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1D CASE, SOLUTIONS AS MEASURES,
EXISTENCE AND UNIQUENESS,
VARIATIONAL PRINCIPLE




1D PRESSURELESS GAS DYNAMICS SYSTEM"

Consider the so-called pressureless gas dynamics (PGD) system

p,+(pu), =0, (pu), +(,ou2)X =0|, p-density, u-velocity.

Consider the Cauchy problem for PGD: p(0,x) = p,(X),u(0,x)=u, (x).
DEFINITION. Let's call the generalized solution to Cauchy problem
for PGD the pair of Radon measures P, (x) and I, (x), weakly

continuous w.r.t. t, I (x) is absolutely continuous w.r.t. B, (x),
u(t,x)=dl (x)/dP,(x) s.t. forany f,g e C;(R),0<t, <t,

if(x)dP() j jdfjf
I_!{ZQ(X)d jg J.drj-g (z,x)dI_(x)

Gand P—->P,Il — I, weaklyas t — +0.
.
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EQUIVALENCE IN SMOOTH CASE A

2 o+ (pu)=0 0 &
ot OX —,O-I——(pU):O
PR R A
ot OX a—u+u8—u:0
u(0,x)=u, (x),p(0,%) = p, (X) ! X
X=U Xx=a+t-u,(a)
U:O ‘ u:uo(a)
/)—I—pa—uz() D= po(a)
2 1+t-u)(a)

The Riemann problem:

(0.x),u(0,x))=(p",u") asx<0;|(P,u") asx=0[;(p",u") asx <0,
8 (o) (Rov) (
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.321, 171-174 (1995).
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The solution of Riemann problem:
p=p +(,0+ —p‘) H (X—S(t))+ P(t)5(x—s(t))
u=u"+(u"—u")H,(x-s(t))
Rankine-Hugoniot conditions:
pls—-[pu]-P=0
:pu]s'—[puzj—(S'P)' =0

1. Weinan E, Yu. G. Rykov, and Ya. G. Sinai, The Lax—Oleinik variational principle for some

one-dimensional system of quasilinear equations // Russ. Math. Surv. 50, 220-222 (1995).
6Grenier, Existence globale pour la systeme des gaz sans pression // C. R. Acad. Sci., Ser. 1.
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If P =0 then only contact
discontinuities are possible:

~ THE SOLUTIONS WITH SINGULARITIES
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fI'HE TYPICAL FORM OF RIEMANN SOLUTIOI\N

S’O<u+<u_

X

The interaction of shocks is simple: when meeting they glue together
bd move according to conservation of mass and momentum. J




~EXISTENCE AND UNIQUENESS THEOREMS®
Let o and u are generalized solutions of PGD:

p,+(pu). =0,(pu) +(,ou2)X =0, p-density, u-velocity.

THEOREM. Assume P,(x)>0 € M, (R) and u,(x) is bounded

and measurable w.r.t. P,. Then the generalized solution exists. If the

. . .. u(t,x,)—-ul(t,
additional conditions are true: 1) Oleinik's condition (te)-u(t,x,) S%
Xo =%

for all x, <x, and a.e. t >0 and 2) the measure pu® weakly converges

to p,u,” as t — 0, then the generalized solution is unique.

U, (%) gg}:po(xo)>o.

1. F. Huang and Z. Wang, Well posedness for pressureless flow // Comm. Math. Phys. 222, 117
146 (2001).
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»gﬂ Hynd, Sticky particle dynamics on the real line // Not. Am. Math. Soc. 66, 162-168 /
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Another form: 2) — 3) tIim0 P {x e R;
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~ THE EXAMPLE OF RIEMANN PROBLEM

SOLUTION WITH INITIAL DELTA FUNCTION
Tt Tt
X=1+t/2
X=t/2
0
1 0 1 J2t
t : '
X=1
0 1 0




4 VARIATIONAL REPRESENTATION N

Consider the function:

| a—.O X —§
F(txa)= [uo(s)—T} P, (ds).
0-0
Let us seek the global minima a(t, x). In case such minimum is unique
u(t,x) = X—at(t,X) p(t,x)dx=PR,(da), x=a+t-u,(a); if not then

may (£,X)
there is the velocity discontinuity point and P, (x; dx) = j P, (da).

amin (t,X)

1. O.A. Ogneitnuk, 3agada Ko miist HenMHENHbIX AudPepeHIInanbHbIX YPAaBHEHUH ITEPBOTO
NOpsiIKa C pa3pbIBHBIMU HadyaJIbHBIMU ycioBusaMH // Tpynbl Mock. Mar. O6-Ba. 5, 433-454
(1956).

