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Quantum control

Master equation (GKSL) with control

0 .
i = £alp) = ~ilHo £ 30 uk(e)Ve, i + L)

‘H — Hilbert space of pure states |¢)) € H, e.g. H = cV,

pt+ — density matrix, describes mixed states,

pt € B(H), pr >0, Trp: = 1;

Ho = H} — free Hamiltonian of the system,

Vi = VkT — interaction Hamiltonian;

uk(t) — coherent control, e.g. a laser pulse;

n(t) = nj(t) — incoherent control, n;(t) > 0, e.g. spectral density.

L()n(r) : B(H) — B(H) - dissipative (linear) operator, given by two different
limits: weak coupling limit>*® and low density limit.

?E.B. Davies. Quantum theory of open systems. Academic Press (1976).

l’Luigi Accardi, Yun Gang Lu, Igor Volovich. Quantum Theory and Its Stochastic Limit.
Springer (2002).
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Quantum control

Weak coupling limit!, environment — incoherent radiation:
L="Lo+ > u(t)l+ Y ny(t)Ly,
K i<j
where
L= —i[Vi, -],
Lo = —i[Ho, ]+ Y AjMi,

Lij = Aj(Mj + M;),
Mii(p) = 21i) Glpli) (il — 1) {ilp — pli){il,

|i) = e; — orthonormal basis, Aj > 0 are Einstein coefficients.

LA. Pechen and H. Rabitz. Teaching the environment to control quantum systems. Phys.
Rev. A, 73, 062102, (2006).
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Control objectives

o Control goal — optimizing certain objective functional;

@ Mayer-type functional:
Jo(pr) = Jo(prlu, n]) = Flu, n].

Main objectives:
@ observable mean value: Fo[u, n] = Tr[p7 O] — sup/inf;

o state-to-state transition: F,,...[u, n] = ||pFT" — prarget|| — inf.
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Gradient optimization methods

GRadient Ascent Pulse Engineering (GRAPE) method was proposed® before for
generating NMR pulses, and is widely used for coherently controlled quantum
systems with assumption of piecewise constant control.

Gradient is widely used in other gradient-based algorithms®**. Algorithms using
gradient are general local, therefore should be applied to trap-free functional
landscapes®.

2N. Khaneja, T. Reiss, C. Kehlet, T. Schulte-Herbriiggen, and S.J. Glaser. Optimal control
of coupled spin dynamics: design of nmr pulse sequences by gradient ascent algorithms. J.
Magn. Reson., 172(2), 296-305, (2005).

3M. Dalgaard, F. Motzoi, J.H.M. Jensen, and J. Sherson. Hessian-based optimization of
constrained quantum control Phys. Rev. A, 102, 042612, (2020).

4R. Eitan, M. Mundt, and D.J. Tannor. Optimal control with accelerated convergence:
Combining the Krotov and quasi-Newton methods. Phys. Rev. A, 83, 053426, (2011).

5A.N. Pechen and D.J. Tannor. Are there traps in quantum control landscapes? Phys. Rev.
Lett. 106, 120402, (2011).
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General case. N-level system

Generally, gradient of objective functional with respect to control is needed:

SF 67 pr
Slu,n] — Sp7 S[u,n]’

Finite-dimensional approximation — step functions:

M M
uk(8) = > X e e (8)s 15(E) =D T Xt 1t (1)
m=1 m=1

O<to<tri<--<ty=T,

Aty LM N
pr ="M= e po,

LT = L(tm), Atm=tm—tmo1, m=1...,M.
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General case. N-level system

Gradient of final state pr with respect to control equals®:

a M 8 m 1
pT = eAtML o eAtm£ o eAtIC

ourr ourr =
0 N 0 Atpem eAtlElpo
an}}' PT 56 8[1,7' 5o 9
8 At L™ ! m m m
9 ame™ _ ny, / exp(aBtn L)LY exp((1 — a)Atnl™) da,
ouy 0
8 [Ny 21 ! m m m
O Bint” — A, / exp(QBtnL™)LE exp((1 — a)AtnL™) da.
ng @

