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What is a (propositional) Logic?

A (Tarskian) consequence relation for a language L:
Reflexivity: P .
Monotonicity: if T+ and T C 77, then T' I 4.
Transitivity:  if T and T',9 F ¢ then T, T F .

A consequence relation I is called:

Structural: if T F 4 then 0(T) F 0(v).
Non-trivial: T t/ 4 for some T # () and ).
Finitary: if T+ 1 then T’ F 4 for some finite 7" C T.

A (propositional) logic is a pair £ = (L), where
e L is a propositional language, and

@ | is a structural, non-trivial and finitary consequence relation for L.
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Ways of Defining Logics

@ Semantically: T g % if every "model” of T is a “model” of ¢ in the
semantics S.

@ Syntactically: T Fp ¢ if ¢ has a proof from I in the deduction system D.
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Example: CL™

o V=1{01}
e D={1}
o)1 0 Oo(v) |1 0 O>O)|1 0
0 1 1 0
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@ Axiom schemata:

I o2 (WD)

12 (¢2¢260)>(pD¢)D(p20)

3 ((v2>9)DY)D9

Cl oAy Dy

C2 oNY DY

CBedWDeAY)

Dl o DV

D2 ¥ DV

D3 (¢D80)D(D0)D (VD0
@ Inference Rule:

v 92y 1@3@ MP
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Matrices

Logical Matrices
A matrix M consists of:

@ a nonempty set V of truth values
@ a proper subset D of V: the designated truth values
@ for each connective ¢ of arity n, a "truth table” O(o) : V"=V

M-valuations

v(o(p1s- -+, 9n))=0(0)(v(en), 5 - -, v(en))

When Does T Fm ¢ 7

For every M-valuation v:

v(¢) € D for every v € T = v(p) € D
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Adding Negation

Suppose we want to conservatively add to CL™ a unary connective — such
that the following holds for every atomic formula P:

Pt/ =P and =Pt P
(Such a connective may be called weak negation.)

In the framework of two-valued matrices there is exactly one way to
introduce such a connective: classical negation.

Syntactically, this corresponds to adding to HCL™ the axioms:

—oVand oD (¢ D)
What should we do if we want just one of them?
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Solution 1: Use of Three-valued Matrices

e V=1{0,121}
°
onN |1 Y2 0 oMV) 1 Y2 0 O(—)
1 1 12 0 1 1 1 1 1 0
o |2 12 0 o |1 12 12 o | Y2
0 0 0 O 0 1 12 0 0 1
o D=1{1} o D={1,%2}
oo) |1 12 0 o)1 Y2 0
1 1 12 0 o 1 1 Y20
U 11 1 1) 2 1 Y2 0
0 1 1 1 0 1 1 1
o /-PVP F-PAPDQ o/ -PAPD>Q F-PVP
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Problems with the Matrices-based Method

@ Solving problems of the above sort with this method seems to be done
on a case by case basis.

Can we solve such problems in a a more systematic way?

@ We get results we might not want. Thus =—¢ D ¢ is valid in
tukasiewicz 3-valued logic, while =(¢ A =) is valid in J3.

Are there methods for getting exactly what we want?

@ Actually, while J3 is indeed conservative over CL™, tukasiewicz 3-valued
logic is not.

Can we ensure conservativity in advance?

Yes, we can — by using non-deterministic matrices!
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Matrices

Logical Matrices
A matrix M consists of:

@ a nonempty set V of truth values

@ a proper subset D of V: the designated truth values

e for each connective ¢ of arity n, a "truth table” O(o) : V"=V
M-valuations

v(e(er, -5 ¢n))=0(0)(v(1), - - v(n))

When Does T Fm ¢ 7

For every M-valuation v:

v(¢) € D for every p € T = v(p) € D
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Non-deterministic Matrices

Non-deterministic Logical Matrices

A Nmatrix M consists of:

@ a nonempty set V of truth values
@ a proper subset D of V: the designated truth values
o for each connective ¢ of arity n, a "truth table” O(¢) : V"= P (V)

M-valuations

v(e(pr, -5 9n))€O(0)(v(e1), s - -5 vipn

When Does T Fm ¢ 7

For every M-valuation v:

v(¢) € D for every p € T = v(p) € D
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Primal Infon Logic [Gurevich,Neeman'09]

@ An extremely efficient logic

@ The main logical engine in DKAL (Microsoft Research)

o V=1{01}
e D={1}
oW1 o oMt o op |1 o

1o {1r {0} 11y {1} Lo{1 {0}
0 [I{o} {0} o {1} {01} 0 [ {1} {01}

e v(p) =0, v(q) =0, v(pvg) = 0 is an M-valuation

e v(p) =0, v(q) =0, v(pvg) =1 is an M-valuation

e pVpl/mp

@ No finite matrix
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Batens' Logic CLuN

Obtained from HCL™ by adding =V as an axiom.
Paraconsistent: =P D (P D Q) is not a theorem.

