E

—UM(t) + U*(t) = wp = const, t € F
where supp A1 C E,supp Ay C F

Jy(A) = min

J,
Lomn (1)

40> «Fr» « > « Q¥




sense that

Scalar and vector equilibrium problems for f; and f, are equivalent in the

and, conversely,

A= BF (M)

A — Be(A) + 37
1S

where T is the Tchebyshev measure of E and (3 is the corresponding
balayage of a measure.

«O» «Fr « E>» aer




A slite generalization of the new scalar approach

E. A. Lopatin, On the generalization of the scalar approach to the

problem of a limit distribution of zeros of Hermite-Padé polynomials for a
Nikishin system, Sbornik: Mathematics (2022), forthcoming

v

g+1

E:=||ECR, E:=[ej1,e)] e1<ej a=-le,=1
j=1

P
::|_|FJ-CR, Fi =[cj,dj], ¢; < dj; convENconvF =&
j=1

-1 £ Ex 0 Egi11

€1 € €3 €4 €2g4+1 €2g42 C1



Scalar approach on the Riemann surface for S,

2g+2

w(z) = 1/q(2), a(z) = [ (z - &)

Jj=1

dx .
w(x 4 i0)r(x)’

r(x) € R[x]: Vx € conv E r(x) # 0; S(o1) = E;

dO’l =

do
o2 =01 — >0a.e onF; S(o2)=F

dui(x) = doi(x), dua(x) = d{o1,02)(x) = 52(x)do1(x),
Sg = {fi(2), a(2)} = {in(2), pa(2)}

1 s ) — 02(x) dx
w(z)r(z) o(z).  £(2) E/(Z—X)W(X—l—iO)r(x)

f(z) =




1 ~
F]_,Uz Fd,a'g

.5{=01|Eja J=177g+1
.55202|Fk7 k:17,P

1
Ey, 61 Egr1, 55 GRS ) = © (ZZ"T) e
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- Scalar approach for S,

Let R be the Riemann surface of w(z);

@ z denotes a point on R;

g+1
Ej(—) LJ', L= |_| Lj

Jj=1

7: R — C denotes the natural projection; m(z) = z;

Vz # e, mN(2) = {29, 20} == {(2, \/p(2)), (2, —/p(2))};
R=DOuLuDW, D:=C\E;

7(D©®) = 7(DM) = D, n(L) = E;

Hi(R,Z) = (aj, bj)f_,, where a; ~ L;, j=1,...,g




Some notions from Riemann surfaces

o Let dQx(z), k=1,...,g be normalized holomorphic abelian
differentials on R, [, dQy = 0y

e Functions Q(z f dQ(7) are single-valued modulo periods
€2g4+2

on R

Jacobi inversion problem

Consider the map
A: S8R — JacR, (z1,...,25) = (Ai(z1,. .., 2Z), ..., Ag(z1, ..., Z)),

where
g
Azi, ..., 2z, Z k=1,...,g.
If some vector (vi,...,vg) € JacR is given, then, the problem of
determining the unordered set of points (z1,...,2,) € S8R such that

A(z1,...,z;)=w, k=1,...,g,
is called the Jacobi inversion problem.




Generalized potential on a Riemann surface

Consider z to be a local coordinate now; recall that

0= dz%7 0= dE%, d®:=i(0—9), dd°=2ido.
Now, we can write the Poisson equation in the sense of de Rham

currents:
ddv = v. (1)

Degree 2 currents p and dd€v act on test functions ¢ € C§°(R) as
v(o) = ngde and v(dd€¢) correspondingly.

E. M. Chirka, Potentials on a Compact Riemann Surface, Proceedings of
the Steklov Institute of Mathematics 301.1 (2018), pp. 272-303

Definition (Green's bipolar function; Chirka, 2018)

The solution of the equation (1) for v = d, — 04, where p and g are two
arbitrary distinct points in R, is called Green's bipolar function with poles
p and g; it is denoted as g(z, p, q).

v



Normalization of generalized potentials

By shi R we will denote the Banach space of §-subharmonic functions on
R, i.e. that can be locally represented as the difference of subharmonic

functions, equipped with the following norm:

v, := /va + || dd°v||c.
R

Let 4 be a continuous linear functional on shf)R such that ¢(R) = 1;
now, we will call the space

Poty(R) :={v € shiR | v(¢) = 0}
the space of i-normalized potentials.




l

Scalar approach on the Riemann surface for S,

Set ®(z) := log |p4(2)|, where ¢g(z): R — C is a multi valued

conformal map with a single-valued modulus.

Vi € ME(FM) Py (2) ::/{l%

Vi) € C(sh)R)

z—1
F()

F()

+ g9(z,009,8)] du(t)
)= [ P duz)+2 [ o) dutz)
F)




Scalar approach on the Riemann surface for S,

Let us take a normalized area measure w of the zero sheet D(® of R as
#; by M2(F()) we will denote the set of all Borel probability measures
supported on F() and with finite logarithmic energy.

Theorem (Lopatin, 2021)

There is a unique measure \ := \gay € M (F()) with the following

property:
JE(A) = min  JF(N).
5 (N) Aer'(F(l)) 5 (A)

It can be described completely via the following equilibrium property:

= S(N)
pA ® WE, Z e
w(z) + (Z) 2 WE, ze F(l) \ S(A)

Moreover,
1
;X(Qn,Z) = A




Recovering of a meromorphic function on R via its divisor

20g(z, p, q) is a meromorphic abelian differential of third kind on R with
simple poles at the points p and g and purely imaginary periods; it has
residues 1 at that points respectively.

Let >°7; @ — >_j_; p; be an arbitrary divisor satisfying Abel’s theorem,
i.e. indeed is the divisor of some function F(z) meromorphic on R.
Consider the differential

n
U(z) := dlog F(2) + Y 208(z, pj, 4));
j=1
it is holomorphic on the whole R, and has purely imaginary periods; as is
well known, it is equal to zero. Therefore,

z
n

F(z) =exp —Z / 20g(7, pj, q;)

J=1 €212




Sketch of the proof

Obtain the orthogonality condition for Q, 2 on the zero sheet D(®) of
R;
Lift them onto the first sheet D) of R;

Interpret the corresponding weight function as a function on the
whole R; as polynomials are single-valued function, their values at
z =29 and z = z(1) coinside; therefore, we can consider the whole
orthogonality conditions written on the whole R;

Treat the weight function via the procedure of recovering the
meromorphic function on the Riemann surface from its divisor to
obtain it in form expressed in terms of abelian integrals;

Choose the normalization of the bipolar Green functions and rewrite
the preceding form in the terms of gy's;

Treat the obtained orthogonality relations on R via Chirka’s
technique of analysis of potentials on Riemann surfaces to prove the
existence and uniqueness of the energy minimizing measure and then
use the GRS method to prove the equilibrium property.



Pno,Pn1 #0: deg P,1 < nand

zn+1

Hn(z)=(Pn,o+Pn,1ﬁ)(z)=o< ! ) N

/F(o) Qn2(X) {qm,1 () Hnrmi1(X) + Gm2(X)Hnym(x)} do(x) =0

g n—1 g
—(m— l)oo(l) — moo© — ZZ:-H"”‘ + Zan,j I an,k- J
k=1 j=1 k=1

A
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