2. Weinan E, Yu. G. Rykov, and Ya. G. Sinai, Generalized variational principles, global weak
solutions and behavior with random initial data for systems of conservation laws arising in
Gion particle dynamics // Comm.Math.Phys. 177, 349-380 (1996).
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POINT

I for each t the point (t, x(t)) is a concentration point, then:

amax (1, X(1)) _
F(t X8 )~ F (t X8 )= | {uo(s)—x(t) S}  (ds)
) t
Differentiating w.r.t. t, we obtain

amax(}xa)){s -X(t) s- X(t)} P,(ds) =

2
amin (t.X(t)) L L

0=

3

() A (LX(1)

%<—)’((t) J' P, (ds)+ _[ Uy (S) Ry (ds) -

ain (1.X(1)) apin (. X(t))
o

~N

" THE MOVEMENT OF CONCENTRATION

0.




4 N
THE REFORMULATION OF VARIATIONAL
DESCRIPTION

Fix t > 0. Assume A is the set of segments of the type
(pmin (1, X), 87 (£, X)), and B = AU {set of all segments in R\ A}.

a

Let F(t,x[a,a,])= j[uo (s)—XT_S} P,(ds), define 6F / 5a:

q

lim 2 —
oF _ _ Lj[uo(s)—X—S}Po(ds)zO,ae[al,az]eB.
sa [a,a,]¥min a -a t
Then for any t > 0 the generalized solution is characterized by the relation
oF (t,X;
VaeR dX: ( . a) =0.
oa
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2D CASE, THE FORMATION OF
SINGULARITIES ALONG THE CURVES IN R?
COLLISION OF THE CURVES




" 2D PRESSURELESS GAS DYNAMICS A

O 0 ", :

Y or Y - 0 X=u

atp+ax(pu)+ay(pv)

S0+ ()2 (ow)- 1=0;V=0

ot OX “

O O O ou ov
- = +p| —+—|=0

S S im0 s p(ax )

Xx=a+t-u,(a,b)
y=b+t-v,(a,b)
u=u,(a,b);v=v,(ab) © -

_ P, (a,b)
1+t-divU, +t*-rotU,




( THE SINGULARITIES FORMATION w

The singularities formation along the curves in R?: r(t1),7(t,1)
|
SO\
5 BED]
wEy Vi

'Singularities evolution (the emergence of singularities hierarchy):
Y



~ RANKINE-HUGONIOT CONDITIONS
o+ (pu), +(pv), =0
(pu)t+(pu2)x+(puv)y:0
\(pv)t +(puv), +(,ov2)y =0
Rankine-Hugoniot conditions:
R=nV (e =27 )= (pv = p v )= {U (o =)= (pu = p )
{ pu—pu (,o+u+v+—p uv- )}—7/, {U (p*u*—pu)—(p+(u+)2—p(u)2)}
(

J, —Z.{ PV —p Vv —(,0+(V+)2—,0(V)2)}—7/. {U (p'v —pv)- p+u+v+—p_u_v_)}

J
U= . oy=V ==L
X = Pt /4 P
1. LiJ., Zhang T., Yang S. L. The Two-Dimensional Riemann Problem in Gas Dynamics.
London.: Longman, 1998.
2. PoixoB FO.I. OcobeHHOCTH THUIIA yAapHBIX BOJIH B cpejie 0e3 AaBJICHUS, PEIICHUS B CMBICTIE

Teopuu Mephl U B cMbiciie Konom6o // Ilpenpuntel UTIM um. M.B. Kenapima. 1998. Ne30.

