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Navier-Stokes equations

ut + (u · ∇)u = ν∆u −∇p, (1)
∇ · u = 0, (2)

where
u = (u1,u2,u3) is the velocity field,
t is the time variable, x = (x1, x2, x3) is the space variable,
the dot "·" stands for the scalar product,
∇ = (∇1,∇2,∇3) = (∂x1 , ∂x2 , ∂x3) is the gradient,
the parameter ν > 0 is the viscosity of the flow,
∆ = ∇2

1 +∇2
2 +∇2

3 is the Laplacian,
p is the pressure.
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Here we study the Navier-Stokes equations from the
algebra-geometrical point of view. The system (1)-(2) is not formally
integrable, to get the equivalent formally integrable system one needs
to add the trivial differential prolongations

∇ · ut = 0, ∇(∇ · u) = 0, (3)

and the non-trivial differential prolongation (hidden integrability
condition)

∆p +∇((u · ∇)u) = ∆p +∇u · ∇u = 0 (4)

(we have used the equation (2)).

Remark
The equation (4) is a Poisson equation for the pressure p with the
density ρ = −∇u · ∇u, it can be considered as the inner constraint for
the Navier-Stokes equations.
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The base space

B = T × X × RM
I × RI,

where
M = 1,m, , m = 2,3, . . . ,
I = {i = (iµ) | iµ ∈ Z+, µ ∈ M} = ZM

+ ;
∂xi = (∂x1)i1 ◦ . . . ◦ (∂xm)im , i = (i1, . . . , im) ∈ I;

T = {t ∈ R} = R is the time variable;
X = {x = (xµ) | xµ ∈ R, µ ∈ M} = RM is the space variable;

RM
I = {u = (uµ

i ) | uµ
i ∈ R, µ ∈ M, i ∈ I} is the velocity and its

partial space derivatives, uµ
i = ∂x iuµ;

RI = {p = (pi) | pi ∈ R, i ∈ I} is the pressure and its partial space
variables, pi = ∂xip.
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The base algebra

The base algebra is the unital commutative associative algebra

A(B) = C∞
fin(B)

of all smooth real functions on the base space B of a finite order, i.e.,
depending on a finite number of the variables xµ,uµ

i ,pi, µ ∈ M, i ∈ I.

In more detail, the integer r ∈ Z+ is called the u-order of a function
f (x ,u,p) ∈ A(B), we write ordu f = r , if the partial derivative ∂uµ

i
f ̸= 0

for some variable uµ
i , |i| = r , while partial derivatives ∂uµ

i
f = 0 for all

|i| > r . In the same way, the p-order is defined.

Here and below,

I ∋ i = (i1, . . . , im) =⇒ |i| = i1 + · · ·+ im ∈ Z+.
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Derivations

D(B) =
{
ζ = ζµ∂xµ + ζµi ∂uµ

i
+ ζi∂pi

∣∣ ζµ, ζµi , ζi ∈ A(B)
}

;

D(B) = DV(B)⊕A(B) DH(B),
DV(B) = {ζ ∈ D(B) | ζ|C∞(X) = 0} = {ζ = ζµi ∂uµ

i
+ ζi∂pi};

DH(B) = {ζ = ζµDµ | ζµ ∈ A(B)},
Dµ = ∂xµ + uλ

i+(µ)∂uλ
i
+ pi+(µ)∂pi , Dµ|C∞(X) = ∂xµ , [Dλ,Dµ] = 0.

Here and below,
the summation over repeated upper and lower indices in the
prescribed limits is assumed,
i + (µ) = (i1, . . . , iµ + 1, . . . , im), i ∈ I, µ ∈ M.

The pair (A(B),DH(B)) is called the differential algebra associated
with the base space B.
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Symmetries

The Lie algebra

Sym(A(B),DH(B)) =
{
ζ = evf ∈ DV(B)

∣∣ [Dµ, evf] = 0, µ ∈ M
}

is the Lie algebra of symmetries of the differential algebra
(A(B),DH(B)), where

f = (fµ, f ) ∈ AM(B)×A(B), fµ = ζµ0 , f = ζ0,
evf = Difµ · ∂uµ

i
+ Dif · ∂pi , Difµ = ζµi , Dif = ζi.

