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Motivation

® resource-based knowledge: sometimes agents have to spend their resources to obtain the
knowledge of some fact (take a medical test, buy access to a database etc.)

® budget resources (money, time, distance) vs. cognitive resources (memory, attention
etc.)

¢ (Naumov & Tao 2015) static approach:
(%8¢ - "any agent a who has at least 18 dollars has a chance to learn that ("
® resource-based knowledge in DEL-style:
[?iAlp — "o is true after i's question whether A is true”

e [?;A]p — semi-private (semi-public): the question is public, the answer is private
(Dolgorukov & Gladyshev 2023)

® resource-based knowledge + common knowledge + group questions [?¢A]p
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Example

Consider an example with two agents i/ and j. Let p; stand for '/ is COVID-positive’ and p;
stands for 'j is COVID-positive'. Assume that the cost of the test is 20 resources
(cp; = 20 A cp, = 20). If we also assume that i decides to make the test ([?;p;]),
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Example

b; =25,b; =10 b; = 30,b; = 10 bi =5,b; =10  b; =10, b; =10
i’j ‘ ‘ i7j
wy w3 w1 w3
i i i J
i7‘j ‘ ‘
Wo Wy w2
bi:207bj:]_0 bi:]_57bj:20 b,':O,bj:lO

pi — "i is COVID-positive", p; = "j is COVID-positive", test's cost is 20$
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Epistemic Logic for Budget-Constrained Agents

® EL,. — (static) epistemic logic for budget-constrained agents
® DEL,. — dynamic epistemic logic for budget-constrained agents

® DEL,. = DELg. + PAL — dynamic epistemic logic for budget-constrained agents with
public announcement operator

° DELEC = dynamic epistemic logic for budget-constrained agents + common knowledge
+ group questions
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Syntax EL,

Let Prop = {p,q,...} be a countable set of propositional letters
Denote by Lp; the set of all propositional (non-modal) formulas
Let Ag = {i,j,...} be a finite set of agents.

We fix a set of constants Const = {ca | A€ Lp } U{b;i | i € Ag}. It contains a
constant cu for the cost of each propositional formula A and a constant b; for the
budget of each agent i.
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We fix a set of constants Const = {ca | A€ Lp } U{b;i | i € Ag}. It contains a
constant cu for the cost of each propositional formula A and a constant b; for the
budget of each agent i.

Definition (The language ELy.)

Formulas of the language EL,. are defined by the following grammar:

o = pl(zti+...+zpta) 2 2| 20 | (A ) | Kip,

where p ranges over Prop, i €, t1,...,t, € Const and z1,...,2p,z € Z.

° A;gp = -Ki—p, Ki?gp = KipV Ki—p
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Semantics

Definition
A model is a tuple M = (W, (~j)icag, Cost, Bdg, V), where
e W is a non-empty set of states,
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Semantics

Definition
A model is a tuple M = (W, (~})icag, Cost, Bdg, V), where
e W is a non-empty set of states,
® ~; C (W x W) is an equivalence relation for each i € Ag,
e Cost: Lp; x W — R is the (non-negative) cost of propositional formulas,
® Bdg: Ag x W — R™ is the (non-negative) bugdet of each agent at each state,
e V: Prop — 2" is a valuation of propositional variables.

M is a class of S5-models for budget-constrained agents.
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Semantics

Definition

Let PL be the classical propositional logic. For any propositional formulas A and B:

® A and B are called equivalent: A= B iff Fp, A+ B,
® A and B are called similar A~ B iff A= B or A= —-B.

We impose the following conditions on the function Cost:
(C1) Cost(w, L) = Cost(w,T) =0,

(C2) A= B implies Cost(w, A) = Cost(w, B), forall A,B € Lp, and all w € W.
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Semantics

Definition

The truth E of a formula A at a state w € W of a model M is defined by induction:
M,wE piff we V(p),

M,wE = iff M,w ¥ o,

M,wE oA iff MwE @ and M, w E 1,

M,wE Kip iff YVw' e W: w~;w = M, wE g,

M,wE (z1t1 + -+ + zpty) > z iff (z1t] + -+ + zpt;,) > z, where for 1 < k < n,

o= Cost(w, A), for ty = ca,
Bdg;(w), for ty = b;.
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Axiomaization

Axioms:

(Taut) All instances of propositional tautologies

(Ineq)  All instances of valid formulas about linear inequalities

(K)  Ki(e = ¢) = (Kip = Kip)

(T) Kip — ¢

(5) —Kip = Ki=Kip

(Bd) bi>0

(>1) ca>0

(>2)  cr=0

(>3) ca=cgif A= B, for all formulas A,B € Lp;
Inference rules:

(MP)  From ¢ and ¢ — 1, infer ¢

(Nec;) From ¢ infer Kjp
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Ineq axioms

