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Introduction

In the report abstract convex structures of states and generalized states
defined on the event structures will be considered. The concept of
operations on generalized states and related effects and ultraproducts of
the corresponding convex structures will also be considered [1, 2].

Of particular interest are the so-called «pure» operations, that is, those
that translate pure states into pure states.
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Convex Structures

Definition 1 (see, for example, S. Gudder, [1])

A set of states S is said to be a convex structure if it has the following
two properties:

(1) for any positive numbers A1, Ag, ..., A\, satisfying the condition
Yo A = 1 and any states s1, S2,. .., s, there is a unique element
<)\1,)\2,...,)\n;81,82,...,Sn> €S,

(2) (A1, A2, .., An;8,8,...,8) = 5.

This state (A1, A2, ..., An; 81,82, ...,8y) is called a mixture of states
81,89, ...,8,. For mixtures of two states, we use the notation

(M1 = X;s,t) = (N; s, t).

A state s € S is said to be pure if it cannot be written as s = (\; ¢y, t2)
for some t1 # to.

In other words, pure states are the extreme points of a convex state set.

v
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Convex Structures

Let us introduce the notion of distance in the convex structure S. The
closeness of states s and ¢t can be measured by comparing mixtures
(A;s1,s) and (A;ty,t) with other states.

Definition 2

We define the distance function of close states o(s,t) as follows:
if there exist s1,t; € S such that the condition (\;s1,s) = (A\;t1,1)
holds, then

o(s,t) =inf {0 <A <1:(N\;s1,s) = (A\t1,8)};

otherwise, o(s,t) = 1/2.

In general, this function is not a metric.
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Convex Structures

Definition 3

A convex structure S is said to be a o-convex structure if the following
two properties hold:

(1) If s, € S and limy, 1100 0(Sn, Sm) = 0, then there exists a unique

s € S such that lim,, . o(sp, s) = 0;

(2) If A\ > O,Z)\i =1,t1,t2,... € S and

Spn = <)\1, ceey )\n, 1-— Zin—f—l )\i;tla ce. ,tn+1> 5 then

1569, s @Sy S =

Thus, we can consider infinite (countable) mixtures of states.
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Convex Structures

Definition 4

A map f:S — R is said to be an affine functional if we have

n

f(()\l, )\2, 000 ,)\n; 81,82y, 8n>) = Z Alf(sl)

=1

for any sets A1, Agy ..., A\pj 81,82, ..., 80, A >0, Yo\ = 1.

Note that the set of affine functionals S* is a linear space with respect
to pointwise operations.
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Total Structures

We define 70” and ”e” affine functionals: 0(s) = 0,e(s) = 1 for every
s € S. Also we define a partial order relation on S*:
f<g& f(s) <g(s) for every s € S.

Definition 5

The functional f € §* is called an effect if 0 < f < e.

The set of effects will be denoted by E(S). It forms a convex subset of
the linear space S*.

A total convex structure is a o-convex structure with the property:
f(s) = f(t) for every effect f implies that s = t.

It is well known, (see S.Gudder, [1]), that then (S, 0) is a complete
metric space. Let’s call this complete metric space a state space.
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Total Structures

Since E(S) forms a convex subset of space S*, then it has extreme
points, which are called a propositions. The set of propositions

P(S) € S* inherits the order of S* and so is a poset with least element
0 and greatest element e.

We now endow S* with the weak *-topology. This is the natural
topology for S* since in this topology a sequence of effects f,, converges
to an effect f if and only iff f,(s) — f(s) for every state s.
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Generalized Convex Structures

Let S be a convex structure, we define S = {(a,s) : > 0,5 € S}. We
define (a,s) = (B,t) if a = # 0 and s =t and (0,s) = (0,¢) = 0 for all
s,t € S. If S is a set of states we call St the set of generalized states.
Let’s define a convex structure on Sy :

<>‘1) )‘27 cooc 7)‘n; (a17 81)7 °00g (O[n, 5n)> =

- zn:)"a' A1 Ancin ‘g s
= i=1 15 ZZL:lAlal?’Z:L:l)\ZO(Z, 1y-++5S5n

We identify an element of the form (1,s) € S} with the element s € S.

v
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Generalized Convex Structures

Let S% mean the set of affine functionals on S, . It is known ([1]) that
if f € S5*, then there is a unique extension f € S% and if f € S%, then

f((a, ) = af(s) for all (a,s) € Sy.
In particular, there is a unique extension of the unit functional & € S
and é((q, s)) = a.