Conservative extension of positive classical logic.

No finite matrix.
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Batens’ Logic CLuN - Semantics

Finding semantics, stage 1:

o V=1{01}
e D=1}
oN 1 o O(\/ |1 o o) 1 o
{1} {0} {1} {1} 1 {1} {o}
{0}y {0} {1+ {0} 0 [ {1}y {1}
o(-)
{0.1}
0 {0,1}
Finding semantics, stage 2:
O(-)
{0.1}

0 {1}




Some Other Possible Axioms for Negation

(c) =—p D¢
(e) 2>~y
(m1) =(pVe)) D (—p A —9)
(m2) (= A =9) D =(pVe)
(0) ~(pA=p) D (p A= DY)

CLuN[S], for S C {(c), (e), (m1),(m2),(¢)}, is the system obtained from
CLuN by adding the elements of S as axioms.

How can we get semantics for all these theories?
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Rexpansions: Refined Expansions

Ml = <V1,D1,0l>, M2 - <V2,D2,02>

|

M, is an expansion of My if 3 F s.t.
o F(x) # 0 for every x € V.

° V= L’dxevl F(x)

o D= Lﬂxebl F(x)

o O2(0)(¥) = Wzeo,(0)(F1(7)) F(2)

Rexpansion

@ M, is a rexpansion of My if it is a refinement of some expansion of M

M: is a refinement of My if:
eV, CVy

e D, =V,ND;

o 03()(%) € O1(0)()

Proposition

If M5 is a rexpansion of My then -y, Chm,.

Is the inclusion proper?
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Rexpansions: Refined Expansions

M; = V1,D1,01), My = (Vo, Do, O3)

.

M, is an expansion of My if 3 F s.t.
F(x) # 0 for every x € V.

° Vs =Wy, F(x)

o Dy = UX€D1 F(x)

0 02()(¥) = Weo,(0)(F1(3)) F(2)

Rexpansion

@ My is a rexpansion of My if it is a refinement of some expansion of M;

M, is a refinement of My if:
e VL, CVy

e D, =V, ND;y

o 03(0)(%) € O1()(%)

@ My is a preserving rexpansion of My if F(x) NV, # () for every x € Vy

@ My is a strongly preserving rexpansion of My, if in addition:
If z € 01(¢)(X), and y € F(X) then F(z) N Ox(¢)(¥) # 0.
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(Strongly) Preserving Rexpansions

M, M, M,
1% V3
s 0
V1 N=
™ T s A [P
O \\N
o IO O
~ O
O O
O1(x) Oa(%) Os(x)
10,0} {0,0,0,0} {0, O }
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(Strongly) Preserving Rexpansions

M; M, M;
Vo V3
O O
Vi O
/
D O = . A |D A |D
1 N . 2 3
O \N
t\
O » O O
L
O \/ preserving
O O
\/strongly preserving
O (%) Oz () O3(x)

{00} — {5,500,0) — {8, O }
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(Strongly) Preserving Rexpansions

M, M, M,
Va V3
O O
14 e
/
Dyl O Ly D D
1 . J 2 2 A 3
O\\N
o IO O
O \/ preserving
O O
X strongly preserving
O1(x) Oy(%) O3(x)
{0,0) — (500,00} — {0 }
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(Strongly) Preserving Rexpansions

M, M, M;
Va V3
O O
14 N
/
Dyl O L, A |D A |D
1 Ad—T " 2 3
O \N
t\
0 ~ O
o
O X preserving
O O
X strongly preserving
01(%) Oa(%) O3(%)

(0,0} — {5,000} — {0 }
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(Strongly) Preserving Rexpansions

M, M, M
V> V3
W= 0

— L0

If My is a strongly preserving rexpansion of M; then p, =Fwm,.

Theorem:

If My is a preserving rexpansion of a matrix My then Fp, =Fwm,.

