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Networks and Feedback Control

observer |£ ¥

Measurement Based
Feedback Control over [ )

© cannot happen in the quantum setting!!!
Coherent Feedback

must use unitary junctions (e.g., beamsplitters) Control




Joint work with P. Rouchon, N. Amini,

Efforts & FlOWS B. Maschke, A. v.d. Schaft

« These are power-conjugate variables (e.qg., current & voltage)
e Basicidea
(Power) 2E = f.e (flow x effort).
« Central to classical control techniques such as port-Hamiltonian systems

« Efforts and flows can form a Dirac structure, in which case one may combine
Dirac structures (interconnection!)

 Developed classically by van der Schaft, Maschke, etc.




Port Hamiltonian Systems

e Dynamical system
t=(J—R)VH+ Guf(t),

y=G'" VH + Du(t).

« Coefficients
J()" = —-J(x), R(z)" = R(x).

e Flows & efforts
f=-x,e=VH  fgp=VH,eg=—RVH.

I 0 0 er

J I -G e Power balance (Dirac Structure)
G" 0 0 i

e'f+epfr+u'y=0.




Linear Systems

A model is said to be linear if its state dynamics and input-output equations
are then assumed to take the following form:

() = Ax(t)+ Bu(b), Output y \

y(t) = Cx(t)+ Dul(t). N
System x

The linear system is by the model matrix:

A B
C D

|

]:X@UHX@)’,

written in block partition form.




Linear Systems

A; B
C; D;
superimposition is the model on () & Vs, X, U; & Us) given by

] on (V;, X,U;), for i = 1,2, their

Given a pair of models M, = [

A +As By Bs
M, H M, = Ch Dy 0
Cs 0 Do




Linear Systems

We begin with an open-loop model on (Vext @ Ving, X, Uext ® Uing) with

A B, B; |
M = Oe Dee Dei yex_t

To close the internal loop, we s_etc; :ljri:ui’Dﬁ _ ylnt"_&\\§ :

This leads to the feedback reduction K

() = | G po [+ kD (6D

Well-posedness requires that (I — K Dj;) is invertible.




Linear Systems

Open loop superimposition formula

Al + Ag B1 B2
Ml is M2 — Cl D1 0
Cs 0 D,

we do not assume a decomposition of the state space into two components!

Note: a cascade is a special case.

System 2 System 1




Linear Systems

Closed Loop feedback connection us = 11

M2 < M1 (Ml H M2)fb

-A1—|—A2 Bl B2 —1 [
G ]+[D2](1_0)

Cy + DyCy Dy D,

Ay + As + BoCy; By + BaDy ]

We shall refer to My <1 M, as the series product of models My and M;.

Link to the (extended) Heisenberg group!

A B B A
Ifv (|: ]) L D C ; then V(M2 < Ml) = V(Mg) V(Ml)
C D 0 I




Quantum Input-Output Systems

System

Hudson, Parthasarathy (1984)
V.P. Belavkin (1979+) -

Gardiner, Collett (1985)

Field quanta of type k annihilated at the system at time t bin,k (t)




Quantum Ito Table -

« Fundamental Processes

t
Bl () = [y binn(s)ds,  Binx(t) = [ bin(s)ds, Ain,jk(t)E/ bj(s)"br(s)ds
0

e Table
dB;dB; = §,,dt

dA;;dBf = 8B}
dBjdAkl = jkdBl
dA ;1 d Ay = SipdA s

« Product Rule AXY)=dX )Y (t) + X(t)dY (t) + dX (t) dY (¢).




Quantum Stochastic Models

- General (S,L, H) case (Hudson & Parthasarathy)

dU(t) = {(sjk — 5;D) ® dAji(t) + L; ® dB: (1)

1 .
—L;Sjk ® dBy(t) — (ELZLk +iH) ® dt} Ul(t)

C L

_Ln_




Heisenberg-Langevin Dynamics

i.e., a Hudson-Evans Flow!

(X)) =U@®){XoI}U(t)

Heisenberg Equations of Motion

dj(X) = 5:(S;; XS — 01 X) ® dAin ji(t) + 3¢ (S [ L1, X]) ® dB;,, (t)
+jt ([ X, L7 [Sik) ® dBin gty + 3 (LX) ®@ dt.

Lindblad Generator LX = %LZ[X, Lk] -+ %[L;:, X]Lk — ’L[X, H]




Quantum Output Process

System

output

Boutk(t) = U(t)"{I @ Binx(t) } U(t)
Input-Output Relations

dBous,;(t) = ji(Sjr) @ dBink(t) + ji(L;) @ db




Quantum Networks

« How to connect models?

» Cascaded models

- Algebraic loops

» Feedback Control

Controller K




The Series Product

System 2 System 1

—

The cascaded system in the instantaneous feedforward limit is equivalent
to the single component

(S2, Lo, Hy) < (S1, L1, Hy) = (5251,L2 + SaLq, Hy + Hy 4+ Im {LESZLl}) :

J. G., M.R. James, The Series Product and Its Application to Quantum
Feedforward and Feedback Networks IEEE Transactions on Automatic Control,
2009.

This is the guantum extended Heisenberg group again!




Beam-splitters

beamsplitter S = [ 11 912 ]

51 S»
and in-loop component (S, Lo, 0):

dB, = SodBémt + Lodt = 50(521d81 + Sggng) + Lodt
= dBfut = 511dB; + 512dB, = godB]_ + ltodt

where

So = S11+4 S12( — 50522) 150501, Lo = Sia(1 — S22) 1Sy L.