Definition 6

We define an operation as a map F' € Af(S4) (that is the map
F: S, — S, is affine) satisfying

&(F(w)) < é(w)

for all w = (o, s) € Sy.
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Generalized Convex Structures

If F is operation then for («,t) € Sy, F((a,t)) = (/,t'), so there are
two parts to an operation o — o/, t — t/. The part t — t’ represents a
«distortion» and o — o/ a reduction strength due to a measurement.
For s € S, we interpret é(F'(s)) as the probability of transmission of the
state s conditioned by the operation F'.
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Generalized Convex Structures

If FF € Af(S+) we define the linear map F* : S% — S% by

N

(F*f)(w) = f(F(w))

for every f € S%, w € Sy.
Associated with any operation F is its effect defined by

f=F*(e)|S.

Since é(F(s)) = (F*€é)(s) = f(s) for every s € S, the effect f
determines the probability of transmission but not the form of the
transmitted state. Thus an operation contains more information than
its effect.

S. G. Haliullin (KFU) Convex structure... Mathematical Physics, Dynamical Sys



Generalized Convex Structures

Also, as in the case of ordinary states, the concept of an extreme points
(pure states) in the space of generalized states Sy is introduced.

Definition 7

An operation is called a pure operation if it transform pure states into
pure states.
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Generalized Convex Structures

Example 1

Let H be a complex separable Hilbert space and let S be the set of
density operators on H that is, S is the set of positive trace class
operators of trace 1 on H. In this case S is a o-convex structure.
Consider the set of bounded self-adjoint operators A on H satisfying
0< A< I. Here e = I. We define the effect

A(s) = tr(As).

It is known (E. Davies, [5]) that such effects describe all the effects on
S, and an effect A is a proposition if and only if A is a projection
operator.

We identify elements w = (o, s) € S} with operators as. Thus S, can

be thought of as the set of positive trace-class operators.
Then

é(w) = tr(w).
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Generalized Convex Structures

Let’s approach the concept of operation from a slightly different angle.
Definition 8 (|5])

Let S7 and Sy are the state spaces on Hilbert spaces H; and Hs
(finite-dimensional or infinite-dimensional) respectively. An operation
on Sp is defined as a affine map T : S; — S2 which also satisfies

es(T'(s)) < eils) (Tr((T(s)) < Tr(s))

for all s € S1, where e is unit on S7, €5 is unit on Ss.
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Generalized Convex Structures

If T is a pure operation, then the structure of this operation is well
known [5]. Exactly,

T(s) = BsB~,
or
T(s) = Tr(sB)|y >< 9|,
where B is bounded and linear, ¢ € Ho.

In the latter case, the operation 7' is called degenerate, that is, the
mapping T translates all states into one single state.
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Ultrafilter

Definition 9

Given a set X, an ultrafilter on X is a set % consisting of subsets of X
such that

1. The empty set is not an element of % ;

2. If A and B are subsets of X, A is a subset of B, and A is an element
of %, then B is also an element of % ;

3. If A and B are elements of %, then the intersection AN B is an
element of % ;

4. If A is a subset of X, then either A or X \ A is an element of 7.

We can see that the system .# = {A C X : A > x0}, zp € X is an
ultrafilter. The ultrafilter % is called trivial, we will not use such an
ultrafilter. Everywhere further % is a nontrivial ultrafilter in the set N
of natural integers.
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Ultraproducts of sequence of sets

Definition 10

Let (X,,) be a sequence of nonempty sets. The ultraproduct (classic,

set-theoretic) (X,)s is the quotient of the Cartesian product [[;2; X,
by the equivalence relation:

@~ W {n:z, =yt €%.
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Ultraproducts of sequence of sets

Definition 11

Let % be a non-trivial ultrafilter on N. If (x,,) is a sequence of points
in a metric space (X, d) and z € X. The point z is said to be the limit
of x,, with respect to ultrafilter %, denoted,

= th/nl'n,

if for every € > 0 we have: {n:d(z,,z) <ec} e %.