#V.N. Petruhanov, A.N. Pechen. Gradient ascent pulse engineering for open quantum
systems driven by coherent and incoherent controls (in preparation).
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Example: controlled qubit

Consider a two-level open quantum system®:

d

a7t = ~ilHo + Vu(t), pe] + 7Lacoy (pr), - p(0) = po,

00 0 1
H"*“(o 1)’ V*“C’X*“(l 0)’

- _ 1, _ _
L) (pr) = n(t) (U+Pt0 +o pot — 5{0 o' +o'o 7Pt}) +

where

-1,
+ <U+Pt0 - 5{0 U+,Pt}> , n(t) =0,

L (01 _ (0 0.
g 7(0 0/’ g = 1 0/’ NGR,H#O,W>O,'}’>O

80.V. Morzhin, A.N. Pechen. Minimal time generation of density matrices for a two-level
quantum system driven by coherent and incoherent controls. Int. J. Theor. Phys. 60, 576-584
(2021).
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Piecewise constant control. Evolution of Bloch vector

M M
U(t) = Z ukx[tk_l,tk)(t)7 n(t) = Z nkX[tk_l,tk)(t)v

k=1 k=1
O=th<ti<---<ty=T,
Equation in Bloch representation:

dr(t)
dt

= (B + u(t)B" + n(t)B")r(t) + b,

where r = (ry, 1y, 12). .
r* =r(t) = Fr* ' + g,

Ax = B+ B"ux + B"ng

Fk _ eAkAl”k7 gk = (eAkAfk _ H)Ak_lb, Atk =t — tkf]_,

r7—:rM:FMFM,l...Flro—FFM...Fle—|—...—|—FMgM,1—|—gM
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Gradient of final state

Derivatives of final state rr with respect to control:

LN L
6Uj _FN.”FJ+1|:8UJ'|J+8UJ' ’

8I’T

On;

8g
F: JII )
_I:N...j+1|:i +fj

%(@

- Ouy

5 _ (eAkAtk _ I)Ak_lBu> Ak_lb,
Uk

exp(aArAty) B exp((1 — a)AcAtk)da.

QJ‘QJ
£ |
|
>
o
o
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Controlled qubit

Consider the two-level open quantum system”:

d .
;P = ~[Ho+ Vu, p] +9La(p),  p(0) = po,

00 0 1
H"*“(o 1)’ V*“C’X*“(l 0)’

La(p)=n (a+p¢7_ +o pot — %{O'_U+ + 0’+O'_,p}) +

where

_ 1.
+ (a+pa — E{O’ J+,p}) , n>=0,

L (01 _ (0 0.
g 7(0 0/’ g = 1 0/’ NGR,H#O,W>O,'}’>O

70.V. Morzhin, A.N. Pechen. Minimal time generation of density matrices for a two-level
quantum system driven by coherent and incoherent controls. Int. J. Theor. Phys. 60, 576-584
(2021).
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Evolution in Bloch ball. Piecewise constant control

Change from density matrix to Bloch vector:

(I + (r,0)).

N =

ri=Trpoi, i€{x,y,z}, p=

Then we have dynamics for Bloch vector:

% = (B+ uB"+ nB")r+ b,

where r = (r,r,, 1), |r]| <1, B, BY, B"cC>3 beC3
Consider PConst control:

M M
u(t) = Z UkX [t y,60 (1), n(t) = Z MeX[t—y,60 (1),
k=1 k=1

O=t<th<---<ty=T,
The sequence of states {r*}}.:

rk = I’(tk) _ eAkAtkrkfl + g

AcAt A At AcAt Ay At A(AL
=@M g 4 7K e g L+ e R g + g,

where
gk = (eAkAtk — H)A;lb, At = ti — tk—1,
Ax = B+ B ux + B"ny.
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Gradient of the final state

