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Structures on manifolds

Every complex manifold has a fixed complex structure in its tangent bundle.
Every smooth algebraic variety over C is a complex manifold.

Every symplectic manifold has a complex structure in its tangent bundle,
but in general a symplectic manifold is not a complex manifold,
as the symplectic form might not be integrable.

A manifold M?" with the tangent bundle TM?" is called almost complex if
there exist an n-dimensional complex vector bundle & — M>*" with
an isomorphism of real vector bundles TM?" < r¢.



U-manifolds

Let M™ be a smooth oriented real manifold with the tangent bundle TM™.
A stable complex structure (a U-structure) (€,c) on M™ is a complex
N-dimensional vector bundle £ — M™ with an orientation preserving
isomorphism of real vector bundles

c: TM™ @ (2N — m)g = r€,
where (2N — m)r is the trivial real vector bundle with the canonical orientation.
A manifold M™ with a chosen U-structure is called a U-manifold.

Example. For any k € Z there exists a U-structure on CP' where

€ =n* 4+ CN~! and n — CP! is the tautological complex line bundle over

the complex projective line with the first Chern class ci(n)= z € H*(CPY;Z)=17
and (z,(CP")) =1.



Let { — X be a real 2n-dimensional oriented vector bundle over a finite
CW-complex X.

Theorem (E. Thomas, 1967)

The bundle ¢ admits a complex structure if and only if it is stably isomorphic
to r§ where ¢ — X is a complex bundle such that the Chern class c,(§)
is equal to its Euler class e(().

Corollary

A U-manifold M?" with an isomorphism TM?" & (2N — 2n)g = r€ is almost
complex if and only if the number (c,(£), (M?")) is equal to the Euler
characteristic x(M?"), where (M?") € Ho,(M?",Z) = 7 is the fundamental
cycle determined by the orientation of the manifold M>".




Complex coborodisms

Two closed m-dimensional U-manifolds M; and M, are called bordant
if there exists a real (m + 1)-dimensional U-manifold W such that

its boundary OW is a disjoint union of M; and M,, and the restriction
of the U-structure of W to M; coincides with the U-structure on M;
fori=12.

Two closed m-dimensional U-manifolds M; and M, are called cobordant

if there exists a real (m + 1)-dimensional manifold W C R2V*m+!

with the complex normal bundle vW such that the boundary OW is a disjoint
union of M{" and M3, and the restriction of the normal bundle vW to M;
coincides with the complex structure of the normal bundle vM; for i =1, 2.

The bordism and cobordism classes of a U-manifold M" are denoted by [M"].
(Note that by definition, the bordism class of [M"] has dimension n and
its cobordism class has dimension —n.)



Ring structure

The U-manifold M" x [0, 1] defines the bordism of the manifolds M; = M"
and M,, where M, differs from M; by the orientation of the fundamental cycle.
Thus we can define the class —[M"] for every U-manifold M".

The sum of the bordism classes of two closed U-manifolds M{" and My’
is defined as
[MI"] + [M2"] = [M7" U M),

where M{" LI Mj" is the disjoint union of M{" and MJ".

The product of the bordism classes of M;™ and M;™ is defined by
[M]IMZ™] = [M™ x My™].

Thus we obtain the commutative graded ring QU = > QY

m=0
where QY is the group of bordism classes of m-dimensional U-manifolds.

Similarly, we obtain the graded ring Qu = > Q7.
m>=0

where Q" is the group of cobordism classes of m-dimensional U-manifolds.



Theories of complex bordisms and complex cobordisms

A continuous map f: M* — X where M is some closed U-manifold
is called a k-dimensional U-cycle of the space X.

Two U-cycles (Mf, ;) and (M5, f,) are called bordant if there are
a U-manifold W**! with boundary 8W**! = MK LI M
and a continuous map F: W — X such that Flow = fi U f.

The set of bordism classes of k-dimensional U-cycles forms
the bordism group Uk(X) where k =0,1,....

