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Four Laws of Thermodynamics vs
Four Laws of Black Hole mechanics

There is a remarkable analogy between the laws of thermodynamics and the
laws of black hole mechanics

Thermodynamics

0. E, T, S, V, P, ...

1. dE = TdS − PdV

2. δS ≥ 0

3. S → 0 if T → 0

Black Hole mechanics
(Bardeen, Carter, Hawking,73’; Bekenstein 73’)

0. surface gravity κ = 1
M

, Q, a, ...

1. dM = 1
8πM

d A
4
+ ...

2. δA ≥ 0

3. States with κ = 0 are unattainable
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laws of black hole mechanics

Thermodynamics

0. E, T, S, V, P, ...

1. dE = TdS − PdV

2. δS ≥ 0

3. S → 0 if T → 0

Black Hole mechanics
(Bardeen, Carter, Hawking,73’; Bekenstein 73’)

0. surface gravity κ = 1
M

, Q, a, ...

1. dM = 1
8πM

d A
4
+ ...

2. δA ≥ 0

3. States with κ = 0 are unattainable

A missing link in this area is a precise statistical mechanical interpretation
of entropies for all varieties of black holes.
We can try to find a statistical mechanics model with the same dependence
of entropy on other thermodynamic variables as a particular black hole has
However, there is a problem with the third law of thermodynamics
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Third Law of Thermodynamics

In the Planck formulation : Entropy S → 0 as T → 0 (β = 1
T → ∞)

In the Nernst formulation

δS(T, x) ≡ S(T, x)− S(T, x′) → 0 as T → 0 (1)

or
lim
T→0

S(T, x)− universal constant

Unattainability of T = 0

REFS: W.Israel, 1986; R.Wald, 1997;
F. Belgiorno and M. Martellini, 2004;
C. Kehle and R. Unger, 2211.1574.
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Violation of Third Law in BH Thermodynamics

Schwarzschild black hole
Hawking temperature T = 1

8πM

Bekenstein-Hawking entropy S = 1
16πT2 → ∞ as T → 0

Violation in Planck formulation

Reissner-Nordstrom black hole
Hawking temperature T =

√
M2−Q2

2π
(√

M2−Q2+M
)2 → 0 for M → Q or M → ∞

BH entropy S = π
(√

M2 −Q2 +M
)2

→ πQ2 for T → 0 depends on Q

Kerr
Violation in Nernst formulation
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Physical systems with violation of the Third Law *

Lattice models.
The question of whether the third law is satisfied can be decided completely
in terms of ground-state degeneracies
M. Aizenman, El. Lieb 80’

Ice models.
V. F. Petrenko and R. W. Whitworth, 99’, Physics of Ice

Strange metals.
J. Zaanen et al. 15’, Holographic duality in condensed matter physics.
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Few Refs. on microscopic origin of BH entropy *
The problem of the microscopic origin of the Bekenstein-Hawking
entropy of a black hole has attracted a lot of attention over the
past 30 years

Wheeler considered of the BH interior as ”bag of gold” (Almheiri et al 20)

Strominger and Vafa, 96’ ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2
3,

f(r) =
(
1− ( r0

r
)2
)2
, r0 = (

8QHQ2
F

π2 )1/6, SBH = 2π

√
QHQ2

F
2

D-0 branes interpretation: d(n, c) ∼ exp(2π
√

nc
6
), c = 6( 1

2
Q2

F + 1), n = QH

Sstat = ln d(QF , QH) ∼ 2π

√
QH(

1

2
Q2

F + 1)

’t Hooft 84’ proposed to relate BH entropy with the entropy of thermally
excited quantum fields in the vicinity of the horizon.

Recent searches Balasubramanian et al 22’ for internal geometries that
provide the entropy of BH.

Matrix models corresponding to BH in spacetime with topology AdS2 × S8,
Maldacena’23
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To summarize Introduction

Schwarzschild BHs violate 3-d law of thermodynamics.

Schwarzschild BH entropies in D-dim S → ∞ rather than zero
when T → 0.