3._Yu. G. Rykov. On the non-hamiltonian character of shocks in 2-D pressureless gas //
\ ttino dell'Unione Matematica Italiana, 5-B,1, 55-78 (2002). /
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CONDITIONS

Let fix t> 0. Along the singularities curves the following relations are true:

t

Jlx(th-a, (st (s.1)]m(a.b)[(a,), (b,), ~(b.), (a,), ]ds =
D), —(b.), (a), Jds:
b,),-(b,),(a,),]

b),~(b.), (a),]ds

x(th)-a (s.1) -t (s.1)] oy (a.b.)[ (),
y(t.1)-b,(s,1)-tv, (s.1)] o (a,.b,)] (a,),

ds =

(
(

1 1 1

(1) (s.1)-t (s.1)] oy (a b )[(a),

1. PoikoB FO.I. OcoOeHHOCTH THNIA YIApHBIX BOJH B Cpee 0€3 IaBICHUS], PEIIEHUS] B CMBICJIE
Teopun Mephl U B cMmbiciie Konom6o // [Tpenpuntel UTIM um. M.B. Kenapimia. 1998. Ne30.
2. Yu. G. Rykov. On the non-hamiltonian character of shocks in 2-D pressureless gas //

ttino dell'Unione Matematica ltaliana, 5-B,1, 55-78 (2002).

"INTEGRAL FORM OF RANKINE-HUGONIOT
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"THE FORMATION OF POINT SINGULARITY

THEOREM. Suppose there exists the geometrical configuration
shown below. The Rankine-Hugoniot conditions for curves are
fulfilled. Then the following relations at a point are trug

(UPoint’VPoint):(IO(Dt)’JO(Dt))/ Po(Dt)-

1. PeixoB FO.I'. JIByMepHas ra3oBasi JuHamMuKa 0€3 I[}IBJIeHI/I}I Y BapUallMOHHBIN HPUHITUTI //
[Ipenpunter UTIM um. M. B. Kengeima. 2016. Ne 94.

2. AnrexapeB A. U., PeixoB HO. I. JleTanuzanusa Mmexanu3zMa o0pa3oBaHusi 0COOCHHOCTEH B
CHUCTEME ypaBHEHHMI ra30Boi AuHaMuKu O0e3 gasienus // JIAH, 484:6, 655658 (2019).

system of pressureless gas dynamics // Doklady Mathematics, 99:1, 79-82 (2019).

@arev A.l., Rykov Yu.G. Detailed description of the evolution mechanism for singularities
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VARIATIONAL DESCRIPTION AND 2D
RIEMANN PROBLEM




THE FORMULATION OF VARIATIONAL DESCRIPTION
Leta=(a,b), x=(X,y), Uy=(Uy,Vy)-

Fix t > 0. Assume A is the set of disjoint domains {Ga - Rz} ,

pr=p

le[1.17].6, ={a,(s1).s€[s.s; e[ 1L17 <[ 1512}
andB=A UA, u{the set of all domains in R* \(A&UAZ)}.

A, is the set of domains {G, < R?| of the form: s €| s}, s |,

Let F(t,x;G) :H[uo(a)—XT_a} P,(da), G € B. Define 6F / 5a:
G

OF lim 1 X—a
E:|G|¢min @Lj[uo(a)— t }Po(da),aeGeB.

Then for any t > 0 the generalized solution is characterized by

oF (t,x:G
éhe relation: Vae R* 3x: ( ) =0.

\ oa Y,




~EXPLANATORY PICTIRE TO VARIATIONAL

DESCRIPTION




4 SELF-SIMILAR SOLUTIONS (1)
Introduce the notations: x =(,7);u=(u,v);U =(U,V);

I, =(1,,J,)=U -P. Then Ran

(F.)t:zl{v
1l=niV
7 =U

pl=[pv]=n{ulp]-[pul}

pul=[pwlf-n{Upu]-[pu]}  [f]=

This system has the first integral:
P {u*v‘ —uv'+[v]U —[u]V} =C(I).