The notions of U-cocycle and U-cobordism are more complicated.
They use the Pontryagin—Thom construction and the theory of transversally
regular mappings of smooth manifolds.

The set of cobordism classes of k-dimensional U-cocycles forms
the cobordism group U¥(X) where k € Z.

The homology theory U.(X) based on the groups {Ux(X), k =0,1,...}
and the cohomology theory U*(X) based on the groups {U*(X), k € Z}
are called the complex bordism theory and the complex cobordism theory
respectively.



The Poincare duality

From the correspondence between stable complex structures in tangent and
normal bundles of a manifold M™, m =10,1,2,..., it follows that the groups
QY and Q™ are isomorphic.

For X = {pt}, this isomorphism can be considered as the Poincare duality
isomorphism QY = Un({pt}) = U""({pt}) = Q,™ for the O-dimensional
U-manifold {pt}.

This isomorphism extends to the Poincare—Atiyah duality isomorphism between
complex bordisms and cobordisms for any U-manifold X"

Du: Um(X") = U™ ™(X").



Chern numbers

Let A= (h,..., k), i = -+ > ik > 0 be a partition of some integer number
n=i+---+ix=1A.
Let £ — M be a complex bundle giving a U-structure on M.

Using the splitting principle of complex vector bundles, one can define the class
cx(€) € H*"(M,Z) as the characteristic class corresponding to the monomial
symmetric function my(t) =t ...t} +.... Set cx = (o) for A = (n) and
a=c¢for \=(1,...,1).

Let us define the tangent Chern class cx(TM) of a U-manifold M as cx(§).
The tangent Chern number cx(M?"), |\| = n, of U-manifold M?" is defined as
ex(MP") := (cx(TMP), (MP™)).

We have p(n) Chern numbers cx(M>"), which depend only on the bordism
class of M?". Here p(n) is the number of the partitions of n € N.

The values p(n) for n=1,2,3,4,5,6,7,... are 1,2,3,5,7,11,15,...

The generating function of p(n) is

1+ Zp(n)x" = H(l —x)™



Chern numbers

In the case of cobordism classes, it is more convenient to use the normal Chern
numbers c¥(M?") for the normal bundle vM?" in the form

K (M) = (ex(vM?"), (M?")).

Since TM?" 4+ vM?" is a trivial bundle, the normal Chern numbers
can be expressed through the tangent Chern numbers c;(M?>") via the formula

> e (TM*)En (M) = 0, |A] > 0.
)\:()\/,)\”)

The numbers {cx(M?")} and {c¥(M?")} contain the same information
about the U-manifold M>".



The Milnor—Novikov theorem

Theorem (Milnor, Novikov, 1960)

The graded complex bordism ring QY is isomorphic to the graded polynomial
ring Z[y1, ..., Yn,...] in variables y,, n € N, deg y, = 2n.

Two closed 2n-dimensional U-manifolds My and M, are U-bordant
if and only if cx(M1) = cx(M.) for all partitions A such that |\| = n.

The same is true for the complex cobordism ring €y with the degrees
of the multiplicative generators —2n.



In his celebrated monograph (1956), Hirzebruch introduced the characteristic
class Td(&) of complex vector bundles £. From his results, one can obtain

1
Td(§) =1+ ) —Ta(4),

n>1 n

where v, = Hp[P%l] , p runs through all primes, and T,(§) = Ta(c1,...,¢cn) is
P
a homogeneous integer polynomial of deg 2n in the characteristic classes c ().
First polynomials T, are
Ti=a, Th=a+c, T=ca, Ti=-a+aa+3ad-.

The numbers 7, where y1 =2, v» =12, 3 = 24, 74 =720, ... form
the sequence A091137, see the On-line Encyclopedia of Integer Sequences (OEIS).
Note that Yy2p+1 = 27924, n > 0.

The Todd genus Td(M?") of a U-manifold M>" is the number
Td(M?") = (Td(€), (M?")), where £ — M?" is a complex vector bundle giving
a U-structure on the manifold M*".