Equivalent component (5, Lo, Hy):




Network Rule # 1
Open loop systems in parallel

Models (Sj,Lj,Hj)?zl in parallel




Network Rule # 2
Feedback Reduction Formula

external external The reduced model obtained by eliminating all
the internal channels (instantaneous feedback)
is determined by the operators (Sfb, LiP, Hfb) given by

See ‘|_ SeiX (]- o Sii-}{)_1 Siea

internal -
o X —» = Lo+SuX (1 -SuX) ™ Ly,
H -+ Z III].L;XSJ]_ (1 — SiiX)_l Li.

t=1i,e

J. G., M.R. James, Quantum Feedback Networks: Hamiltonian Formulation,
Commun. Math. Phys., 1109-1132, Volume 287, Number 3 / May, 20009.




The rules are very similar to
classical linear systems

The quantum model matrix for G ~ (S, L, H):

(3>, LiLy—iH =Y L5S; - =Y. LiSim
Ly S11 Sin

Ln S'n,l e S’n,n

The feedback reduction yields the model matrix

[Fr) Vo T)] 5 = Vs + VT (1= Vi T) ™ Vi

for a # r and 8 # s.




Classical Hamiltonian Systems

 Closed Hamiltonian with external inputs (efforts)

T() = H + Y, Vicew(?)

« Power delivered to the system

(H) = X5, Filt) en(t

e Flow variables

Fip(t) = jo {H, Vi }).

%




Coupled Hamiltonian Systems

e Total Hamiltonian

(Ha,Va)

Y(t) =Ha+ Hp +ea(t)Va+ep(t)Ve + Vap ////

d (Hg, Vg)

— 1+ H
dt]t( A)

d
dt

—jt(Hp)




Classical Hamiltonian Systems with Noise

e Stratonovich form

G (A) = j,({A HY) dt + Y G ({A Vi) o (ek (t)dt + dWi( )).

e Ito form
0h(4) = G (E(A) de+ Y (A Vi) (en(O + awi(o)
k

where we have the second-order differential operator

L) = {A, H} + 2 3 {{A Vi) Vil




Classical Hamiltonian Systems with Noise

« The power is now

i H) = () dt + 5, Fult) (en(00de + Wi (0)

 Here there is a background power delivered even when no signal is present

G=L(H) =53, {{H Vi}Vi}




Symplectic Structure and Quantum
Mechanics

« Holomorphic coordinates

The classical phase space R?" may be equivalently modelled as C" where we
introduce complex vectors 3 = %(q + ip).

« Skew form = symplectic area

BB 2 2Am(3°8) = - (56 ~ °B) = av' —pd

For several dimensions, we just define 3 A 3 = > 1 B A By




Power Variables for Closed Quantum
Systems

« Time-dependent Hamiltonian
Y(t)=H+LAB()

 Coupling to external inputs (efforts)

LAB(E) =+ (L*B(t) — B)*L) = + >, (LiBr(t) — Br(t)*Li).

e Power

side(H) = —5.([H, L*]) B(t) + B(t)"je([H,L]) = F(t) A B(t)

Fy(t)




Open Quantum Systems?

« Efforts a quantum semimartingales!

dB(t) — dE(t) = dB(t) + B(t) dt

e Recall the Series Product

(SaLaH) — (SBaLBaHB)q(SAaLAaHA)
A

1
(SBSAaLB +SpLa,Ha+ Hp + §LB A (SBLA))-




Adding in the signal to the noise

« Weyl Box (S,L, H)

—@ ®

e Driven component

(S,L,H) < (1,8(t),0) = (s, L +SA(t), H + 1L A (Sﬁ(t))).




The Quantum Power Balance

« The power delivered
djs(H) = G(t)dt + F(t) AN dE(t —|—Z]t(ZSlJHSlk— JkH) ®dek(t),

e Vacuum power

G(1) = 1 (Lot (H)) = %jt([L*,mL L LA, L]),

e Flow variables

e Scattering terms

AN() = dAgi(8) + dB; ()" Brlt) + B (8)"dBi (1) + B;(t) Bi(t) dt.




Cnacmbo!




	Slide 1:  Efforts & Flows In Quantum Systems
	Slide 2: Networks and Feedback Control
	Slide 3: Efforts & Flows
	Slide 4: Port Hamiltonian Systems
	Slide 5: Linear Systems
	Slide 6: Linear Systems
	Slide 7: Linear Systems
	Slide 8: Linear Systems
	Slide 9: Linear Systems
	Slide 10: Quantum Input-Output Systems
	Slide 11: Quantum Ito Table
	Slide 12: Quantum Stochastic Models
	Slide 13: Heisenberg-Langevin Dynamics
	Slide 14: Quantum Output Process
	Slide 15: Quantum Networks
	Slide 16: The Series Product
	Slide 17: Beam-splitters
	Slide 18: Network Rule # 1  Open loop systems in parallel
	Slide 19: Network Rule # 2  Feedback Reduction Formula
	Slide 20: The rules are very similar to  classical linear systems
	Slide 21: Classical Hamiltonian Systems
	Slide 22: Coupled Hamiltonian Systems
	Slide 23: Classical Hamiltonian Systems with Noise
	Slide 24: Classical Hamiltonian Systems with Noise
	Slide 25: Symplectic Structure and Quantum Mechanics
	Slide 26: Power Variables for Closed Quantum Systems
	Slide 27: Open Quantum Systems? 
	Slide 28: Adding in the signal to the noise
	Slide 29: The Quantum Power Balance
	Slide 30