We search for quantum statistical models with such exotic
thermodynamic behaviour.
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Free energy of non-local Bose gas (NLBG).

d-dim Bose gas

FBG(d, ε) =
Ωd−1

β

∫ ∞

0

ln
(
1− e−λβ ε(k)

)
kd−1dk

standard (local case) ε(k) = k2

d-dim α-non-local Bose gas ε = kα, FBG(d, α) = FBG(d, ε)
∣∣∣
ε=kα

d-dim F-non-local Bose gas, F(k) -an analytical function.
F(k) = exp(ck2). V.S.Vladimirov, see B.Dragovich’s talk.

Explicit form

FBG(d, α) = − 2πd/2

dΓ(d/2)

(
1

β

) d
α+1 (

1

λ

) d
α

Γ

(
d

α
+ 1

)
ζ

(
d

α
+ 1

)
.

Free energy of D-dim Schwarzschild BH FBH(D,β) [see next slides]

FBH(D,β) = FBG(d, β)
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D=4 Schwarzschild BH vs Bose Gas. 1/3

Schwarzschild solution

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2,

Hawking temperature and Bekenstein-Hawking entropy

T =
1

8πM
, S = 4πM2 =

β2

16π

Free energy

F =
β

16π
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D=4 Schwarzschild BH vs Bose Gas. 2/3

Equalizing: FBG(β) = FBH(β)

− πd/2

β
d
2+1λ

d
2

ζ

(
d

2
+ 1

)
=

β

16π
(∗)

To fulfill (*) we have to assume

d = − 4, λ2 = − π

16 ζ(−1)
.

Taking into account that ζ(−1) = −1/12, we get

λ =

√
3π

4
,
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D=4 Schwarzschild BH vs Bose Gas. 3/3

Therefore, we obtain that the thermodynamics of the 4-dim Schwarzschild
BH is equivalent to the thermodynamics of the Bose gas in d = − 4 spatial
dimensions.
We understand the thermodynamics of the Bose gas in negative spatial
dimensions in the sense of the analytical continuation of the right hand site
of

FBG = − πd/2

β
d
2+1λ

d
2

ζ

(
d

2
+ 1

)
.
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D>4 Schwarzschild BH vs Bose Gas 1/2

D-dimensional Schwarzschild black hole, D ≥ 4,

ds2 = −
(
1− rh

D−3

rD−3

)
dt2 +

dr2

1− rhD−3

rD−3

+ r2dω2
D−2,

Hawking temperature T = 1/β = D−3
4πrh

rh is the radius of the horizon.
The entropy and the free energy are

S =
ΩD−2

4

(
D − 3

4π

1

T

)D−2

; F =
(D − 3)D−3βD−3 ΩD−2

4(4π)D−2

S → ∞, when T → 0 — a violation of the 3-d law
Equalizing: FBG(β) = FBH(β) series of solutions

I.Volovich’s talk
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D>4 Schwarzschild BH vs Bose Gas. 2/2
4 series of solutions

oframenumbering4 series of solutions

D d α
D = 4k + 1, k = 1, 2, 3... d = (4k − 1)|α| α = −q, q = 1, 2, 3

D = 4k + 1, k = 1, 2, 3... d = −(4k − 1)α 4r
4k−1

< α <
2(2r+1)
4k−1

, r = 0, 1, 2, ...

D = 4k + 3, k = 1, 2, 3... d = −(4k + 1)α
2(2r+1)
4k+1

< α <
4(r+1)
4k+1

, r = 0, 1, 2...

D = 2k, k = 2, 3, 4... d = −2(k − 1)α α = p
k−1

, p = 1, 2, ..