Here and below,

Di = (D1)
i1 ◦ . . . ◦ (Dm)

im , i = (i1, . . . , im) ∈ I.
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Horizontal differential complex
Horizontal differential forms are

Ωq
H(B) =


0, q < 0,q > m;

A(B), q = 0;
HomA(B)(∧qDH(B);A(B)), 1 ≤ q ≤ m.

HomA(B)(∧qDH(B);A(B))

=
{
ωq

H = ωµ1...µq · dxµ1 ∧ . . . ∧ dxµq
∣∣ ωµ1...µq ∈ A(B),+ s-s

}
,

where the abbreviation "+s-s" states that components ωµ1...µq are
skew-symmetric in indices µ1, . . . , µq ∈ M.
Horizontal differentials dq

H : Ωq
H(B) → Ωq+1

H (bB), dq+1
H ◦ dq

H = 0, q ∈ Z,

dq
H = dH

∣∣
Ωq

H(B)
: Ωq

H(B) → Ωq+1
H (B),

ωµ1...µq · dxµ1 ∧ . . . ∧ dxµq 7→ D[µ0
ωµ1...µq ] · dxµ0 ∧ . . . ∧ dxµq ,

the brackets [. . . ] denote the skew-symmetrization in indices
µ0, . . . , µq ∈ M.
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Horizontal cohomologies

Hq
H(B) = Ker dq

H

/
Imdq−1

H , q ∈ Z.

Theorem (The main theorem of the formal calculus of
variations)
The linear spaces

Hq
H(B) =


0, q < 0,q > m;

R, q = 0;
0, 1 ≤ q ≤ m − 1;
H(B), q = m;

The Helmholtz linear space

H(B) =
{
χ = (χµ, χ) ∈ AM(B)×A(B)

∣∣ χ∗ = χ∗}.
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The linear mappings

χ∗, χ
∗ : AM(B)×A(B) → AM(B)×A(B)

act by the rules:

AM(B)×A(B) ∋ f = (fµ, f ) 7→ χ∗f = g = (gµ,g) ∈ AM(B)×A(B),

gµ = ∂uν
i
χµ · Dif ν + ∂piχµ · Dif , g = ∂uν

i
χ · Dif ν + ∂piχ · Dif ;

AM(B)×A(B) ∋ f = (fµ, f ) 7→ χ∗f = g = (gµ,g) ∈ AM(B)×A(B),

gµ = (−D)i
(
f ν · ∂uµ

i
χν + f · ∂uµ

i
χ
)
, g = (−D)i

(
f ν · ∂piχν + f · ∂piχ

)
.

The isomorphism δ = (δuµ , δp) : Hm
H (B) ≃ H(B) of linear spaces is

defined by the variational derivatives:

Ωm
H (B) ∋ ωm

H = ω · dmx 7→ χ = δω = (δuµω, δpω),

δuµω = (−D)i∂uµ
i
ω, δpω = (−D)i∂piω.
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Constraints

The continuity equation (2), CE = {∂xµuµ = 0}, has the algebraic
counterpart

CE =
{
(x ,u,p) ∈ B

∣∣ CEi = uµ
i+(µ) = 0, i ∈ I

}
.

The integrability condition (4), ∆p +∇u · ∇u = 0, has the algebraic
counterpart

PE =
{
(x ,u,p) ∈ B

∣∣ PEi = ∆pi + Di(uλ
(µ)u

µ
(λ)) = 0, i ∈ I

}
.

where
(µ) = 0 + (µ) = (0, . . . ,0,1,0, . . . ,0), 1 stands in µth place;
∆ = δλµDλ ◦ Dµ = δλµD(λ)+(µ) =

∑
µ D2(µ),

Di(uλ
(µ)u

µ
(λ)) =

∑
k+l=i

( i
k

)
uλ

k+(µ)u
µ
l+(λ).
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The subspace

CPE = CE ∩ PE = T × X × R1
I0
× RN

I × RI1

has the global coordinates (t , x,u,p) = {t , xµ,u1
i0 ,u

α
i ,pi1}, the indices

µ ∈ M = 1,m,
i0 ∈ I0 = {i ∈ I | i1 = 0},
α ∈ N = 2,m, i ∈ I,
i1 ∈ I1 = {i ∈ I | i1 = 0,1}.

The algebra A(CPE) = C∞
fin(T × X × R1

I0
× RN

I × RI1).

