Navier-Stokes equations in algebraic approach.

Victor Zharinov

Steklov Mathematical Institute, MIAN

MFTI, 2023

Victor Zharinov (Steklov Mathematical InstitutéNavier-Stokes equations in algebraic approac MFTI, 2023 1/23



Navier-Stokes equations

u; + (u-V)u=vAu - Vp, (1)
V-u=0, (2)

where

u = (u', v?, 1®) is the velocity field,

t is the time variable, x = (x', x2, x3) is the space variable,
the dot "-" stands for the scalar product,

V = (V1,V2,V3) = (041,042, 0y3) is the gradient,

the parameter v > 0 is the viscosity of the flow,

A = V2 + V2 + V2 is the Laplacian,

p is the pressure.
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Here we study the Navier-Stokes equations from the
algebra-geometrical point of view. The system (1)-(2) is not formally
integrable, to get the equivalent formally integrable system one needs
to add the trivial differential prolongations

V-uy=0, V(V-u)=0, (3)

and the non-trivial differential prolongation (hidden integrability
condition)

Ap+V((u-V)u)=Ap+Vu-Vu=0 (4)
(we have used the equation (2)).

Remark

The equation (4) is a Poisson equation for the pressure p with the
density p = —Vu - Vu, it can be considered as the inner constraint for
the Navier-Stokes equations.
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The base space

B:TXXXRIHVIXR]I,
where
o M:m, ,m:2,3,---,
I={i= ()| "€ Zs, pe My =2Y;
8Xi:(8x1)i1o..-0(ax’”)im, i:(i1’,..,im)eﬂ;

@ T = {t € R} = R s the time variable;
X ={x=(x")| x* € R, p € M} = RM is the space variable;

o RM={u=(u")|u'eR, ueM, iel}isthe velocity and its
partlal space derlvatlves ul' = duut;
={p=(p) | pi € R, i € I} is the pressure and its partial space
variables, pi = O,ip.
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The base algebra
The base algebra is the unital commutative associative algebra
A(B) = Cgx(B)

of all smooth real functions on the base space B of a finite order, i.e.,
depending on a finite number of the variables x*, u", pi, p € M, i € L

In more detall, the integer r € Z. is called the u-order of a function
f(x,u,p) € A(B), we write ordy f = r, if the partial derivative 9, f # 0
for some variable u, |i| = r, while partial derivatives 9, f = 0 for all
lif > r. In the same way, the p-order is defined. l

Here and below,

Isi=(",...,i" = |ij=i"+-+i"eZ,.
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Derivations

® D(B) = {¢ = ("0 + 'Oy + GO, | " ', G € AB)};

e 9(B) =9v(B) DAB) Du(B),
Dyv(B) ={¢ € D(B) | (le=(x) = 0} = {¢ = {0y + (iOp };
Ou(B) ={¢ = ("D, | ¢ € A(B)},
DM = Oxu + ui):&-(,u)aui)‘ + pi+(u)8p1, D“’coo(x) = Oxwu, [D)\7 DH«] =0.

Here and below,

@ the summation over repeated upper and lower indices in the
prescribed limits is assumed,

@i+ (u)=(>"...,i*+1,...,iM), iel, peM.

The pair (A(B), Du(B)) is called the differential algebra associated
with the base space B.
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Symmetries

The Lie algebra

Sym(A(B), Du(B)) = {¢ = evf € Dv(B) ’ [D,,ev¢] =0, € M}
is the Lie algebra of symmetries of the differential algebra
(A(B),Du(B)), where

o f=(ff)e AM(B) x A(B), fr=(},f={,
® evp = Diftt- Oy + Dif - Op, Dift' = ¢, Dif = G.
Here and below,

D= (D))" s...o(Dy)", i=(",...,i" €L
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Horizontal differential complex
Horizontal differential forms are

0, q<0,9>m,
Qi (B) = { A(B), q=0;
HomA(B)(/\qQH(B); A(B))7 1< qg<m.

Hom 4(g) (A 9Dwu(B); A(B))
= {wg = Wpyopg - AXHTA LN dXHE ‘ Wiy.opg € A(B), + S-S},

where the abbreviation "+s-s" states that components w,, ..., are
skew-symmetric in indices ji1, ..., g € M.