Euclid d = 3
Kaluza-Klein d = 5
Superstrings d = 10
Here d < 0
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Random thin shell models

Thin Shells in M ∩ Φ

A shell in D-dimensional space is
D-dimensional body whose
thickness is very small compared to
its other dimensions

A thin shell in D-dimensional space
is a D-1 dimensional hyper surface

D=3
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Thin Shells in Math.Phys.
2 Full variation of the HE+GHY action on manifold with

boundary and with thin shell

2.1 Preliminary

M

M−

@M−@M+ @M0M+

ya

xµ−

xµ+

Рис. 3. The hypersurfaces @M+ and @M− coincide, @M+ = @M− = ⌃ except that the
normal vectors n± to them are oppositely directed. The unit normal n± are directed fromM∓ toM±. They divide the spacetimeM into two regionsM+ andM−,M=M+ ∪M−.
The boundaryM is @M= @M+ ∪ @M− ∪ @M0.

Let the parametric equation for @M± are of the form

f(x↵(⇠a)) = 0. (2.1)

[we can assume, the there are two different set of coordinates x± and ⇠±. But more
convenient to assume that there is unique set of coordinates system in M±. ] We
assume that ⌃ is non-null. The unit 4-normals to @M± inM± are given by

n↵ = ± 1(� g�� @f
@x�

@f
@x� �)1�2

@f

@x↵
. (2.2)

We assume n↵ ≠ 0 and label @M± as timelike (spacelike) for � ≡ −n↵n↵ = −1(1). The
three basis vectors tangent to @M± are

e↵(a) = @x↵

@⇠a
(2.3)

– 11 –

The hypersurfaces ∂M+ and ∂M− coincide, ∂M+ = ∂M− = Σ

The normal vectors n± to them are oppositely directed. The unit normal
n± are directed from M∓ to M±.
Σ divides the spacetime M into two regions M+ and M−

M = M+ ∪M−. The boundary M is ∂M = ∂M+ ∪ ∂M− ∪ ∂M0.
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Action Principle for Shell Equation
Elliptic case
В.С. Владимиров, О. А. Ладыженская,...

M
�−

M−

@M−@M+�+ @M0M+

Рис. 4. Fields �± are field on M±. The action [energy] is ∫M− L(�−, @�−)dxD +
∫M+ L(�+, @�+)dxD

which give the induced metric on @M± by

gij = @x↵

@⇠i

@x�

@⇠j
g↵�. (2.4)

• We assume that

[g↵�] = 0 (2.5)

and

[@x�

@⇠j
] = 0, (2.6)

i.e. [gij] = 0 (2.7)

• Let K−ij, K+ij be the extrinsic curvatures of @M± (or in other words on ⌃

associated with its imbeddings inM−,M+).
The extrinsic curvature (second fundamental form) is given by

Kij = @x↵

@⇠i

@x�

@⇠j
∇↵n� (2.8)

= −n� � @2x�

@⇠i@⇠j
+ ��

↵�
@x↵

@⇠i

@x�

@⇠j
� . (2.9)

– 12 –

M± are given

Φ± are field on M±

The action [energy] is

L =

∫
M−

L(Φ−, ∂Φ−)dDx

+

∫
M+

L(Φ+, ∂Φ+)dDx

L(Φ, ∂Φ) =
1

2
(∂iΦ)2 + V (Φ)

The principle of least action δL = 0. We assume δΦ+

∣∣∣
M+

= δΦ−

∣∣∣
M−

δL = δLbulk + δLbnd; δLbulk =
∑
a=±

∫
∂Ma

(−∂2Φa + V ′)δΦa dDx

δLbnd =

∫
∂M0

(∂iΦ−, ni)︸ ︷︷ ︸
=0Neum.bnd

δΦ−dS +

∫
∂M−

(∂iΦ− − ∂iΦ+, ni)︸ ︷︷ ︸
=0 junction cnd

δΦ−dS

To get [∂nΦ] ̸= 0 we have to add L =
∫
ΦJndSn
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Action Principle for Shell Equation
Hyperbolic case

M
�−

M−

@M−@M+�+ @M0M+

Рис. 4. Fields �± are field on M±. The action [energy] is ∫M− L(�−, @�−)dxD +
∫M+ L(�+, @�+)dxD

which give the induced metric on @M± by

gij = @x↵

@⇠i

@x�

@⇠j
g↵�. (2.4)