Combining the Hirzebruch's construction with the Milnor—Novikov theorem,
one can obtain

The characteristic Todd class Td(€) is uniquely determined by the fact that
the Todd genus defines a unique ring homomorphism Td: Qy — 7Z such that
Td(CP")=1,neN.

K K
Let's put Ba(n) = [[(ig+ 1), where A= (i > ... = i), |\ =D A\g =n.

q=1 q=1

Lemma

The number v, =[] p[Til] is the least common multiple of the set of numbers

(Br(n), [Al = n).

.

Corollary

1) For any p(n)-dimensional vector (cx, || = n) € ZP("), there exists a unique
bordism class [M?"] such that cx(TM?") =, - cx for any \, |\| = n.

This class [M?"] is an integer polynomial in [CP'],...,[CP"].

2) The number v, is the minimum among all numbers v € N for which the
statement 1) is true.

.




The problem of the sign

Theorem (Milnor, 1958)

Any bordism class [Mz"] € QY contains a nonsingular complex algebraic variety
(not necessarily connected).

The proof of this theorem uses the construction by which Milnor showed
that for any non-singular complex algebraic manifold M?" there exists
a non-singular complex algebraic manifold M?" such that

[27] = ~[M*"],



The Milnor-Hirzebruch problem

The following Milnor-Hirzebruch problem (1958) is still open:

Which sets of p(n) integers cx, |A| = n, can be realised as the Chern numbers
cx(M") of some smooth complex irreducible algebraic variety? J

According to the Milnor—Novikov theorem, this problem is equivalent
to the following problem:

Describe all the bordism classes [MZ”] € QY that contain as representatives
some smooth complex irreducible algebraic varieties.

For n = 1 the solution of this problem is classical:

The cobordism class [M?] € QY contains some irreducible smooth complex
algebraic variety if and only if c;/(M?) =2 —2g, g =0,1,...



The Chern-Dold character

The multiplicative transformation of cohomology theories
chy : U (X) = H*(X,Qu ® Q),

which for X = {pt} is the canonical embedding Qu C Qu®Q : 1 - 1®1,
is called the Chern-Dold character in complex cobordism.

Theorem (Buchstaber, 1970)

1) For every n € N, there is the unique cobordism class [B°"] € Q,*" such that
cX(B?") =0 for A # (n) and c(,)(B*") = (n+1)..
2) Td(B*") = (-1)".

3) The Chern-Dold character chy is uniquely defined by the formula

chy(u) = B(z) =z + > _[B™]

Zn+1

(n+1)V

where u = ¢ () € U*(CP>) and z = ¢f'(n) € H*(CP>;Z) are
the first Chern classes of the universal line bundle n — CP*°

in the complex cobordisms theory and cohomology theory respectively.




Formal group of geometric cobordisms

Consider the tensor product of universal bundles

m Qc 72 — CP®* x CP*.
The formal group of geometric cobordisms is given by the series

o (m®cm) =Fulu,v)=u+v+Y ayu'V, ae Q20
i

where u = c/(m), v = c’(1m2) (S.P. Novikov, A.S. Mishchenko, 1967).

Theorem (A.S. Mishchenko, 1967)

The logarithm g(u) of the formal group Fu(u,v) is given by the series

7 e g(Fu(u,v)) = g(u) +g(v)-

g(u) =

Theorem (Buchstaber, 1970)

u+v+ Zi,j[Hi,j]”iVj
CP(u)CP(v)

, where CP(u) =1+ Z[CP"]U",

n=1

Fu(u,v) =

and H;j C CP' x CP’ are smooth irreducible algebraic Milnor hypersurfaces.
The coefficients a; j of the series Fy(u, v) generate the whole ring Q.

A\




Universal formal group

Consider the ring £ = Z[ai;], i,j € N. Let us introduce the series

Flu,v)=u+v+ Za;,juivj € L[[u, v]]
i»J
and polynomials p;j«x € L defined by the generating series
Yo pigk VW = F(F(u,v),w) = F(u, F(v, w)).

i21,j21,k>1

Let J C L be the ideal generated by polynomials «;j; — ¢ and pjj k.
The universal one-dimensional commutative formal group is given by the series

Flu,v)=u+v+ Z biju'v/ over thering L=L/J,
i
where b; ; are the images of the coefficients «; j of the series F(u, v)
under the projection £ — L.