Axioms for reasoning about linear inequalities (Fagin et al. 1990):

(arty + -+ - + aktx > ¢) <> (a1t1 + - - - + aktk + Oty41) > ©),
(arty + -+ +aktk = ) = (3t + - + 3t = ©),

where j1,..., i is a permutation of 1,..., k

(ait1+ -+ akte > c)A(ajtr + -+ ate > ') —

— (ar+a)ti+ -+ (ak +a )tk > (c+ )

(a1t + -+ - + aktyx > ¢) > (daity + - - - + dakty > dc) for d > 0
(t>c)Vv(t<c)

(t>c)— (t>d), where c > d
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Completeness

Theorem
The logic ELy. is sound and (weakly) complete with respect to I, i.e.,

Fme <= FeL ¥
EL,c is not compact:

{bi > n|neN}
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DEL.: Syntax

® The dynamic language DEL. extends the static language EL,. with a dynamic operator
[?iAle.
e A formula [?;A]p can be read as " is true after i’s question whether A is true”.

Definition
The formulas of DEL, are defined by the following grammar:

g u=pl (2t 4+ zntn) 2 2) [ 29 [ (0 AP) | Kig | [7iA]p,

where p € Prop, A€ Lp;, i € Ag, t1,...,t, € Const and z,...,2,,z € Z.

34 /59



Semantics

Definition
Given a model M = (W, (~j)icag, Cost, Bdg, V), an updated model is a tuple
MEA = (W4, (NJ?iA)J’ Cost””, Bdg", V%iA), where
e WiA={we W |M,wkE b >cul,
° NJ?'iA _ (W?,-A « W?"A) n N}‘,
g = {Nf (AL x P U-Alue x AL i) =,

i otherwise,

e Cost’A = Cost,
o BdgA(w) = Bdg;(w) — Cost(w, A), ifj= i,.

J Bdg;(w), otherwise,
o ViA(p) = V(p)n WA,
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Semantics

Definition
Given a model M = (W, (~j)icag, Cost,Bdg, V) and a state w € W,
MowE[2Alp  iff M,wk (b > ca) = MA wE .
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bj = 25,b; =10 b; = 30, b; = 10
ihJ

w1 w3

IJ

wWo Wy
bi =20,b; =10 b; = 15,b; =20

M, w1 F =K;p;,
MiPiwy E Kip,
MPi v E =Kpj,
MPiw E KK pi,

bj=5b =10 b =10,b; =10
I,J
wy ws
YiPi J
wo
bi =0, b; =10
[ ]

M, wi E —Ki(b; > 20),
M?ipf, wy F K,'(b,‘ > 0),
M, wi F —\Kj(bj = 10),
MiPiwy E K;(b; = 10)
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Some Validities

° = [LAIKA

o = [LAIKK A

o = [LAKKK A

o = (%A — [TiAlp

o L (bi>ca) & (AT
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Completeness via Reduction Axioms

(Rp) [?iAlp < (bi > ca) = p
(Rs)  [PiAl((zits + -+ + znta) > 2)) <> (b; > ca) —
— ((thl ot zpty) > Z))[bi\(bi*CA)]

(R-)  [2iAl-p > (bi > ca) — —[?iA]p

(R7)  [ZiAI(p A ) < [7iAlp A [7iA]

(RKJ) [?,A]KJQO <~ (b,’ > CA) — Kj[?,’A]QO, where | 7éj

(R)  [2iAIKip < (b > ca) — ((A — Ki(A = [2iA]9)) A (-A = Ki(-A — [?,-A]go)))
(Rep) From b ¢ <> 1, infer F [?;A]p < [?iA]Y

The notation ((z1ty + -« + zat,) > z))[bi\(b’_cA)] means that all occurrences of b; in

(zit1 + -+ + zptn) > z are replaced with (b; — ca).
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Completeness

Theorem
Logic DELy, is sound and (weakly) complete w.r.t. M, i.e. Fpe,, ¢ < Fom @
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DELp. = DELp. + PAL

Definition
The formulas of DEL,, are defined by the following grammar:

pu=pl(ati+-+ztn) 2 2) [ 20 | (0 A @) | Kie | [7iAle | [le]e
where p € Prop, A€ Lp;, i € Ag, t1,...,t, € Const and z,...,2,,z € Z.

Definition
M,w = [lolp <= M,w o= M?P wkEy

where M'? is a model M restricted to ¢-worlds.
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Rational Question

® rational question = the agent doesn’t know the answer to this question
o [7/Alp = [-K/Al[7iAlp.