• We assume that

[g↵�] = 0 (2.5)

and

[@x�

@⇠j
] = 0, (2.6)

i.e. [gij] = 0 (2.7)

• Let K−ij, K+ij be the extrinsic curvatures of @M± (or in other words on ⌃

associated with its imbeddings inM−,M+).
The extrinsic curvature (second fundamental form) is given by

Kij = @x↵

@⇠i

@x�

@⇠j
∇↵n� (2.8)

= −n� � @2x�

@⇠i@⇠j
+ ��

↵�
@x↵

@⇠i

@x�

@⇠j
� . (2.9)

– 12 –

M± are given, ∂M± - NON-NULL

Φ± are field on M±

The action [energy] is

L =

∫
M−

L(Φ−, ∂Φ−)dDx

+

∫
M+

L(Φ+, ∂Φ+)dDx

L(Φ, ∂µΦ) =
−∂0Φ2 + ∂iΦ

2

2
+ V (Φ)

The principle of least action δL = 0. We assume δΦ+

∣∣∣
M+

= δΦ−

∣∣∣
M−

. □ = −∂2
0 + ∂2

i

δL = δLbulk + δLbnd; δLbulk =
∑
a=±

∫
∂Ma

(−□Φa + V ′)δΦa dDx

δLbnd =

∫
∂M0

(∂µΦ−,nµ)︸ ︷︷ ︸
=0Neum.bnd

δΦ−dS +

∫
∂M−

(∂µΦ− − ∂µΦ+,nµ)︸ ︷︷ ︸
=0 junction cnd

δΦ−dS

To get [∂nΦ] ̸= 0 we have to add L =
∫
ΦJndSn
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Action Principle for Shell Equation

Hyperbolic case

t

x

ηξ

(η0, ξ0)

(1)

(2) (4)

(3)

(0, 0)

M

(η0, ξS)
M+

M−

∂M+

∂M−

∂M - NULL

The action is L0 =
∫
M ∂ξΦ ∂ηΦ dξdη

δL0,bnd =

∫ ξ0

0
dξδΦ∂ξΦ

∣∣∣η0
0

+

∫ η0

0
dηδΦ∂ηΦ

∣∣∣ξ0
0

1) ∂ξϕ(η0, ξ) = 0; 2)∂ξϕ(0, ξ) = 0;

3) ∂ηϕ(η, ξ0) = 0; 4) ∂ηϕ(η, 0) = 0

V.Sakbaev, I. Volovich, 1312.4302
M± are given, ∂M± - NULL

Φ± are field on M±; δΦ+

∣∣∣
M+

= δΦ−

∣∣∣
M−

The part of variation on the shell

δL0,shell =

∫ η0

0
dηδΦ(η, ξs)( ∂ηΦ+ − ∂ηΦ−︸ ︷︷ ︸

=0Neumann bnd.

)

[∂tangentialΦ] = 0 NO RESTRICTIONS on [∂nΦ]
In agreement with: discontinuities can only propagate along characteristics
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Action Principle in General Relativity

Gibbons, Hawking, Yost

M
∂M

HE action SEH =
∫
M R

√
−g d4x,

∂M NOT NULL

δSEH =

∫
M
Gµνδg

µν √−g d4x+

∫
∂M

(Khab −Kab) δh
ab

√
|h|d3y

+

∫
∂M

ϵ hαβδgαβ,µn
µ|h|1/2 d3y gαβ = ϵnαnβ + hαβ

GHY term SGHY = 2
∫
∂M

K
√
|h|d3y, δSGHY =

∫
∂M ϵhαβδgαβ,µn

µ|h|1/2 d3y

δ(SEH + SGHY ) =

∫
M
Gµνδg

µν √−g d4x+

∫
∂M

(Khab −Kab) δh
ab

√
|h|d3y
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Thin Shells in General Relativity