Theorem (Lazard, 1955)

There exists an isomorphism L = Z[by, ..., by,...].

Theorem (Quillen, 1969)

The ring homomorphism L — Qy, which determines the formal group Fy(u, v),
is an isomorphism, and therefore the universal formal group F(u, v)
can be identified with the formal group Fy(u, v) over Qu.

= ™ = AN



Exponential of the universal formal group

Theorem (Buchstaber, 1970)

The series

Zn+1

(n+1)!

chy(u) = B(z) = z + Y_[B”]
n=1
is the exponential of the formal group of geometric cobordisms

F(u,v) =u+ v+Za,-7ju"vj, ie. B(z+ w)=F(B(z),B(w)).

)

Corollary

| A

The inverse of the series 3(z) is

U= g(), e F(uv) = B(g(u) +8(v).

BN (u) = u+ Y [CP"]

The question of the existence of a smooth irreducible algebraic variety
in the cobordism class [B*"] had remained open since 1970.




Let A™™ = C""/T be a principally polarised abelian variety (ppav).
The line bundle L, which polarizes it, has one-dimensional space of holomorphic
sections generated by the classical Riemann #-function

0(z,7) = Z exp[mi(m, 7m) + 2wi(m, z)], z € C"*', 7' =7, Im T > 0.

mezntl

Theorem (Andreotti & Mayer, 1967)

For a generic ppav, the theta divisor ©" C A" given by 8(z,7) =0
is irreducible smooth algebraic variety of general type.

The cobordism class [©"] does not depend on the choice of the abelian variety
An+1. J

For example,
e ©' = (C C A’ = J(C) for a smooth hyperelliptic curve C of genus 2;

e ©% = 5%(C) C A® = J(C) for a smooth non-hyperelliptic curve C of genus 3.

For n > 3, a general ppav is not Jacobian. |




The main result

Theorem (Buchstaber & Veselov, 2020)

As a representative of [B27], one can take a smooth theta divisor ©"
of a general principally polarised abelian variety A", i.e. the exponential
of the universal formal group can be written in the form

+1

B(2) —z+Z[6] o rDn

.

Set ©* =01 x --- x O |\ =i +...4+ ik =n, and
A+ 1) = (i 4+ 1) (i + 1)

For any smooth irreducible algebraic manifold ©*, \ = (i1, ..., i), |]\| = n,
we have

1. ¢ (0*) =0 for N # X and cX(©*) = (A +1)!;
2. Td(@*) = (-1)".




Cobordism ring of theta divisors

Set CPy = Z[[CP'],...,[CP",...] C Qu, ©u=Z[[®],...,[0",...] C Qu.

The rings ©y and CPy are S-modules, where S is the Landweber—Novikov
algebra in the theory U(-).

Using formulas 3(g(u)) = u and Lg(u) =1+ [CP'lu+... € CPy[[u]]

we obtain:
n—1

—[@'] = [CcPY, —[©" = nl[CP"] + ) [0" ¥|Puk, n>1,

k=1

where P, x € CPy are homogeneous polynomials of degree k with
positive coefficients.

Oy C CPy. I

Examples:

—[©%] =2[CP?] + 3[@'][CP],
~[©°] =6[CP*] + 6[O°][CP'] + [©'](3[CP'] + 8[CP?]).



Coefficients of the universal formal group

From the formula F(u,v) = u+ v+ > aiju'v/ = B(g(u) + g(v)), we obtain:

Corollary.
Any cobordism class a;,; € QUQ”, i+j=n+11<i,j<n, can be written
in the form

n—1

iljlaj; = [©"+ > _[0" P,
k=1

where P,-’fj are homogeneous polynomials of degree k in [CP], ..., [CP¥]
with integer positive coefficients.