O
O O
O1(%) Oa() O3()

{00} — {5,500,0) — {8, O }
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Kleene Three-valued Logic

Classical Logic

Kleene Logic

on | 1 o

Loh{1y {0}
0 | {0y {0}
o(v) 0
{1} {1}

{13 {0}

1
1/2
=0
on | 1 15 0
1 {1} {0%2} {02}
Y2 |l {012} {012} {0,%/2}
0 | {02} {02 {02}
oVv) | 1 1 0
Lof{ {1} {1}
Yo |l {1} {032} {0Y/2}
o [ {1} {02} {0}/2}




Kleene Three-valued Logic

Classical Logic Kleene Logic
1
1/2
=0
om | 1 o on | 1 12 0
Lo {1y {2p {0}
1o {1y {0} ) ] !
ol AL
o) 0 oV) | 1 12 0
Lo qly {1} {1}
{1} {1} 1 1
R




Kleene Three-valued Logic

Classical Logic Kleene Logic
1 1
1/2
™0
<IN e
R v | ) (k) {0}

0 {or {0} {0}

o) . ov)| 1 1 0

1 {1+ {1} {1}
{1} {1} 1
SRR
Therefore, Kleene logic o)

is conservative over
AV-classical logic



tukasiewich Three-valued Logic

Classical Logic tukasiewich Logic
1 1
1/2
0
o0) & e {i} {17} {8}
{1} {0} S
R

Not a rexpansion of the two-valued matrix of CL™!

Therefore tukasiewich Three-valued Logic is not conservative over CL™.
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Priest Three-valued Logics

Classical Logic

Priest Logic

1

1
0 _ + 1/2
=0

on | 1 o
1o {1y {0}
0 || {0} {0}
o(v) 0

{1} {1}
{1} {0}

on | 1 20
Lo {Lyer {1Y2p {0}
YVa | {LY2} {112t {0}
0 {0} {or {0}
ov) | 1 12 0
Lo {12y {1Y2) {12}
YVa | {1Y2} {1Y2} {132}
0 | {12} {1y2p {0}




Priest Three-valued Logics

Classical Logic Priest Logic
1
— » 1/2
=0
om | 1 o on | 1 12 0
Lo {1y {2p {0}
1o {1y {0} ) ] !
ol AL
o) 0 oV || 1 e 0
Lo {1y {1} {1}
{1} {1} 1 1
R




Priest Three-valued Logics

Classical Logic Priest Logic

1 1

0— » 1/
=0

o) | 1 0 omn) | 1 1/2 0

T T [ 0 O

2 || Gy {12) {0
{0y 10} o | o o (0

ov)| 1 12 0

o[ {1y {13 {1}
{1} {1} Yo | {1} {2} {12}
{1y {0} 0 {1} {12} {0}




Priest Three-valued Logics

Classical Logic Priest Logic

1 1
0_ 9 1/

=0
o) | 1 0 own || 1 1/2 0
T T PV AR (O

o | {0} {o} RS S

ov)| 1 1 0

o) 0

1 {1+ {1} {1}
{1} {1} 1
SRR
Therefore, Priest logic o)

is conservative over
AV-classical logic



The Three-valued Logic J3

Classical Logic J3
1

1
0— + z
=0

oo || 1 0 o) || 1 120
1 {1} {v2t {0}

1 {1} {0} 1/, 1 1/» 0
0 {1y {1} (/) }1{ {{{}} }1{

A preserving rexpansion of the two-valued matrix of CL™

Therefore J3 is conservative over CLT.
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Some Paraconsistent Logics

e CLuN[{(¢c)}] = Cmin = HCL™ + the following axioms:

o (t) ~pVe
o (c) Dy

e CLuN[{(c),(m1)}] = Cpin + the following axiom:
(m1) =(eVe)) D (2 A=)

e CLuN[{(c),(¢)}] = Ct = Cpin + the following axiom:
() ~(p A=) D (e A=p D)
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Paraconsistent Logics — Cpin

Classical Logic Crmin
1 t
0_\*T
o f
on | 1 0 2 H{t} {T} {f}
f
T[] (o) e R
0 | {o} {0} f A
ov) |t f oM |t _ f
L [ LIS AR E g
t, t, t,
f {0 {0} fol{eT &7 {#
op) | + f QO T S
IR RG]
1 {1} {0} ; {tT} {7}y {f}
o | {1} {1} foll{eTy {7} {tT}




Paraconsistent Logics — Cpin

Classical Logic Cmin
! N Tt_ Chmin is conservative over
0 — “€ positive classical logic
O(N) 0 o) ||t T f
{tT {7} {f}
{1} {0} ; £ T} {tT} {f
o1 1 W
o) | t f v | + T f | 0C)
s S [ O i Y S
t, t, t, t,
fo{or o folem w1 B/ f| @
00O) | t ¢ o) | t T f
{t T {7} {f}
Lo i {0y ; t T} {tT f
IRy

{tT}




Paraconsistent Logics — CLuUN[{(c), (m1)}]