M

M−
∂M−

∂M+

∂M0

M+

The boundary NOT NULL

∂M = ∂M0 ∪ ∂M− ∪ ∂M−

HE + GHY action
SEH + SGHY =

∫
M R

√
−g d4x

+
∫
∂MK

√
|h|d3y

gµν

∣∣∣
∂M+

= gµν

∣∣∣
∂M−

,

δ(SEH + SGHY ) =

∫
M
Gµνδg

µν √−g d4x+

∫
∂M0

(Khab −Kab) δh
ab

√
|h|d3y

+

∫
∂M+

(Khab −Kab) δh
ab

√
|h|d3y +

∫
∂M+

(Khab −Kab) δh
ab

√
|h|d3y

⇒ [Khab −Kab] = 0 + Matter on shell: [Khab −Kab] = Tab︸ ︷︷ ︸
Israel’s BC
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Action principle for null boundaries in GR

Suitable coordinates

3.1 Description of hypersurfaces 61

hypersurface is not null. This is defined so that

nαnα = ε ≡
{−1 if # is spacelike
+1 if # is timelike

, (3.3)

and we demand that nα point in the direction of increasing $: nα$,α > 0. It is
easy to check that nα is given by

nα = ε$,α
∣∣gµν$,µ$,ν

∣∣1/2 (3.4)

if the hypersurface is either spacelike or timelike.
The unit normal is not defined when # is null, because gµν$,µ$,ν is then equal

to zero. In this case we let

kα = −$,α (3.5)

be the normal vector; the sign is chosen so that kα is future-directed when $

increases toward the future. Because kα is orthogonal to itself (kαkα = 0), this
vector is also tangent to the null hypersurface # (Fig. 3.2). In fact, by comput-
ing kα

;βkβ and showing that it is proportional to kα , we can prove that kα is tan-
gent to null geodesics contained in #. We have kα;βkβ = $;αβ$,β = $;βα$,β =
1
2($,β$,β);α; because $,β$,β is zero everywhere on #, its gradient must be di-
rected along kα , and we have that ($,β$,β);α = 2κkα for some scalar κ . We have
found that the normal vector satisfies

kα
;βkβ = κkα,

the general form of the geodesic equation. The hypersurface is therefore gener-
ated by null geodesics, and kα is tangent to the generators. The geodesics are
parameterized by λ, so that a displacement along each generator is described by
dxα = kα dλ. In general λ is not an affine parameter, but in special situations in

Figure 3.2 A null hypersurface and its generators.

kα

$ = 0

Cambridge Books Online © Cambridge University Press, 2010�))&(���,,,���#�' ����%'���%'��)�'#(���))&(����% �%'���������������
�
�����������

�%,$"%������'%#��))&(���,,,���#�' ����%'���%'��������'������.$���$��%$�����&'�������)��	�����
��(*�!��)�)%�)�����#�' �����%'��)�'#(�%��*(����+� "��"���)

Σ: Φ = 0 - null, kα = Φ,α gαβkαkβ = 0

Coordinate system on Σ: yα = (λ, θA),
dxα = kαλ, eαA =

(
∂xα

∂θA

)
λ
.

An auxiliary null vector field Nα:
Nαk

α = 1, Nαe
α
A = 0

gαβ = −kαNβ −Nαkβ + σABeαAe
β
B ,

(δSHE)null =

∫
∂M

d3y
{
−2δ [(Θ + κ)] +

√
σ [ΘAB − (Θ + κ)σAB ] δσ

AB
}

where ΘAB is the second fundamental form, Θ = ΘA
A is the expansion scalar,

κ is the non-affinity coefficient on the null surface, i.e. kα∇αk
β = κkβ
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Null Thin Shells in General Relativity

Junction condition on null surfaces without matter

[ΘAB − (Θ + κ)σAB ]NullShell = 0

No restrictions on ⊥ directions

Junctions on null surfaces with matter

[ΘAB − (Θ + κ)σAB − TAB ]NullShell = 0
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Gas of random quantum thin shells

A spherical symmetric thin shell Σ = R× S2 in spherical symmetric
background divides the spacetime on

the internal spacetime, M− (with Schw. coord. (t−, r−, ϕθ)), and
an external spacetime, M+(with Schw. coord. t+, r+, ϕ, θ)

The shell can be describe by equations

r± = r = R(τ), t± = t(τ).