.

Examples: a11 = [©'],
2a1 = [©7] + [©'][CP],
6a13 = [©%] + 3[02][CP] + 2[0][CP?],
4az2 = [©°] + 2[0%][CP] + [©'][CP]*.



The Todd class in complex cobordisms

Lemma (Buchstaber, 1970)

The Todd class Tdy(§) of a complex vector bundle & over a CW-complex X
with values in H* (X, Qu ® Q) is uniquely defined by the following properties:

1) For every two complex vector bundles &1 and & over X,
Tdy(& @ &) = Tdu(&) Tdu(&2);
2) For any U-manifold M?",
(Tdu(TM"), (M?")) = [M*"].

| A

Theorem (Buchstaber & Veselov, 2020)

The Todd class of & can be expressed in terms of theta divisors by the formula

Tdu(6) =1+ 3 (-5 g

where the sum is over all partitions A = (i, ..., ix) such that 0 < |A\| < dimc ¢,

=01 x...x0% and (A+1)!= (i +1)!--(ix+ 1)




Characteristic © y-polynomials

The number v, =[] p[Til], n € N, is the least common multiple

P
of the set of numbers ((X + 1)!, || = n).

Set by = 4y € N. Then (b : [A[ = n) is the vector of mutually-prime
numbers.

n=1:2=(1), n=2, by =1.
n=2:2=((2),(1,1)), 2 =12, (bx) = (2,3).
n=3:2=((3),(2,1),(1,1,1)), v3 =24, (bx) =(1,2,3).

Let us introduce the characteristic © y-polynomials of complex vector bundles
& — X by

Tua(€) = Y braa(—§)[0% € H(X;0y), n >

|A|=n

Tdu(¢ _1+Z Tu,n(€)-

n>1

— = - = = A



The ring Qg as an extension of the ring Oy

Theorem

For any p(n)-dimensional vector (cx, |\ = n) € ZP(", there exists
a U-manifold M?"(cy) whose cobordism class is uniquely determined
by the condition

K(MP"(c)) =n-cx forany A, [\ = n.
Thus:
1. For any vector (cx, |\ = n) € Z°1,

Z bACA[@A] = [MQn(C)\)] € Oy.

|X|=n
2. For any U-manifold M*",

WM =Y bacl(M*")[©Y] € Ou.

[X|=n

.

Example:
12[CP?] = 2¢(3)(CP?)[©°] + 3¢(1.1y(CP*)[O'F,

where cf3)(CP?) = =3, ¢{;1)(CP?) =6. Thus 2[CP?] = —[©°] + 3[©']*.



Quasitoric manifolds

A quasitoric manifold M?" is a U-manifold with a chose of
1. The effective action of a compact torus T" whose set of fixed points is finite.

2. An equivariant isomorphism
c: TM*" & (2N — 2n)g — r€,

where ¢ is a fixed N-dimensional complex vector T"-bundle over M?".

3. Mappings

v V=N :i=1,...,q}, e [q]—{£},
where V = (v1,...,vq) C M?" is the set of the fixed points of the T -action,
W(i) = A; = (A}, ..., A7) is the set of non-trivial weights of the representation o;

of the torus T" in TM.", and &(i) is the sign of the fixed point v;.

For projective toric manifolds and also for the quasi-toric manifolds with
equivariant almost complex structures, we have (i) = 1 for all i € [q].



Local formulas for Chern numbers

Theorem (Buchstaber—Panov—Ray, 2010)

Let M?" be some quasitoric manifold. Then

: - 1 2n
)] ——— = L(M*")(x),
; ( )g BN X)) (k)

where x = (xi, . ..,Xa), and L(M?")(x) is the symmetrical series in x such that
L(M?")(0) = [M*"].

Corollary

For any quasitoric manifold M?", the formula

YL(M?)(0) = D bacx(M*")[©7]

|Al=n

gives the local formulas for the Chern numbers c¥(M?") for any A, || = n.