Derivations
DV(CPE) = {ζ = ζ1

i0∂u1
i0
+ ζαi ∂uα

i
+ ζi1∂pi1

| ζ1
i0 , ζ

α
i , ζi1 ∈ A(CPE)};

DH(CPE) = {ζ = ζµDµ | ζµ ∈ A(CPE)};
Dµ = ∂xµ + u1

i0+(µ)∂u1
i0
+ uα

i+(µ)∂uα
i
+ pi1+(µ)∂pi1

, µ ∈ M,

where u1
i0+(1) + uα

i0+(α) = 0, ∆pi + Di(uλ
(µ)u

µ
(λ)) = 0.
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Differential algebra in the space CPE

The pair (A(CPE),DH(CPE)) is called the differential algebra
associated with the constrained space CPE;

The Lie algebra

Sym(A(CPE),DH(CPE)) = {evf ∈ DV(B) | [Dµ, evf] = 0, µ ∈ M}

is the Lie algebra of symmetries of the differential algebra
(A(CPE),DH(CPE)), where

evf = Di0 f 1 · ∂u1
i0
+ Difα · ∂uα

i
+ Di1 f · ∂pi1

,

f = (fµ, f ) ∈ A(CPE)M ×A(CPE),
Dµfµ = 0, ∆f + evf

(
uλ
(µ)u

µ
(λ)

)
= 0,
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Horizontal differential complex in the space CPE

Horizontal differential forms are

Ωq
H(CPE) =


0, q < 0,q > m;

A(CPE), q = 0;
HomA(CPE)(∧qDH(CPE);A(CPE)), 1 ≤ q ≤ m;

HomA(CPE)(∧qDH(CPE);A(CPE))

=
{
ωq

H = ωµ1...µq · dxµ1 ∧ . . . ∧ dxµq
∣∣ ωµ1...µq ∈ A(CPE)

}
.

The differential dq
H : Ωq

H(CPE) → Ωq+1
H (CPE), dq+1

H ◦ dq
H = 0, where

ωµ1...µq · dxµ1 ∧ . . . ∧ dxµq 7→ D[µ0
ωµ1...µq ] · dxµ0 ∧ . . . ∧ dxµq .

Hq
H(CPE) = Ker dq

H

/
Imdq−1

H , q ∈ Z.
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Horizontal cohomologies in the space CPE

Theorem
The linear spaces of the cohomologies of the differential algebra
(A(CPE),DH(CPE)) are

Hq
H(CPE) =


0, q < 0,1 ≤ q ≤ m − 2,q > m;

R, q = 0;
KerDm−1

1 ≃ S ∩H, q = m − 1;
Hm−1(Θ)

/
ImDm−1

1 , q = m;

S = Sol(D1 + f∗) is the linear space of solutions
χ = (χ0

1, χ
i1
α , χ

0, χ1) of the linear system D1χ+ f∗χ = 0;

H = {χ = (χ0
1, χ

i1
α , χ

0, χ1) | χ∗ = χ∗} is the Helmholtz space of the
differential algebra (A(CPE),DH(CPE)).
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Evolution in the space CPE

The evolution in the space

CPE = T×X×
(
R1
I0
×RN

I
)
×RI1 =

{
t , x = (xµ),u = (u1

i0 ,u
α
i ),p = (pi1)

}
(M = 2,3) is governed by an evolution derivation

Dt = ∂t + evE,

where
evE = Di0E1·∂u1

i0
+DiEα·∂uα

i
+Di1E ·∂pi1

∈ Sym(A(CPE),DH(CPE));

E = (Eµ,E) ∈ AM(CPE)×A(CPE);
DµEµ = 0, ∆E + 2

(
uλ
(µ)DλEµ

)
= 0.
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Evolutionary differential algebra in the space CPE

There is defined the differential algebra (A(CPE),DE(CPE)), where
D(CPE) = DV(CPE)⊕A(CPE) DE(CPE);

DV(CPE) = {ζ = ζ1
i0∂u1

i0
+ ζαi ∂uα

i
+ ζi1∂pi1

| ζ1
i0 , ζ

α
i , ζi1 ∈ A(CPE)};

DE(CPE) has the A(CPE)-basis {Dt ,Dµ | µ ∈ M},
the time derivation Dt = ∂t + evE, [Dt ,Dµ] = 0, µ ∈ M, so

DE(CPE) =
{
ζ = ζ tDt + ζµDµ

∣∣ ζ t , ζµ ∈ A(CPE)
}
.