In term of intrinsic coord. of the shell (τ, θ, ϕ), the induced metric on Σ is

ds2Σ = dτ2 −R2(τ)dΩ2

Berezin, Kusmin,Tkachev,1988
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Effective action for the shell

The effective action for the shell in the proper time

S =

∫
dτ

[
−m+ f(R)

√
1 +R2

τ

]
, f(R) =

Gm2

2R

Hamiltonian
H = m−

√
f2 − P 2,

Wheeler-DeWitt equation[
(−i∂τ +m)2 − ∂2R − f2

]
Ψ(τ,R) = 0.
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Stationary solutions of WdW eq. Spectrum

Taking Ψ(τ,R) in the form

Ψ(τ,R) = e−iEτψ(R),

we get the stationary version WdW eq.

ψ′′(R)−
[
(m− E)2 − m4

4m4
pR

2

]
ψ(R) = 0, (∗)

m is the shell mass, mp is the Planck mass, mp = 1/
√
G, G is the Newton

gravitational constant. ℏ = c = 1.
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Spectrum

The spectrum of equation (*) for m > mp is Vaz, 2022

En(m) = m
(
1− e−nπ/b

)
, (∗∗)

b =
1

2m2
p

√
m4 −m4

p, mp < m

n is a positive integer.
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Free energy of bose gas of shells

The free energy of bose gas of shells at temperature T = 1/β and chemical
potential µ

Fgas−of−shells(β, µ,m) =
1

β

∑
n

ln
(
1− eβ (µ−En(m))

)
here En(m), n = 1, 2, 3, ... is the spectrum (**)
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Free energy of RANDOM bose gas of shells, 1/4

At temperature T = 1/β

Fgas−of−shells(β, µ,mp)

=
1

β

∫ N∑
n

ln
(
1− eβ (µ−En(m))

)
dσ(m)

En(m), n = 1, 2, 3, ... is spectrum (**) for fixed random parameter m
˙
dσ = dσ(m) is the probability measure
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Free energy of random bose gas of shells, 2/4

Now we specify the measure σ = σ(m) and deal with Fgas−of−shells(β, µ,mp)
given by

Fgas−of−shells(β, µ,mp) =
1

β

∫ 2mp

mp(1+∆)

N∑
n

ln
(
1− eβ (µ−En(m))

) C dm

(m−mp)3
,

where ∆ > 0 is the regularization parameter and the constant C is derive from
normalization

C−1 =

∫ 2mp

mp(1+∆)

dm

(m−mp)3

and for small regularization parameter ∆

C = −m2
p(

2∆2

∆2 − 1
) ≈ 2m2

p∆
2
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Free energy of random bose gas of shells, 3/4

After the change of the variable m−mp = xmp and taking
En(m) ≈ m = mp(1 + x) we get the representation

Fgas.shells(β, µ,mp) =
2N∆2

β

∫ 1

∆

ln
(
1− eβ (µ−mp(1+x))

) dx
x3
,

Taking µ = mp we finally get

Fgas.shells(β,mp) ≈
2N∆2

β

∫ 1

∆

ln
(
1− e−βmpx

) dx
x3
,
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Free energy of random bose gas of shells, 4/4

Denote N∆2 = λ and consider ∆ → 0 and N → ∞,

NβC I(a) = Nβ2m2
p ∆

2 I(a) = 2m2
pλβ I(a)

Taking the renormalized value of I we get at a→ 0

Fren,gas−of−shells(β,mp) ≈ 2λ Irenm
2
pβ

and the entropy is equal to

S = 2λIrenm
2
pβ

2

We set 2λIren = 1
16π . This gives the BH entropy

S =
1

16π
m2

pβ
2 =

1

16πG
β2 = 4πGM2
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Conclusion

Black holes violet the third law of thermodynamics

Model of bose gas violeting the third law of thermodynamics is proposed

Random quantum gas of thin shells reproducing the black hole entropy is
proposed
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