Example. Set a=x1 —x2, b=x2 — x1, ¢ = x3 — x1. Then

5 1 1 1 1 172 2
FCPI) = Bayate)  BbA@) T AaA) 21T 1O reld,

We obtain
1(3[@1]2 7 [@2]) ((CPZ) [@ ] ((CP )[3|]’

ie ¢;)(CP?)=6 and cf)(CP?) =-3.



Permutohedral varieties

The group S,41 acts on R™! by permuting the coordinates. Denote by
oi € Spy1 the permutation of the i-th and (i + 1)-th coordinates

fori=1,...,n.
The regular n-dimensional permutohedron N" C R n=0,1,..., is
the convex hull of the S,11-orbit (ovi, 0 € Spt1) of the point v, = (0,1,...,n).

The polyhedron " is simple. Its vertex v, is connected by edges
to n vertices givs, i =1,...,n.

Consider the standard action of the algebraic torus (C*)™* ¢ C"*!
on the manifold F/(C"™!) of complete complex flags in C"**.

The permutohedral variety Mf} is the compactification of the orbit (C*)""'w
of a general point w € FI(C™™).

The toric variety M[j is a smooth irreducible projective algebraic manifold
with the effective action of a compact torus T" = T"“/T*l, where
T C (C*)" and T; C T™ is the diagonal subgroup.



Permutohedral varieties

The image of the moment map p: M2 — R is the permutohedron M”
whose vertices correspond to the fixed points = *(ovi) under the action
of the torus T" on M, where v, = (0,1,...,n).

It follows from the theory of toric manifolds that the vectors
AL =(1,-1,0,...,0),...,A%(0,...,0,1,—1) are the weights under the action
of the torus T" in the tangent space T(M5),. where wi. = = (vi).

All fixed points are of sign "+".

Y o 1_11 Sy = LIMR)(x), where £(MR)(0) = [M].

0ESH1  i=

Examples: [M§] = —[©'], [M3]=[©7].



The Weyl operator

Set A,= T[] (xi—xj). The Weil operator W, is the linear operator
1<i<j<n
W, : Q[[x1,- .., xn]] = Sym,,, Wi(x*) = Z sign(o)o
An o€Sn
where Sym,, C Q[[x1,...,xu]] is the ring of symmetric power series,

€= (jts--jn), and x& = xft -+ xfr.

From the definition of the Schur polynomials Shx(xi, ..., x»),
A=(A1 ==X\, 20), it follows that

Wo(x ) = Sha(x1, ..., xn), 0= (n—1,n—2,...,1,0).
We have W, (x%) =1, W,(A.(x)) = n!. Moreover
Wo(x$)=0if 1 >--->j,>0and £ £X+6 forsome A= (A >--- >\, = 0);

W, (x®) = sign(c) Wi (oxt) where € = (ju,...,ja) and o€ = ¢’,
5’ =@z 220

e W, is homomorphism of Sym -modules.



The Weyl operator

Choose a series a(z) =1+ 3 amz™ and consider the series b(z) = z + 3 bpz™"*
m>1 m>1
such that a(z)b(—z) = —z.

n
Set a(z) =14 Y amz™ and let’s introduce the polynomials
m=1
n

Tn(x) = Bpia(x) _" 3(x — xi1) where Ani1(x) [1(x — xi11) = Dnra(x).

i=1 i=1

For any n > 1, Wn+1(7r,,(x))’X:0 = (n+1)!b,.

Examples:

X0 =x : m(x) = alxa —x) =1+ a(x1 — x2)

W2(71'1(X)) = 221 = 2b1

X0 =x2x 1 m(x) = (1 — x3)a(x1 — x2)A(x2 — x3) =

=1+...+al(xa—x)(e—x)(x1—x3) + a(x1—x3)[(x1—x2)* + (2 —x3)*] + ...
W3(7|’2(X)) = 6(3% — 32) = 6b2



Cobordism classes of permutohedral manifolds

Consider the series 3(z) = z + Z[@"] and take the series a(z) such that

n+1
a(z)B(—z) = —z. Then from the Buchstaber—Panov—Ray Theorem (2010),

L(MR)(x) = Waa <An+1 Ha = Xit1 ) )

where W, ;1 is the Weyl operator.