The Lie algebra of symmetries here is

Sym(A(CPE),DE(CPE))
=

{
evf ∈ Sym(A(CPE,DH(CPE)) | [Dt , evf] = 0

}
,

where the condition [Dt , evf] = 0 reduces to the equation
(Dt − E∗)f = 0.
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Evolutionary differential complex in the space CPE

We split
Ωq

E(CPE) = dt ∧ Ωq−1
H (CPE)⊕A(CPE) Ω

q
H(CPE), q ∈ Z;

where

0 → Ωq−1
H →Ωq

E → Ωq
H → 0,

ωq−1
H 7→ωq

E = (−1)q−1dt ∧ ωq−1
H ,

ωq
E = dt ∧ ωq−1

H + ωq
H 7→ ωq

H;

dq
E = dq

t + dq
H : Ωq

E → Ωq+1
E , dt = dt ∧ Dt , dH = dxµ ∧ Dµ,

ωq
E = dt ∧ ωq−1

H + ωq
H 7→ dEω

q
E = dt ∧ (Dtω

q
H − dHω

q−1
H ) + dHω

q
H;

Dq
t : Ωq

H(CPE) → Ωq
H(CPE), q ∈ Z,

Dq
t (ωµ1...µq · dxµ1 ∧ . . . ∧ dxµq ) = (Dtωµ1...µq ) · dxµ1 ∧ . . . ∧ dxµq .
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Evolutionary cohomologies in the space CPE

Hq
E (CPE) = Ker dq

E

/
Imdq−1

E , q ∈ Z.

Theorem
The linear spaces of cohomologies of the differential algebra
(A(CPE);DE(CPE)) are

Hq
E (CPE) =


0, q < 0,1 ≤ q ≤ m − 2,q > m + 1;
R, q = 0;
KerDm−1

t , q = m − 1;
Hm

H (CPE)
/
ImDm

t , q = m + 1;

while in the case q = m one has Hm
E (CPE)

/
ImHm−1

H (CPE) = KerDm
t .

Dq
t : Hq

H(CPE) → Hq
H(CPE), Dq

t [ω
q
H] = [Dtω

q
H], q ∈ Z.

Victor Zharinov (Steklov Mathematical Institute, MIAN)Navier-Stokes equations in algebraic approach. MFTI, 2023 19 / 23



Navier-Stokes equations as evolution in the space
CPE
We treat the Navier-Stokes system (1)-(2) as the evolution process
governed by the equation (1) in the space CPE. The algebraic
counterpart of the equation (1) is the symmetry

evE = Di0E1 ·∂u1
i0
+ DiEα · ∂uα

i
+ Di1E · ∂pi1

∈ Sym(A(CPE),DH(CPE)),

where
E = (Eµ,E) ∈ A(CPE)M ×A(CPE);
Eµ = −uλuµ

(λ) + ν∆uµ − p(µ);

uµ
i+(µ) = 0, ∆uµ =

∑
λ uµ

2(λ);

E to be defined from the condition evE ∈ Sym(A(CPE),DH(CPE)).
Here DµEµ = 0, while the condition

∆E + evE(uλ
(µ)u

µ
(λ)) = ∆E + 2uλ

(µ)DλEµ = 0 (5)

is the Poisson equation for the component E ∈ A(CPE)
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Relevant equations:
Dσf = 0, σ = t , µ, µ ∈ M, f ∈ A = A(B),A(CPE),
⇔ f = const ∈ R ⊂ A;

Dµfµ = 0, f = (fµ) ∈ A(B)M,
⇔ fµ = Dνgµν , gµν = −gνµ ∈ A(B);

Dµfµ = 0, f = (fµ) ∈ A(CPE)M, ?;
∆f = 0, f ∈ A = A(B),A(CPE), ⇔ ?;
∆f = g, f ,g ∈ A = A(B),A(CPE), ⇔ ?;
∆f + 2uλ

(µ)Dλfµ = 0, f = (fµ, f ) ∈ A(CPE)M ×A(CPE), ?;

(Dt − E∗)f = 0, (Dt + E∗)χ = 0, ?.
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Conclusion

It can be seen from the above constructions that the Navier-Stokes
equations are subject to meaningful analysis within the framework of
the algebraic approach to differential equations. The resulting
equations for finding algebraic characteristics of Navier-Stokes
equations, such as symmetries and cohomologies, are essentially
complicated. One may hope to find their partial solutions at least,
especially using analytical computational packets (Mathematica, for
example).
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