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Motivation

e Whenever we have a logic with a computationally hard
satisfiability or validity problem, we want to find out if it has less
computationally demanding fragments.

e On the one hand, the classical logic CL and the modal logics K5,
K45, and S5 are all NP-complete, but their finite-variable
fragments are all in P.

e On the other, for most modal propositional logics, the
single-variable or even the variable-free fragment is as hard as the
full logic. E.g., K, KT, KB, KTB, K4, S4, GL, Grz, etc.

e Very often, a finite-variable is as hard as the full logic since the
logic can be poly-time embedded into the fragment in a
‘structure-preserving’ way ... so, ‘structure-preserving’ poly-time
embeddability is a stronger property.
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This talk

We show that modal intuitionistic logics F'S and MIPC are
poly-time embeddable into their single-variable fragments.




Modal intuitionistic formulas:
p = plLll(@eAp) (V)| (@—=e)|Op|Op

Standard abbreviations:

- » =1
e = (p=Y)A[W = ).

Mikhail Rybakov and Dmitry Shkatov Finite-variable fragments of logics



Semantics

e A Kripke frame is a pair § = (W, R) where W # @ and R is a
partial order on W.

e An FS-frame is a triple F = (W, R, §), where (W, R) is a Kripke
frame and § is a map associating with each w € W a structure
(A, Sw), with A, # @ and S, € A, X Ay, subject to

veERw) = A, CA, and S,CS,

e An FS-frame F = (W, R, J) is an MIPC-frame if
Sw = Ay X Ay, for every w € W.
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F'S-frames: an example

I
I
I
O
u v

S'is an equivalence at each world, so this is an MIPC-frame.

hkatov



Semantics

e A valuation on an FS-frame (W, R,0) is a map V such that
V(w,p) € A, and

v € R(w) = V(w,p) SV (v,p).

e The pair M = (F, V), where F is an FS-frame and V a valuation
on F, is called an FS-model. An MIPC-model is an FS-model
over an MIPC-frame.
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Semantics: the satisfaction relation

e Mw,zE=p if x € V(w,p);

o M w,x fE L

o M w,x =1 Aps if Mw,z = p; and M w, x = @o;

e Mw,x =1V it Mw,x =y or Mw,z = @

e M w,x =1 — o if Mv,z E 1 or M, v,z = pa whenever v € R(w);
o M ow,xz = Oy it M, w,y = ¢1, for some y € S, (z);

o M, w,x = Opy if M, v,y = ¢1 whenever v € R(w) and y € S, (x).
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Semantics and logics

e A formula ¢ is true in a model M if M, w, z |= ¢, for every world
w of M and every point x of w.

e A formula ¢ is valid an FS-frame § if ¢ is true in every model
over §.

e F'S is the set of formulas valid on every FS-frame.
e MIPC is the set of formulas valid on every MIP C-frame.
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Let ¢ be a formula and f ¢ var ¢. Define
of =[f/Lle;

Fy =0oSmdef o f.

Fy = f - DSmdef,

Fy = NOS™9(f — p);
pEwvar @

F=F ANF,\Fj3.

Lemma
Let ¢ be a formula, f ¢ var ¢, and L € {FS,MIPC}. Then,

pel < F—-yofelL

Since ¢f and F are both positive, the map e: ¢+ (F — ¢f) embeds
FS and MIPC into their own positive fragments.
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Embedding into single-variable fragment

We next define a polytime computable function -* from the set of
positive formulas to the set of one-variable positive formulas and show
that, for L € {FS,MIPC} and every positive ¢,

p*el = el
Hence, for every ¢,

pel < e(p)eLl <= (e(p)) €L.
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Simulation of variables

We next define formulas that we substitute for propositional variables
of . These formulas, except G1, G2, and G3, are divided into ‘levels’,
indexed by elements of IN; formulas of level 0 are denoted AY or BY,

those of level 1, by Al and B}, etc.

First, Gy, G2, and Gj3, as well as formulas of levels 0 and 1:

G, =

G

Op; A} =
Op = p; A; =
= p— Op; Ay =
G2—>G1\/G3; B% =
Gs — G1V Gy; B% =
= G1 — Gy VGs; Bgz

= A?/\Ag/\B?—)Gl\/GQ\/G;g;

AN A — BY v BY;
AYABY — AV BY;
AY ABY — AJV BY;

= ASABY — A)V BY;

ASABY — AY v BY;
BY A BY — A%V AS.
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Simulation of variables

Suppose that £ > 1 and that we have defined

k k k k
Af,..., A, and BYf,...,Bp

Define a linear order < on (IN'\ {0,1}) x (IN'\ {0, 1}):

A

= N W ke Ot O N

O—> 00— 00— 00— 00— 00—
04— 04040 <¢+—0<¢+—0
*—>o—>o—>o—>
o0 <+——o<o
*o—>o—>0

2

o<«

040 4+—0<+——0<+—0
*—>o—>0—>0—>0—>
0404004t 0<+— 00

{

o—>o—>o0—>
e—>o—>o—>eo .-

o—>e —
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Simulation of variables

Suppose g enumerates pairs according to <. Define

AstL = Af - BfvAFvBY,  BibL = Bf — AYv Af vV B,

and define nyy1 be the number of the formulas of the form Af“.

Observation:
Nk+1 = (nk—1)2.
Let
lo = |AY|+IBY|+|A3|+|B3|.
Lemma

There exists ky € IN such that ny > ly - 5* whenever k > kq.
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Simulation of variables

Let ¢ be a positive formula with var ¢ = {p1,...,ps}. Let k, be the
least integer k such that |¢| < I - 5*. By Lemma,

ko+k
Nk, +ko >1ly-5 otko,

Hence,
Methe > lo - 5P TR0 > 5F0 o] > || > 5.

Lastly, define ¢* to be the result of the substitution
Akethoy, gletho g, D

for each r € {1,..., s} (this substitution is well defined since ng,, 1, > ).
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The reduction is poly-time

Lemma
For every k > 0 and every i € {1,...,nx},

|Af| <l()'5lC and |Bf| <l0-5k.
Lemma

The formula @* is computable in time polynomial in |p|.

Proof. We show that |¢*| is polynomial in |¢|. Since k,, is the least
integer k such that || < Iy - 5%, surely lg - 5%~ < ||, and so

lo - 5Fetho L prot|g|.
By Lemma, for every i € {1,...,nk, 4k},
A7) < Bo - Bhetho < sRotg] & | BT <l - BRetho < BhotL ).

Hence, |¢*| < 2 - 5Fot1|p|2.
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Main result

Lemma
Let L € {FS,MIPC}. Then, for every positive formula e,

pel << ¢*el.

Theorem

Let L € {FS,MIPC}. Then, there exists a stucture-preserving
polynomial-time computable function embedding L into its own
positive one-variable fragment.

Corollary

Let L € {FS,MIPC}. Then, the positive one-variable fragment of L
is polytime-equivalent to L.
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Thank you!
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