Gradient of the objective functional is founded by the chain rule:

O0F 867 _dp _ on(T)

Slu,n] — dp °or 8[u, n]’

Theorem

If control is piecewise constant then the derivatives of the final state r(T) = r"
with respect to the components of control u are

0g;

Buj

I’

or(T) AnAty A At 0 [ ant
Nl =g ... el ittt —(el J) ri_
an auj' =1 v

Here the derivatives are given by

@ _ i Aty ADt —1pu -1
B (aUke (e DA, B") A, b,

1
aiueA“At" = Atk/exp(ozAkAtk) B"exp((1 — a)AcAty)da,
k
0
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Diagonalization of the matrix exponentials

To diagonalize the matrix exponentials e**2% consider the characteristic
equation for L A[u, n], which is a 3rd order algebraic equation with the known
solution by the Cardano formula:

N 4AN° + (BA° + 07 + )\ + 0°A+2/° + 24 = 0,

where
g= 21 ﬁ:l(n+1).
w w 2
The discriminant:
e @1 @A R A
PZ3 7973 97776 Ty
A:p3+q2.
If p#0:
45
Ak:—l+§k—£7 &=1\—-q+VD, k=123
3 &k
If p=0:
45
)\k:_?n'f'glm ‘fk:\3/_2(% k=1,2,3. (1)
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Diagonalization of the matrix exponentials

If A\ £ —A+ i< 00 then the eigenvector for the eigenvalue A:

i
1+ (A+N)2
hy = a(A+ ) ,
1+ (A4 N)?
-1
For the Jordan chain:
. —2(A+ A)
r_ u (A 2
0
R 3(A+A)* -1
h = . (A+A)?=3)(A+) | . (3)

[T+ (A4 1)3]?
0

The diagonalized matrix exponential:

eAAt — Se/\wAtsfll
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Diagonalization of matrix exponential

@ The case A # 0. Three different eigenvalues

. AwAt . AMwAt  AwAt _A3wAt
A = diag(A1, A2, A3), e = diag(e™“7", ™27 e,

S= (h>\17 hxys h)\3)'

o The case A =0 (|p|* + |g|* # 0). One root A; with multiplicity 1 and one
double root Az, thereby we construct the Jordan normal form.

AL = 3 /\2:*?+p
4 ]
1+ 2 1+(5-p)
h)\l = _ un — ) h)\z = 0(2_[) )
(+7% 1+(5-p)
1 °1
2(3-p
/ 1 2
o = (1)

16 /26



Diagonalization of matrix exponential

Thus
Al 0 0 e/\lwAt 0 0
A= 0 )\2 1 , e/\wAt _ 0 e)qut WAt e/\QwAt
0 0 Ao 0 0 eAQwAt

S = (h,, hxy, hY,)-

@ The case p = q = 0. Triple root ), in this case i = 2v/2, # = 31/3 and

LV
3
1 V3 1
v s e
_ V3 r_ 1 "
hA *ﬁ ) h/\ ﬁ ) b\ = 0
—1 0 0
Then
2
A1 0 1 wAt &
A= 0 )N 1 7 e/\wAt _ oAwWAL 0 1 WA , S = (h)\, h;\, h;\’)
0 0 X 0 0 1
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Exact solution for the case u =0

Proposition

Coherent control equals zero & = 0 if and only if the characteristic equation
(14) has roots A = —A £ i:

I=0<= A=—-A=%i.