Entropy conditions:
N=(z,—7);u"-"N<U-N<u -N.

(-

Introduce the self-similar variables:
X =(X,Y); g =tX(l1/t), R =tm(l/t).

Kine-Hugoniot conditions read:

fr—f"




4 SELF-SIMILAR SOLUTIONS (2) R

Self-similar form (I =1/t, 'prime' is the differentiation w.r.t. 1 ):

(X'z XI:U
<m’:T—_1 {p+d+—p_d_}
| |°
kU'=mT_2 (p'd"(U-u")-pd (U-u)
d*=|(X-U) (U-u") and the first integral is

m -

(u+ - u‘) (U - u‘)‘ =Cl.
The entropy conditions are d™ >0,d” <0.

éitial data: X (1,) = Xg;m(l)=m, >0;U () =U,.
8




/GENERAL FORM OF RIEMANN PROBLEM SOLUTIONS)
THEOREM. For general piecewise constant initial data

u, o >0,1=12,3,4 the solution of Riemann problem has the form:

I nv
Eu
@ | D
42 e
=
(523 i i N l o=
Z4 o Vac.
> 91
Ere &4
Fig. 4.6. The solution for Case 4.2(iii)b.

Fig. 4.3. The solution for Case 4.2(i).
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NUMERICAL CALCULATIONS,
THE EXISTENCE OF SHOCKS HIERARCHY




4 EXAMPLE 1 A
The calculations are due to N.V. Klyushnev

y (-1, -1)

X
1,1) (-1, 1)

1. A. Chertock, A. Kurganov, Yu. Rykov. A new sticky particle method for pressureless gas
dynamics // SIAM Journal on Numerical Analysis. 45, 2408-2441 (2007).
2. KimtormtneB H.B., PeikoB FO.I'. O MozebHBIX JByMEPHBIX TEUCHUSX ra3a 0e3 JIaBJICHUS:
BapUAIMOHHOE OMMCAHUE Y YMCIICHHBIN allTOPUTM B paMKax TUHAMUKU npuiunanus // JKypH.
BBIYMCII. MaTeM. U MaTeM. ¢us., T. 63, Ne 4, 2023, ¢. 639 — 656. N.V. Klyushnev, Yu.G. Rykov.
@nodel 2D pressureless gas flows: variational description and numerical algorithm based on
esion dynamics // Comp. Math. And Math. Phys., 63:4, 606622 (2023). /
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5 f 0.01r
!
ar : 0.008 -
!
3r H 0.006 -
!
2F : 0.004 §i
& aaa
|
1 ! 0.002
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:
)
-1r ! 0.002
:
20 | 0.004 =
[ ]
-3r ; 0.006
4
1)
-4r ; 0.008
T -am
-5 ! -0.01 '
5 0 5 -0.01 -0.005 0 0.005 0.01
-3
a’: %10 a
N My, P12 P23

75 9.47 x 107° | 973 x 1073 | 9.73 x 1073
150 9.74 x 107° | 987 x 1072 | 9.87 x 103
299 9.87 x 107° | 9.93 x 1072 | 9.93 x 1073

a Teopus | 1 x 107* 1 x 1072 1 x 1072




EXAMPLE 2
y

\ (-1,-1)
(-1r1) /

,-1)
2.1) K\




%1073

%1073

0.01

0.009 -

0.008 -

0.007 -

0.006 -

0.005 -

A

0.004 -

0.003 -

0.002 -

0.001 -




EXAMPLE 3

(-1, -3)
y
Q\'”
\\(-2, 1)

(-3, -2)




Fig. 4.3. The solution for Case 4.2(i).

ng, The Riemann problem for two-dimensional zero-pressure Euler equations // J. Math.
.Appl. 472, 2 (2019). J




EXAMPLE 4

y

(( /(-1, -1)
10.5)

X

A \(-1.5, 1)




&

t = 0.002

t=20

8;10’3 10,><10’3
°| ° e
‘ -------------------
% i
| : : i
4 I
R i ol Immmmiﬁi“mu
; ~ il
 — (S PR s
I 2f L k:
2F
4t
s o
-6 .8 I I 1
-5 0 5 -8 6 -4 5 4 5 g
T %107 %107

ng, The Riemann problem for two-dimensional zero-pressure Euler equations // J. Math.

