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1D PRESSURELESS GAS DYNAMICS SYSTEM 
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Consider the so-called pressureless gas dynamics (PGD) system 

, -density, -velocity. 

Consider the Cauchy problem for PGD: 0, , 0, .

DEFINITION. Let's call the generalized s

0, 0t x t x
u

x x u x u x

u u u 



   



  







   

   

       

     
2

1

0 1 2

olution to Cauchy problem 

for PGD the pair of Radon measures  and , weakly

continuous w.r.t.   is absolutely continuous w.r.t. , 

, /  s.t. for any , ,0  

t t

t t

t t

t

P x I x

t, I x P x

u t x dI x dP x f g C t t

f x dP x f x d

   

      

             

2

1

1

2

2 1

1

0 0

=

= ,

and ,  weakly as 0.

t

t

t

t

t t

t

t t

P x d f x dI x

g x dI x g x dI x d g x u x dI x

P P I I t







 





  

  

   



EQUIVALENCE IN SMOOTH CASE 
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THE TYPICAL FORM OF RIEMANN SOLUTION
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: when meeting they glue together

and move according to conservation of mass and momentum.

The interaction of shocks is simple
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THE EXAMPLE OF RIEMANN PROBLEM 

SOLUTION WITH INITIAL DELTA FUNCTION
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THE MOVEMENT OF CONCENTRATION 
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THE REFORMULATION OF VARIATIONAL 

DESCRIPTION
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2D CASE, THE FORMATION OF

SINGULARITIES ALONG THE CURVES IN R2,

COLLISION OF THE CURVES
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2D PRESSURELESS GAS DYNAMICS
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THE SINGULARITIES FORMATION

The singularities formation along the curves in R2:

Singularities evolution (the emergence of singularities hierarchy):
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INTEGRAL FORM OF RANKINE-HUGONIOT 
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THE FORMATION OF POINT SINGULARITY
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THE FORMULATION OF VARIATIONAL DESCRIPTION
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     

 

         

           

Introduce the notations: , ; , ; , ;

, . Then Rankine-Hugoniot conditions read:

This system has the first integral:

t t t t

t l l

t l l

t

u v U V

I J P

P V v U u

V v U u f f f

P u v u

 

     

       

  

  

  

    


     










u U

I U

I u u u u

U

      

 

     

.

Entropy conditions:

, ; .

Introduce the self-similar variables:

, ; / , / .

l l

t

v v U u V C l

N N N

X Y t l t P tm l t

 



 

  

      

  

N u U u

X X
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 

    

   

   

2

2

Self-similar form ( / ,  'prime' is the differentiation w.r.t. ) :

1
,

1

 and the first integral is

.

The entropy conditions 

l l t l

l

m
m d d

l l

d d
ml

d

m Cl

 

 

   

     

 

  




 




   



    


  

   

X U
X

U U u U u

X U U u

u u U u

     0 0 0 0 0 0

are  0, 0.

Initial data: ; 0; .

d d

l m l m l

  

   X X U U
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1. Li J., Zhang T., Yang S. L. The Two-Dimensional Riemann Problem in Gas Dynamics. 

London.: Longman, 1998.

2. Y. Pang, The Riemann problem for two-dimensional zero-pressure Euler equations // J. Math. 

Anal. Appl. 472, 2 (2019).

“Heavy” point is possible. 3. А.И. Аптекарев, Ю.Г. Рыков. Возникновение иерархии 
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Emergence of a hierarchy of singularities in zero-pressure media. 2D case // Math. Notes, 112:4 

(2022), 495–504.

THEOREM. For general piecewise constant initial data

, 0, 1,2,3,4 the solution of Riemann problem has the form:i i i  u
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EXAMPLE 1

y

x

The calculations are due to N.V. Klyushnev

27

1. A. Chertock, A. Kurganov, Yu. Rykov. A new sticky particle method for pressureless gas 

dynamics // SIAM Journal on Numerical Analysis. 45, 2408-2441 (2007).