Classical Logic

Cm

1—\
0- ot
 ~>]€

o) || 1 0
1 {1} {0}
0 {oy {0}

ow) || 1 0
1 {1 {1}
0 {1t {0}

oO)|[ 1 0
1 {1y {0}
0 {1y {1}

on | t T f
t {t7 {7} {f}

T o {tTH {vT}r {f}
f {f} {f {

o) |t T f )
t {tt {t} {t} t | {f}
T {t} {7} {t.T} T {tT}
f {t} {7} {f} f {t

o) | t T f
t {t, T} {7} {f}

T {t, T} {tT} {f}
f

{t 7} {7} {7}




Paraconsistent Logics — C/

Ct

t 5

T‘\ .
f \:# ’
P | ]

f

o)

o x=t
L U O)(x) = { [JUIT] x =T

[t] x=f




Paraconsistent Logics — C/

Cmin Ce
t= :
T\\ .
f Xﬁ .
| ]
f‘
O(-) {f} x=t
t f Jj+1 L j+1 _ T
e
fl {t (1] x=f
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Paraconsistent Logics — C/

Cmin CE
ts :
T‘\ .
f \:# '
SNy
f
on | t T f

& ©T 0 T
' ! O X,y)= x =T, J,:H»tfﬂ
€} o1} g Y {EMH othe;;;is};e{—r }
GGG

t
T
f
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Paraconsistent Logics — C/

Cmin
ts

T d
f

Cce

[¢]

~—

I (T]
f
O(/\) H t 1) f {f} x=fory=f
t {t, T} {t T} {f} o X v) = x=T 14
T {tTy {7} {f} e {E}U[T] othe;;;/zs};e e
f {ft {r {f
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Paraconsistent Logics — C/

Cmin c/
S 5
T ‘\ ; C/ is conservative over
P[] . . .
f | positive classical logic
[~ . .
iy
™
f
on | t T f

IR A ot

, , o X, _ x = 1:’ jl:+1’ t{+1
T Ty AT {f} e {E} U[T] othe;;;is}; - }
el
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Godel Logic

Godel Logic G

0<t<1
o [t,1] min(x,y) > t
ON)(x,y) =1 (x, )} O(N)(x {{mm(x y)} otherwise

O(V)(x,y) = {max(x,y)} [t 1] max(x,y) >

{max(x,y)} otherwise

0= {g’i )‘;tfeilw’.se O = {[{1’}1] zt;ei/wtljsrey -

O(L) = {0} o(L) = {0}
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Godel Logic

Godel Logic G;

0<t<l1

O(AN)(x,y) = {min(x,y)} O(A)(x,y) = {min(x, y)}

O(V)(x,y) = {max(x, y)} O(V)(x,y) = {max(x,y)}
O(D)(X’y) - {g/i ztiei/wise O(D)(X’y) - {S& ztiei/wise

o(L) = {0} o(1) = {0}
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Godel Logic

Godel Logic G

0<t<1
O(N)(x,y) = {min(x, y)} O(N)(x, y) = {min(x,y)}
O(V)(x,y) = {max(x,y)} O(V)(x,y) = {max(x, )}
. v) = {1} x<y ) — {1} x<y
OB)xy) = {{y} otherwise OB xy) {{y} otherwise

O(L) = {0} O(L) = {0}

In Gédel logic, D may be [t,1]
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Godel Logic

Godel Logic G

0<t<1
O(N)(x,y) = {min(x,y)} O(N)(x,y) = {min(x. )}
O(V)(x. ) = {max(x. )} O(V)(x.y) = {max(x.y)}
con {1} S n= (i) L
O(L) = {0} O(L) = {0}
O(-)(x) =1 x
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Godel Logic

Godel Logic G:

0<t<1

O(A)(x,y) = {min(x, y)} O(N)(x,y) = {min(x,y)}
O(V)(x,y) = {max(x, y)} O(V)(x,y) = {max(x,y)}
oun = {1 wr o= (I mer ez
O(L) = {0} O(L) = {0}
O(=)(x) =1 - x All refinements

are conservative!
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Godel Logic

Godel Logic G:

0<t<1

O(A)(x,y) = {min(x,y)} O(N)(x,y) = {min(x,y)}
O(V)(x,y) = {max(x, y)} O(V)(x,y) = {max(x,y)}
00N =[] Spere W= (]
O(L) = {0} O(L) = {0} Exactly three:
O(-)(x) =1-x ey F e Far
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Godel Logic

Godel Logic G

0<t<1

ON)xy) = {mintx,y)} O(N)(x,y) = {minx, 1)}
O(V)(x,y) = {max(x, y)} O(V)(x, y) = {max(x, y)}
o= () i oemen (i
O(L) = {0} o(L) = {0}
O()(x) =1-x for £ < /2

F¢, is paraconsistent
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