Appl. 472, 2 (2019).

Fig. 4.6. The

solution for Case 4.2(iii)b.
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EXAMPLE 5
(DYNAMIC HIERARCHY OF SHOCKY)

1, -2 (-1, -2)
02 =p ) y 01 =p

AL () (1,2) 7P




t =0.0035

%107 | %107
. 8T
8 .
: 6
61 H
&
; i
al :
? [ ] L L | 2
= gl o = 0
0w - --a R e J; --------------- )
sl 4l
4t i -6
R . E | 8] i
5 4 3 2 1 0 1 2 5 0
T %10 a %107
N M, g2 Y| M 3t ST | Mo S5 3
150 0.983 | -0.08782 | 0.7232 | 0.2880 | 0.1813 | 0.1991 | 0.6805 | -0.3996 | -0.5163
299 0.781 -0.2633 0.4330 | 0.5324 | 0.2622 | 0.5063 | 0.5380 | -0.3029 | -0.4339
9.805 -(0.2282 0.4565 | 0.4626 | 0.2070 | 0.4788 | 0.4626 | -0.2394 | -0.4139

6(30{)}151
Ny
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FO.T". PeikoB. OO0 3BOIIONMY HEpAPXHUH YIAPHBIX BOJIH B IBYMEPHOM n300apuueckoi cpene //
W3eectus PAH, npunsro k myOmukaruu (2023).

THEOREM. Let u>0,v>0,p>0,R> p are constants. Consider
the Riemann data: u, =u, =—U;U, =U, =U;V, =V, =—=V;V, =V, =V,
p. = p,i # 4; p, = R. Then there exists such line x =tX" that for
any t > 0 the measure P, has delta function at point x. At this the

point X~ is the intersection point of curves that are under Rankine-

Hugoniot conditions (satisfy the PDE system given earller)
SKETCH OF THE PROOF. The aimed | :

configuration of the solution Is shown In
the picture on the right. The main question= " 1
is: whether the shock waves land 11~ . =
@intersect providing the fulfillment of

\entropy conditions? I




THE EXISTENCE OF SHOCKS HIERARCHY (2

Two systems describe the shock waves | and Il respectively:

le,: LU X, =(0,4(p,R)v)

3
|l
—
|
N
—~N—
kS|
|—\Q
|
AJ
|—\Q
.
3
o
-
S

Xy=—2—2 , Xu=(-4(p,R)u,0)

, o m 1 . _
<m2:|_2_|_2{Rd2 —pdz} , my,, U,

U, = L—Z{Rd; (U+(u-v))=pd, (U+ (_”’V))}

k mi
(-, y




THE EXISTENCE OF SHOCKS HIERARCHY (3“)
It can be shown that the shock waves | and Il intersect the line

L: X -(v,u)=0. Consider the following transformation

U vV U V
X2 :—VYl ,Y2 :—le y m2 — m1 ,U2 =—VV1 ’VZ =—UU1.

Under this transformation the systems that correspond to shocks

| and Il turn to each other. And so do the initial conditions. At the
same time L stays in place. Thus | and Il intersects at a point
belonging to L. In Iagrangiaﬁwblane i
the areas corresponded to
shocks I and Il encompass.the
whole domain (grey color)._Z' """""""""""""""""""""""
Hence all this grey domain -+

uld concentrate in one point.” ", ° '




THE USAGE IN ASTROPHYSICS - THE
UNIVERSE AT LARGE SCALES




4 EXAMPLE 6
(RANDOM INITIAL DISTRIBUTION)

o = N(1,0.3),

1
0 = —f odxdy,
(u, v, Q): £ )

u= _¢x:
V= —¢y,
Ap = 4G (0 — 0)




CALCULATION RESULTS
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