Horizontal differentials dJ : Q%(B) — Q%' (bB), d3*'- di =0, q € Z,
1
dd = O‘H}Qg(a) - QI(B) — QFt'(B),
Wiy - AXFTA A AXPT = Dyyw gy - OXEO A LA dxB,

the brackets [...] denote the skew-symmetrization in indices
,LLO7,,Uq€M



Horizontal cohomologies

Hi(B) = Kerd]/Imd] ', qez

Theorem (The main theorem of the formal calculus of
variations)

The linear spaces

0, g<0,g>m
HiBy =& 9=0
H 0, 1<g<m-1
H(B), g=m

The Helmholtz linear space

H(B) = {x = (xu,X) € Au(B) x A(B) | xx» = x*}.
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The linear mappings
o X*  AM(B) x A(B) — Am(B) x A(B)
act by the rules:

AY(B) x A(B) 3 f = (f*,f) = xuf = g = (g, ) € Am(B) x A(B),
9u = OuwXpu - DifY + Opxpu - Dif, g =0ux  Dif" + 0px - Dif;
AM(B) x A(B) > f = (f*,f) = x*f =g = (9, 9) € Au(B) x A(B),
gu = (=D)(F" yexw + - 9yex), - 9= (=D)i(f" Fpxw + - Ipix).-
The isomorphism § = (dur, 0p) : HY(B) ~ H(B) of linear spaces is
defined by the variational derivatives:
Q(B) 3 wif =w-d"x — x = dw = (dynw, fpw),
5uuw == (—D)iauiuw, (5'00.) == (—D)ié)piw.
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Constraints

The continuity equation (2), CE = {0x«u* = 0}, has the algebraic
counterpart

CE = {(x,u,p) € B | CE; = u"

o =0, 1€},

The integrability condition (4), Ap + Vu - Vu = 0, has the algebraic
counterpart

PE = {(x,u,p) € B| PE; = Ap; + Di(“(Au)U(”A)) —0,iel}.

where

@ (u)=0+(u)=1(0,...,0,1,0,...,0), 1 stands in uth place;
® A =¢*Dyo D, =MDy = Z Do,y

o D( (1) (A)) Zk+l:i (k)uk+(u) 14+(\)"
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The subspace
CPE=CENPE =T x X x R} xR} x Ry,

has the global coordinates (t, x,u,p) = {f, x*, ufo, u®, pi, }, the indices
peM=1m,

ipely={iel|i' =0},

aeN=2m, i€l

el ={icl|i'=0,1}.

The algebra A(CPE) = Cgo(T x X x Rj x R x Ry,).
Derivations
® Dy(CPE) = {C = G0y + (" ue + GO, | G
@ Dy(CPE) = {(=¢"D, | ¢* € A(CPE)};
@ D, = 0xn+ uow)am + U () Oue + plﬁL(N)apl1 pwEM,
where u! ot (1) T U i) = 0. AP+ Di(u} () (A)) =0.
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&, G, € A(CPE)};

10’



Differential algebra in the space CPE

The pair (A(CPE), ©y(CPE)) is called the differential algebra
associated with the constrained space CPE;

The Lie algebra
Sym(A(CPE), ©4(CPE)) = {evi € Dv(B) | [D,,evf] =0, p € M}

is the Lie algebra of symmetries of the differential algebra
(A(CPE), ©4(CPE)), where

@ evy = D f 8U1 + D fa (9ua + D11f 8pl1
o f=(f*,f) € A(CPE)M x A(CPE),

o Dufuzo, Af+er( () ()\)) 0,
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Horizontal differential complex in the space CPE
Horizontal differential forms are

0, q<0,g>m,
Qfj(CPE) = { A(CPE), q=0;
Hom 4(cpe)(A9Du(CPE); A(CPE)), 1<qg<m;

HomA(cpE)(/\ng(CPE); A(CPE))
= {wg = Wyry.opiq - AXFT AN XA ‘ Wiy € A(CPE)}.
The differential dJ : Q%(CPE) — Q&' (CPE), d3"" - dd = 0, where

Wiy - AXFTA A DX Dpyw g g - OXFOA LA dxBaL

HJ(CPE) = Kerdl/Imdl™", qeZ
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Horizontal cohomologies in the space CPE

Theorem

The linear spaces of the cohomologies of the differential algebra
(A(CPE), ©D4(CPE)) are

9, q

R, qg=0;

Ker D' ' ~SnH, q=m-—1;
H™1(©)/ImD', q=m

A
e
IA
Q
IA
3
|
n
Q
Vv
3

HI(CPE) =

@ S = Sol(Dy + f*) is the linear space of solutions
x = (% x4, X0, x") of the linear system Dy + f*x = 0;

° H={x= (X?’X£=XO7X1) | x« = x*} is the Helmholtz space of the
differential algebra (A(CPE), O (CPE)).