2. Клюшнев Н.В., Рыков Ю.Г. О модельных двумерных течениях газа без давления: 

вариационное описание и численный алгоритм в рамках динамики прилипания // Журн. 

вычисл. матем. и матем. физ., т. 63, № 4, 2023, с. 639 – 656. N.V. Klyushnev, Yu.G. Rykov. 

On model 2D pressureless gas flows: variational description and numerical algorithm based on 

adhesion dynamics // Comp. Math. And Math. Phys., 63:4, 606–622 (2023). 



𝑡 = 0.005 𝑡 = 0
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EXAMPLE 2

y

x
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𝑡 = 0.002 𝑡 = 0
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EXAMPLE 3

y

x
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Y. Pang, The Riemann problem for two-dimensional zero-pressure Euler equations // J. Math. 

Anal. Appl. 472, 2 (2019).

𝑡 = 0.002 𝑡 = 0
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EXAMPLE 4

y

x
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Y. Pang, The Riemann problem for two-dimensional zero-pressure Euler equations // J. Math. 

Anal. Appl. 472, 2 (2019).

𝑡 = 0.002 𝑡 = 0
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EXAMPLE 5 

(DYNAMIC HIERARCHY OF SHOCKS)

y

x

𝜚4 > 𝜌

𝜚1 = 𝜌𝜚2 = 𝜌

𝜚3 = 𝜌

35



𝑡 = 0.0035 𝑡 = 0
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THE EXISTENCE OF SHOCKS HIERARCHY (1)
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1 4 2 3 1 2 3 4

*

4

THEOREM. Let  0, 0, 0,  are constants. Consider 

the Riemann data: ; ; ; ;

, 4; . Then there exists such line  that for 

any 0 the measure  has delta fun

i

t

u v R

u u u u u u v v v v v v

i R t

t P

 

  

   

         

   



x X

*

ction at point . At this the

point  is the intersection point of curves that are under Rankine-

Hugoniot conditions (satisfy the PDE system given earlier).

x

X

SKETCH OF THE PROOF. The aimed 

configuration of the solution is shown in 

the picture on the right. The main question

is: whether the shock waves I and II

intersect providing the fulfillment of

entropy co  nditions?

Ю.Г. Рыков. Об эволюции иерархии ударных волн в двумерной изобарической среде // 

Известия РАН, принято к публикации (2023).



THE EXISTENCE OF SHOCKS HIERARCHY (2)

37

  

 

      

  

 

1 1
1 10

1
1 1 1 10 102

1 1 12

2 2
2 20

2
2 2 2 20 202

Two systems describe the shock waves I and II respectively:

, 0, ,

1
, , ;

1
, ,

, , ,0

1
, ,

R v
l

m
m d Rd m

l l

d u v Rd u v
ml

R u
l

m
m Rd d m

l l

 





 



 

 

 


  




   



    



   

   



X U
X X

U

U U + U +

X U
X X

U

      2 2 22

.

1
, ,Rd u v d u v

ml
 









   

U U + U +
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 

2 1 2 1 2 1 2 1 2 1

It can be shown that the shock waves I and II intersect the line

: , 0. Consider the following transformation

, , , , .

Under this transformation the systems that cor

L v u

u v u v
X Y Y X m m U V V U

v u v u

 

        

X

respond to shocks 

I and II turn to each other. And so do the initial conditions. At the 

same time  stays in place. Thus I and II intersects at a point 

belonging to . In lagrangian plane 

the areas co

L

L

rresponded to 

shocks I and II encompass the 

whole domain (grey color).

Hence all this grey domain

should concentrate in one point.
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EXAMPLE 6

(RANDOM INITIAL DISTRIBUTION)

൞

𝑢 = −𝜙𝑥,
𝑣 = −𝜙𝑦,

∆𝜙 = 4𝜋𝐺 𝜚 − ҧ𝜚

𝑢, 𝑣, 𝜚 :

𝜚 = 𝑁 1,0.3 ,

ҧ𝜚 =
1

|Ω|
න

Ω

𝜚𝑑𝑥𝑑𝑦,
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CALCULATION RESULTS
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