If & = 0 the matrix exponential takes the comprehensible form:

e "Bt cos (AwAt) e “Alsin (AwAt) 0
et = | —e ™Atsin (AwAt) e ™At cos (AwAt) 0
0 0 o 20wAL

Thus it simply describes an exponentially decaying rotation in the xy-plane and
exponential decay along z-axis in case A > 0.
Then the exact evolution is as follows:

e A cos (AwAt) e ™Atsin (AwAt) 0 8
r= [ —e ™At sin (AwAt) e ™A% cos (AwAt) 0 ro+ T AL
0 0 ef2ﬁwAt 1-—
2a+1
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Exact solution for the case v =0

The condition 4 = 0 corresponds to the case when the system is isolated from
the environment. In this case A = 0 and

A=0, £iv/1+ w2

i + cos (At) sin (LAt) i
_ -1 WAt
1+ Vit 1 g2 LT cos(@AL)
ANt Sin (LA_JAt) _ L’)
e = - cos (WAt — sm WAt
= (@A) ST ( ) )
a i L 1+ 4% cos (WAt
1+ ,\2( 1+COS (wAt)) msln (UJAt) T,

where & = wv/1 + 2. The corresponding evolution of the Bloch vector is

ANt
r=¢e " r.

This result coincides with the known result for closed dynamics®.

8B. 0. Volkov, O. V. Morzhin, A. N. Pechen, “Quantum control landscape for ultrafast
generation of single-qubit phase shift quantum gates”, J. Phys. A: Math. Theor., 54:21 (2021),

215303
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One qubit. Numerical results

Objective — state-to-state control (controllability):

Flu,n] = T(p7") = 1pF7" — prarget|ls = [F7" — Frarger| — inf

Constraint: n > 0 Unconstrained control: n = w?

Gradient descent method:

(D WDy = (0 Wy hkgradu’w]-'[u(k), w(k)2].
Stopping criterion:  Fy = Fu®, W(k)2] <e.
w=1 pu=01 ~v=0.01,T =5;

e =103,
N =10
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Puc.: Steering from rg = (0,0, —1) (green point) to rearges = (0,0,0.5) (red point).
Dynamics of Bloch vector r under optimal control.
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Numerical results. Set of attainability

Set of attainability®: there are some "lacunes’ — regions with size of ~ 7 close

w
to (£1,0,0) which cannot be attained. ro = (0,0, —1), Frarget; , = (£1,0,0).

oy

L. Lokutsievskiy and A. Pechen. Reachable sets for two-level open quantum systems driven
by coherent and incoherent controls. Journal of Physics A: Mathematical and Theoretical,
54(39):395304, sep 2021.
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Example: two qubits

Master-equation for the two-qubit system®:11:
dp(t .
PO — i [Hs 4+ <My + Vi(t). (8)] + Lo (p(0),
Hs = %(0’2(8]12)4—%(]12@0'2),
Hottaty = My () (07 8 1) + Aanon (1) (L © 0%),
V = d7eLb+L®d",
Lo (p(t)) = Law,1(p(t)) + Lag2(p(1)),
Law(p(t)) = Q(nu(t) +1) (205 poj = o o7 p— poj o)

+Q;ng, (t) (2aj-+paf — afafrp — pafaf) ,Jj=12.

190.V. Morzhin, A.N. Pechen. Maximization of the overlap between density matrices for a
two-level open quantum system driven by coherent and incoherent controls. Lobachevskii
J. Math. 40 (10), 1532-1548 (2019).
11petruhanov V.N., Pechen A.N. Optimal control for state preparation in two-qubit open
quantum systems driven by coherent and incoherent controls via GRAPE approach
(submitted).
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(a) (b)

Puc.: Two qubit system: steering from pg = diag(0.9,0.1,0,0) to
prarget = diag(0.2,0.3,0.2,0.3). First (a) and second qubit (b).
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Gradient and Hessian in L2 control space

Consider the general case of system driven by a control f(t) € L?:

ﬁi = ['tfpt = [K: + f(t)Nt]P{~

Solution:
f f
Pt = Vi pPo-
Functional of the final state dependent on control:
F' = J(p") = T(Vipo)- (4)

Gradient and Hessian of functional (4) equal

SFT 8T
5F(0) ~ op (o7) 0 VinTm,
aval 0T 8T [\ ar Farf
W (5p ( ) VTT{Nthtz}p0+ 52 (VT-/\[qu VTNt2p0)7

where Nf = Vfﬁ NV
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Thank youl
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