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Уважаемые коллеги, 

Уважаемые организаторы, 

сегодня для меня, большая 

честь и большое счастье, что 

меня пригласили выступить с 

этой презентацией.

Dear colleagues, Dear organizers, today it is a great honor and 

great happiness for me that I was invited to make this 

presentation.



What is exactly Tuberculosis?

Tuberculosis (TB) is an airborne infectious disease that is transmitted 

between individuals via droplets with TB bacilli, that is, Mycobacterium 

tuberculosis. The disease is characterized by the presence of this 

bacteria, which Dr. Robert Koch discovered in 1882.

Туберкулез (ТБ) – это воздушно-капельное инфекционное заболевание, которое передается между людьми 

воздушно-капельным путем с бациллами туберкулеза, то есть микобактериями туберкулеза. Болезнь 

характеризуется наличием этой бактерии, которую доктор Роберт Кох открыл в 1882 году.



What are its symptoms?

Tuberculosis can affect almost any part of the human body. However, in 

this presentation, we will only consider pulmonary tuberculosis
In the 19th century, it was not possible to 

cure such a disease, rich people were 

looking for a place with mild winters, like 

the French Riviera. Nicholas 

Alexandrovich, Tsesarevich of Russia 

died on 24 April 1865 in Nice (France).

A chapel named in his honor was built 

near the Russian Saint Nicholas 

Cathedral.

Туберкулез может поразить практически любую часть человеческого тела. Однако в данной 

презентации мы будем рассматривать только туберкулез легких.

В 19 веке вылечить такое заболевание было невозможно, богатые люди искали место с мягкими зимами, 

вроде Французской Ривьеры. Николай Александрович, цесаревич России, умер 24 апреля 1865 года в Ницце 

(Франция). Рядом с Никольским собором в России построена часовня, названная в его честь.



Global Tuberculosis Report 2020 of World Health 

Organization (WHO)

Tuberculosis is a still deadly active general pandemy

  

Each year, the WHO commemorates the World Tuberculosis (TB) Day on March 24

  



Tuberculosis symptoms: infected versus infectious

Symptoms: Although a person's body can harbor Mycobacterium tuberculosis, their 

immune system can usually prevent that person from getting sick. This is why doctors 

make a distinction between:

Latent TB (or inactive TB, or TB infection): a person has a TB infection, but the bacteria 

are inactive and cause no symptoms,

Active TB (or TB disease): this condition makes the person sick and can spread to 

others through droplets. It can occur weeks or years after infection

We define a compartmental SEI model with three compartments:

 S stands for Susceptible people

 E for Exposed (infected but not yet infectious: latent TB)

  I for Infectious (active TB)

Three versions of this model are considered:

1/ the endogenous model for which it is assumed that postprimary tuberculosis is usually 

caused by reactivation of endogenous infection rather than by a new, exogenous 

infection.

2/ the exogenous model for which it is assumed that postprimary tuberculosis is also 

caused by new, exogenous infection due to a new contact with infectious

3/ the model with treatment in which a fourth compartment T for Treated is added



The endogenous model

Let Λ be the recruitment rate of the population, d be the natural death rate, γ 

be the death rate caused by the disease, and the mean exposed period is 1/α, 

where α > 0 is the rate of loss of latency. In nearly 5-10 % of susceptible 

people, latent TB may be activated due to immune evasion by Mtb 

(Mycobacterium tuberculosis) from intracellular phagosome within 

macrophage, perpetrating TB. 

The parameters α, γ and d, verify 0 ≤ α ≤ 1, 0 ≤ γ ≤ 1, 0 ≤ d ≤ 1. The model is:

With r1 and r2 the rate of recovering. The fractions of susceptible that escapes 

the infection at time t is given by                                       with with μ1 the level 

of infection 0 ≤ μ1 ≤ 1 and β1 with 0 ≤ β1 ≤ 1 is called the transmission 

coefficient 

                                                                                                                        (1)



Diagram of tuberculosis transmission

Both endogenous and exogenous model (with no treatment) are 
represented in this chart flow. The chartflow of the non-exogenous model 
is obtained by deleting the arrow whose interior is colored in orange.

We assume that the contact 
between susceptible and 
infected individuals is 
assumed to be a Poisson 
process given by 

where βi  i = 1, 2 is called 

the transmission coefficient 
which will be used here.



The exogenous model

For decades it has been assumed that postprimary tuberculosis is usually 

caused by reactivation of endogenous infection rather than by a new, 

exogenous infection. However, exogenous reinfection appears to be a major 

cause of postprimary tuberculosis after a previous cure in an area with a high 

incidence of this disease. This finding emphasizes the importance of achieving 

cures and of preventing anyone, with infectious tuberculosis from exposing 

others to the disease.

with               and  μ2 the level of reinfection 0 ≤ μ 2  ≤ 1

                           (2)



Mathematical results

A/ Endogenous SEI model : Study of existence and stability of the Disease 

Free Equilibrium (E0)  and the Endemic Equilibrium (E*) and the reproduction 

number R0

A.1/ -  Computation of R0, 

A.2a/ - Local stability of (E0)  A.2b/ - Global stability of (E0) 

A.3a/ - Existence of (E*) A.3b/ - Unicity of (E*) 