v
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Evolution in the space CPE

The evolution in the space

CPE = T x X x (R xRY) xRy, = {t,x = (x*),u = (v} ,u®),p = (pi,)}

(M = 2, 3) is governed by an evolution derivation

Dt = at + evg,
where
@ evg = D, E! 01 +DE*- 0y + D, E-0p, € Sym(A(CPE), Dy(CPE));
@ E=(EME)e AM(CPE) x A(CPE);

® D,Et =0, AE+2(u), DyE") =0.
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Evolutionary differential algebra in the space CPE

There is defined the differential algebra (A(CPE), ©g(CPE)), where
o @(CPE) = @V(CPE) @A(CPE) @E(CPE)
® Dy(CPE) = {C = ({0, + (" ur + Gy, | ¢y G Gy € A(CPE)};

@ ©g(CPE) has the A(CPE) -basis {Dy, D,, | 1 € M},
the time derivation Dy = 0; + evg, [D;, D,] =0, p € M, so

Dp(CPE) = {¢ = ('D; + ¢*D, \ ¢',¢" € A(CPE)}.
The Lie algebra of symmetries here is

Sym(A(CPE),D(CPE))
= { evt € Sym(A(CPE, Dy(CPE)) | [Dy, eve] = 0},

where the condition [D;, ev¢g] = 0 reduces to the equation
(D —E,)f=0.
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Evolutionary differential complex in the space CPE

We split
o QJ(CPE) = dt A Qf " (CPE) & 4cpe) 24(CPE), g € Z;
@ where

007" =0l -l o,
wi sl = (1) Tdt AWl
wg = dt‘/\wgf1 —i—wﬁ — wﬁ;
0 dl=d?+dl: Q" di=dtAD, du=adx"AD,,
wg = dt/\wg ! + wil = dewg = dt A (Drwf — deflq) + dywg;
e D/ : Q}(CPE) — QJ(CPE), q¢€Z,
D (wyy..pug - OXH1 A A dXP9) = (Dywyy..pg) - AXH1 A LA dXFa

Victor Zharinov (Steklov Mathematical InstitutdNavier-Stokes equations in algebraic approac! MFTI, 2023 18/23



Evolutionary cohomologies in the space CPE

HJ(CPE) = Kerd?/Imad™", qeZ

Theorem

The linear spaces of cohomologies of the differential algebra
(A(CPE); ©g(CPE)) are

0, g<0,1<g<m-2,g>m+1,
R, q=0;

HZ(CPE) = _ - _
Ker D", g=m-—1;

H{(CPE)/ImD", q=m+1;

while in the case g = m one has HT(CPE)/ Im Hf~"(CPE) = Ker D".

DY : HY(CPE) — HY(CPE), DIwd] = [Dwd], q€Z.
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Navier-Stokes equations as evolution in the space
CPE
We treat the Navier-Stokes system (1)-(2) as the evolution process

governed by the equation (1) in the space CPE. The algebraic
counterpart of the equation (1) is the symmetry

evg = DyE' -0,y + DE” - O + Dy E - 9, € Sym(A(CPE), D1s(CPE)).

where
e E = (E*, E) € A(CPE)M x A(CPE);
@ EHr = —u*ué&) + VAU — py;

° uﬁ(u) =0, Aut=>", ugm;

@ E to be defined from the condition evg € Sym(A(CPE), ©u(CPE)).
Here D, E* = 0, while the condition

AE + evg(uy, ufy)) = AE +2uj, DyEF = 0 (5)

is the Poisson equation for the component E € A(CPE)
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Relevant equations:
@ D,f=0, o=tu, neM, fe A= A(B), ACPE),
& f=conste RC A;

D,f* =0, f=(f*) e AB)M,
& fr=D,g", gt =—g"* € A(B);

D.f* =0, f=(f*) e A(CPE)M, ?;

Af=0, fe A= A(B),A(CPE), < 7

Af=g, f.gc A= A(B), A(CPE), < 2

Af +2u),\Daft =0, £ = (f*,f) € ACCPE) x A(CPE), ?;

(Dt—E*)f: 0, (D,+E*)X:0, ?.
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Conclusion

It can be seen from the above constructions that the Navier-Stokes
equations are subject to meaningful analysis within the framework of
the algebraic approach to differential equations. The resulting
equations for finding algebraic characteristics of Navier-Stokes
equations, such as symmetries and cohomologies, are essentially
complicated. One may hope to find their partial solutions at least,
especially using analytical computational packets (Mathematica, for
example).
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