Theorem (Buchstaber & Veselov, 2023)

The cobordism classes of permutohedral manifolds My and ©-divisors ©"
are related by the formula

[MA] = (-1)"[©"], n=0,1,....
Thus the Chern—Dold character chy is uniquely determined by the formula
Zntl
chy(W™ ' (u)) —Z—&-;[ Mnl +1)|,

where W' (u) = —ii is the Adams—Novikov operation in the theory U*(-)
and 0 = p(u) is the series such that Fy(u, o) = 0.

.

The first assertion follows from Theorem (*). The second assertion follows
from the first one and the properties of the Chern—Dold character.



The Hirzebruch genus of theta divisors

Consider an algebra A without additive torsion. The Hirzebruch genus
of U-manifolds is given by the ring homomorphism ¢ : Qy — A determined
by the characteristic power series

oo
z):1+Zanz", an € AR Q.

Theorem (Buchstaber & Veselov, 2020)

The exponential generating function of Hirzebruch genera {®(©"), n € N}

of theta divisors is
n+1 z

Since the ring Qy is generated by the coefficients of series Fy(u, v), we have

The series Q(z) € A® Q defines the Hirzebruch genus ®: Quy — A
if and only if all the coefficients of the formal group law

Fo(u,v) = Bo(Be (1) + Bo (V)

belong to the ring A.




The Todd genus

The classical Todd genus Td : Quy — Z is given by the series

Q(2) = T—— € Qll2]l,

which defines the exponential of the group Frg(u,v) = u+ v — uv. Therefore

n+1 n+1

z+ Td(©") =l—-e"=z+ 1)"
Z ( ( +1)! nEZN( (n+ 1)l
Thus, the Todd genus of the theta divisors ©" is Td(©") = (—1)". }

For any U-manifold M*", the Todd genus is given by the formula

Td(M?") = (—1)" Z /\+1 (MZ"):ﬂ > b (M) e Z.

n
[Al= [X=n

Let cX(M?") = 0 if A # A.. Then ¢ (M?") is divisible by (A« + 1)!.




Applications in toric topology

Corollary

1. Let M*" be a projective toric manifold. Then

> Bk (M) = (1),

[X|=n
2. Let M?" be a quasitoric manifold with an equivariant almost complex

structure. Then
(—=1)" > back(M*) > 0.
|X|=n




The Euler characteristic

For any U-manifold M?", the integer
cn(M?") = (ca( TM?"), (M?™))
determines the Hirzebruch genus ¢: Qu — Z.

If a U-manifold M?" is complex or almost complex, then the number c,(M?")
is equal to the Euler characteristic x(M?") of the manifold M*".

Since x(CP") = n+ 1, the Hirzebruch genus c corresponds to the formal group

u+v—2uv
Felw) =10

u
1—u

with the logarithm and the exponential Bc(z) =

Since ©" are complex manifolds and Q(z) =1 + z, we have

Zm z

(n+1) 1+z

z+ i x(©")

Hence the Euler characteristic of the theta divisor ©" is x(©") = (—1)"(n+ 1)'}




For n € N, denote by 7(M*") the signature of the quadratic intersection form
on the homology space Ha,(M*"; Q) of an oriented manifold. Set 7(M*"~2) = 0.

Since 7(CP*") = 1 and 7(CP*"~?) = 0, the map 7: Q,,*" — Z gives
the Hirzebruch L-genus with the characteristic series Q(z) = 5.
The L-genus corresponds to the formal group

Fulu,v) = 1u—|_—|—uvv
with the exponential 8;(z) = tanhz. Since
Zz = 2n+2 (~2n+2 2t
o tanhz = ;2 (222 — 1)Bgn+2m,

2n+2 12n+2
we have (02" 1) =0, (07" = %anﬁ,

where B, are the classical Bernoulli numbers: B,y1 =0, n > 0, and

1 1 1 1 1 5
Bo—].7 Bl__§7 82_6784__%786_5’ BB—_%’ BIO_%’--'

Example. 7(©%) = —2; 7(0*) = 16.