A.4a/ - Local stability of (E*) (Global stability of (E*) is not yet proved)

B/ Exogenous SEI model: 

B.1/ -  Computation of R0 and comparison with the exogenous model

B.2a/ - Local stability of (E0)

C/ SEIT Model with treatment: 

C.1/ -  Computation of R0, 

C.2a/ - Local stability of (E0)  A.2b/ - Global stability of (E0) 

C.3a/ - Existence of (E*) C.3b/ - Unicity of (E*) 

C.4a/ - Local stability of (E*) (Global stability of (E*) is not yet proved)



A/ Properties of the endogenous model

Basic reproduction number and equilibrium points

We consider now that N(t + 1) = Λ + (1 − d) N(t) − γ I . Then 0 < N(t) ≤ Λ/d and if 

we assume that γ = 0, then N(t) → Λ/d as t → ∞. Henceforth, we assume that 

N is fixed and equal to N*= Λ/d . 

Let us recall that the threshold parameter R0 is called the net reproduction 

number (or basic reproduction number or ratio) and is defined as the expected 

number of infections produced by a single infectious individual introduced into 

a totally susceptible population.

Consequently, when R0 < 1, it is expected to imply that the number of 

infections will decrease over time and the disease will eventually die out. 

However, when  R0  > 1, a disease outbreak will occur.

Equilibrium points

Now, we consider the properties of the two equilibria: the Disease Free 

Equilibrium (E0)  for which there is no Infected (E = 0) or Infectious ( I = 0 ):

(E0) = (0, 0, N*)

and the Endemic Equilibrium (E*)

(E*) = (E*, I*, S*)



A.1/ The basic reproduction number

Computation of R0  using the next generation matrix



A.1/ The basic reproduction number

Remark: R0 is generally computed using the DFE and considered fro the 

whole space of solutions of system (1). It is why we denote it R0(E0).

We introduce a new concept: the basic reproduction number at the endemic

equilibrium R0(E*): using the same method it is possible to proof that:

                                                    or 



A/ Properties of the endogenous model
A.2a/ Local Stability of the Disease Free Equilibrium (DFE) (E0) 

Local Stability:



A/ Properties of the endogenous model
A.2b/ Global Stability of the Disease Free Equilibrium (DFE) (E0) 

Global Stability: It is possible to proof the global stability of the DFE  if 

R0(E0) <1 using the Lasalle Invariant principle

 and Lyapunov function



A/ Properties of the endogenous model
A.2b/ Global Stability of the Disease Free Equilibrium (DFE) (E0) 



A/ Properties of the endogenous model
A.3a/ Existence of the endemic equilibrium (E*) 

There is no closed formula giving (E*) which is solution of the equation:  

                                             The proof is combinatoric, however tedious



A/ Properties of the endogenous model
A.3b/ Unicity of the endemic equilibrium (E*) 

To proof the unicity of (E*) we use the properties of a convex function:



A/ Properties of the endogenous model
A.3b/ Unicity of the endemic equilibrium (E*) 

Finally

The same kind of proof is done in the



A/ Properties of the endogenous model
A.4a/ Local stability of the endemic equilibrium (E*) 

To proof the local stability of (E*) is done in two steps: 

Step 1: γ = 0



A/ Properties of the endogenous model
A.4a/ Local stability of the endemic equilibrium (E*) 

Step 1: γ = 0



A/ Properties of the endogenous model
A.4a/ Local stability of the endemic equilibrium (E*) 

Step 2: γ  0

And after a long reasoning we proof:



B/ Properties of the exogenous model

B.1/ Basic reproduction number and equilibrium points

Using again the next generation matrix approach it is possible to proof that:

Moreover, we can establish a relationship between endogenous and 

exogenous models



B/ Properties of the exogenous model
B.2a/ Local Stability of the Disease Free Equilibrium (DFE) (E0) 

The proof of the following theorem,

is similar to the proof for the endogenous model, based on the computation of 

the eigenvalues of the same jacobian

Work in progress: Like for the endogenous case the global stability of the DFE, 

the existence and unicity of the endemic equilibrium and its local stability will 

be proved.



The SEIT model with treatment

The SEIT model:

            (3)



Tuberculosis a disease of poverty

Incidence and mortality rates

  



Chartflow of the SEIT model with treatment

Comparison between the SEI and the SEIT models:

The parameter p is  the proportion of Infectious who does not complete treatment 
and relapse to the latent class, and q = 1- p.



C.1/ The basic reproduction number

C.2a/ Local Stability of the Disease Free Equilibrium (DFE) (E0)

C.2b/ Global Stability of the Disease Free Equilibrium (DFE) (E0)

For the SEIT model we give only the results, the proofs being similar to the 

proofs of the SEI models.

Computation of R0  using the next generation matrix:

Local Stability of (E0):

Global Stability of (E0):



C.3a/ Existence of the Endemic Equilibrium (E*) 

C.3b/ Unicity of the Endemic Equilibrium (E*) 

Existence of the Endemic Equilibrium (E*):

Unicity of the Endemic Equilibrium (E*):



C.4a/ Local Stability of the Endemic Equilibrium (E*) 

The proof is done in two steps: 

Step 1:

Step 2:

The global stability of (E*) is not yet proved,



Thank you for your attention

Спасибо за внимание
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