® [?7A]y can be read as "¢ is true after i's rational question whether A is true".
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Reduction Axiom

[lol((zets + -+ z0tn) 2 2) & (@ = (zits + -+ + Zntn) > 2)

43 /59



Example

From a pack of three known cards X, Y, Z, Alice, Bob and Cath each draw one card. Initially,
all agents has zero points. If an agent has X or Y, then its score increases by one point.
Also, from a pack of three known card 1,0,0 each agent draws one card. If an agent has 1,
then its score increases by one point, 0 does not change anything. An agent may ask a
question publicly and get an answer (yes or no) privately. The cost of any question is 1 point.

® Bob asks: "Whether Cath has the card Y7".
e Alice says "l know that my points and Bob's points are different".
® Cath says "l know the cards".

The sequence of updates can be formalized as follows:
<?ZYC><!Ka(ba 7£ bb)><!Kc(XYZ)?>T
° K,'(XYZ)? = Kl-?X7 VAN Ki? Y: A Kl?Z?
® K/ X := K!Xs A K!Xp A K7 X. (similarly for Y and Z).
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Example

75Ye
PN

z
002

1Ko (ba )

IK(XYZ);
—
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DEL,. + Common Knowledge + Group Questions

Definition (Language DELS,)
g u=pl(at+.. Fzt) >z = [ (pAe) | Kip| Cop | [TeAlp
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Budget Constraint

Definition
BCS(6,4) = A (b > )
ieG
"the Budget Constraint for the query A for G is Satisfied"

48 /59



Updated model

Definition
Given a model M, a group G C Ag and a formula A € L£p; an updated model M7¢4 is a
tuple M7¢A = (W7eA (NJ?GA)jeAg,Cost?GA Bdg’¢”, V76A) where
. WGA {we W | M,wEBCS(G,A)}
?

® ~; (WGAXWGA)HN where ~*=n~; if j ¢ G and

~i=~ N((ALm x (AL U(-ALy % [ﬂAlM)) fieG
Costj'-GA(W, B) = Costj(w, B), for all B € Lp,
Cost;(w,A e o
Bdg?GA(W) = {Bdgj(w) - %’ ncj €6,
VIeA(p) = V(p) N WA,

49 /59



Semantics

Definition
M,wE[26Alp iff  M,wkE BCS(G,A) implies M’¢4 w E
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Some Valid Formulas

o bk~ wh =

A = [2AIKA
[ AlK?A

A = [76A|CGA
[?GAICLA
[2:A]CcK7 A
[?GA|CHCLA
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Axiomatization DELgC

® (Taut) All instances of propositional tautologies

® (Ineq) All instances of valid formulas about linear inequalities

K) Ki(p — ¢) = (Kip — Kib)
T) Kip = ¢

(
(
(
(
(5) —Kip = Ki=Kip
* (C) Cep — Eg(p A Coyp)
(
(
(
(

B*) b; > 0

c) ¢i(A) >0
cc(T)=0

°* (™) ci(A)=ci(B)ifAx~B
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Axiomatization

() [76Alp <+ BCS(G.A) - p
k

o () [? GA](Z ait; > z) ¢ (BCS(G,A) > (1 ity = 2) )
i=1

° (r-) [7GA]WP < BCS(G, A) = —[?6cAlp

°* (ra) [PcAlle AY) < [TcAlp A 76 AlY

® (rk1) [7cAlKjp <> BCS(G, A) — Kj[?cA]p, where j ¢ G

o (rk2) [PcAlKip < BCS(G,A) —» A ((A’ 5 Ki(A = [?GA]QO))), where i € G

A'e{A-A}
1(21(: ait; > z)(G’A) denotes (Ek: aitj > z), in which all occurrences of b; for i € G among t1, ..., tx are
replaclgd with (b; — m) -
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Axiomatization

MP) from ¢ and ¢ — 1, infer ¢
[ ]

(
(Nec;) from ¢ infer Kjp

(Rep) from ¢ > 9, infer [?cAlp < [?6AJY
(

(

e (RC1) from ¢ — Eg(¢ A ), infer ¢ — Cg1p
¢ (RC2)
X = [76Aly  (xABCS(G,A) = ( A (A = Ennc(A = X)) A Emex)
Ale{A-A}

X — [?(;/Q]C)4LD
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Completeness

Theorem

Logic DELgC is sound and (weakly) complete w.r.t. I, i.e.

FpeLe ¥ = Fam
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* [?ip], ¢ € DELp
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Further Development

Modal formulas inside []
® [?ip]h, ¢ € DELpa
Cost's Properties
® cp+ Cg > Caog, Where o € {A,V, —}
Quantification over updates in APAL-style
e (?7)p — there is a propositional formula, A, such that the cost of A is at most, n, and it
is true that (?;A)¢
® n-knowability, meaning that ¢ is knowable given n resources.
Resource-Based Distributive Knowledge

® M,x|EDgyp:=Vie GIA € PLIp € DELp. : 1) M, x |= (?iAi) i 2) = ./\G Vi =P
e
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