Cohomology of theta divisors

The Betti numbers of the theta divisors ©" can be computed via
the Lefschetz hyperplane theorem (Izadi-Wang, 2015).

The homomorphism

iv t Hi(©", Z) = H (A" 7)), i i 1 (©") = mi(A™),

induced by the embedding i : ©" — A™, is an isomorphism for k < n
and an epimorphism for k = n.

Using Poincare duality, we obtain all Betti numbers of ©"

bk(@n) = bk(An+1) = <2nk+ 2) = bznfk(@n) for k < n.

Using the formula for the Euler characteristic, we obtain

n n 2n+2
= | = |
b,(©") (n+1).+n+2<n+1> (n+ 1)+ nCayr,

where C, =

1 (2n
n+1\n
The group H*(©";Z) is torsion-free. The multiplicative structure

of the ring H*(©"; Z) has not yet been fully described.

) is the n-th Catalan number.



Hodge numbers of the theta-divisors

Let H?9(X) be the Dolbeault cohomology group of a complex n-dimensional
manifold X, and set h”9(X) = dim H?9(X).
Following Hirzebruch, consider the index of the elliptic operator

d:QPI(X) = QPH(X)

for fixed p and the corresponding index

n

N(X) = S (~1)7HPI(X),

q=0

For p = 0, this is the holomorphic Euler characteristic, which coincides
with the Todd genus of X: x°(X) = Td(X) and is related to the arithmetic
genus X.(X) by the formula

Xa(X) = (=1)"(x"(X) — 1).



To compute x”(X) for p > 0, introduce the generating polynomial

Theorem (Hirzebruch, 1956)

The value of x,(X) can be given by the Hirzebruch genus with the generating
power series
x(1 4 ye™(1+))

1 — e—x(1+y)

Qx) =

Applying now our general formula, we have

i (en) Xn+1 B 1— efx(ler)
20Oy = T yeo




Since
1— efx(l+y) e — %

1 + yefx(1+y) = er< 4+ ye*x’
we obtain a particular case of the two-parameter Todd genus
Tdse, s=y, t=-1
Thus we have the following result.

Theorem

The x,-genus of the theta divisor ©" can be written in the form

Xy(0") = (=1)"Ania(—y),

where An(s) = 3 A, xs” is the Eulerian polynomial. In particular,
k=0

x°(0") = (=1)""Ans1p,

where A, are the Eulerian numbers.

The polynomials A,(s) were defined by Euler in 1755 by the relation

oo}

Z P tAn(t)

=
p (1 t)n+



Finally, we obtain all the Hodge numbers of the theta divisors:

Theorem

The Hodge numbers hP9(©") of the theta divisor ©" are given by

hP9(O") = hp’q(A"H) _ (n+ 1) <n+ 1>7 PG € p—1,

p q

By — ([ Ear Lk n+1\ [(n+1 n+1 - 1
o= (1) (202) = (1) (). e

while for p + g = n we have
hp,nfp(en) == An+1,p - S\n,py

where A, are the Eulerian numbers and S, , is given by

Sop=(-1)" <: i i) (—1)° 2:J:2n (n —[&)— 1> i kzo(_l)k <n —;(— 1)




Hodge theory

Hodge symmetry: h?9 = h9P; Serre duality: hP9 = h""P"79,

The Hodge diamonds {h"? : p+ g =2n;0 < p,q < n} of the theta divisors ©"
have the following form (with Betti numbers shown in the right column):

forn=2:

1 1

3 3 6

3 10 3 16
3 3 6



forn=23:

4
16
29
16
4
1

28

66

28



forn=4:

) 1

5 5 10

10 25 10 45

" 50 50 10 120

5 66 146 66 5 288
L0 50 50 10 120

10 25 10 45

5 5 10
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