Clearly, if K is a compact Hausdorff space, % is any ultrafilter on the
set N, then any sequence (x,)° ;, x, € K, has unique limit with
respect to ultrafilter % .
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Ultraproduct for the Total Convex Structures

Definition 12

Let (Sn,on) be a sequence of total convex structures, % be a
non-trivial ultrafilter on N. Let [[}2 ; Sy, be the Cartesian product of
sequence (Sy,).

We introduce an equivalence relation on [[>° ;| Sy, assuming

(30) ~ (tn) © lim (50, ta) = 0.

The quotient [[72; S, by the this equivalence relation we will denote
(Sn)% 0
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Ultraproduct for the Total Convex Structures

On ultraproducts (S,,)4 we will naturally introduce the metric o4
o (57 t) = lié/n Un(3n7 tn)a t= (tn)@/a S = (Sn)“//7

and the effect
f@/(s) = hqr/nfn(sn)v § = (3n)%-

The pair ((Sp)#,0% ) is called the ultraproduct of a sequence of total
convex structures.

Theorem 1

Let (Sn,on)n>1 be a sequence of total convex structures, % be a
nontrivial ultrafilter in set of natural numbers N. Then the
ultraproduct (S%,04 ) is a total convex structure.
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Ultraproduct for the Total Convex Structures

Denote by ¢ the metric in S;. Since (S4,6) is a total convex structure
with respect to this metric, the definition of the ultraproduct of the
sequence of an generalized states spaces coincides with the previous
definition. Note that in this case Sy, = (R+)OZ/ X S/, where

Rz = {(an)z : an > 0,supa, < oo}

Theorem 2

Let (Sp,0n)n>1 be a sequence of generalized state spaces, Z be a
nontrivial ultrafilter in set of natural numbers N. Then the
ultraproduct (Sy 1,6 ) is a total convex structure.
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Ultraproduct for the Total Convex Structures

Example 2

Let S be the set of probability measures p on (21,%;) = (R, B(R)),
absolutely continuous with respect to the Lebesgue measure. Easy to
see, |4], that such measures are H-quasi-invariant and ergodic with
respect to sifts on elements of H = {z € R : |z| < oo},

So be the set of H-quasi-invariant and ergodic probability
product-measures p" = [[_; g, p € S1, on (Q2, X2) = (R™, B(R")),
n € N, with H = {z,, € R" : sup ||z,|| < co}. With the usual definition
of convex combinations, S7 and Sy are a total convex structures.

Let E; be the set of random variables f on (R, B(R)) satisfying
0<f<l.

Then

£ = [ fau

determines the effect.
The functional e; is represented by the function 1 which is identically 1.

S. G. Haliullin (KFU) Convex structure... Mathematical Physics, Dynamical Sy:s



Ultraproduct for the Total Convex Structures

Let Ey be the set of random variables g on (R", B(R™)) satisfying
g=(fi+fat -+ fa)/n, fx € Er.
Then

g(u") = / gdp"

is the effect on Ss.

It is well known (see, for example, S. Haliullin, D.H. Mushtari, [4], S.
Haliullin [3]) that H-ergodic measures are the extreme points of a set of
H-quasi-invariant measures, moreover, they are either mutually
absolutely continuous or singular.

It is also well known that Gaussian measures in (R, B(R")) belong to
the class of H-ergodic measures.
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Ultraproduct for the Total Convex Structures

Consider a pure operation 7' from Sy to So:

where u™ is power of Gaussian measure p, (n € N).

Denote by (31, 51) and (X5, .S%) the event structures (see, for example,
S. Haliullin, [2]).

Let us further consider the following ultraproducts: ultrapover (3, .57)
and ultraproduct of sequence (X%,S5) by a nontrivial ultrafilter.

Then the measure g is extreme point en (31,57)%, but the measure
(1™)9 is not an extreme point en (X5, .5%) .
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Ultraproduct for the Total Convex Structures

Thus, we have proved the following theorem:

Theorem 3

There are two sequences of state spaces such that the ultraproduct of
pure operations is not a pure operation.
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Thank you for attention!
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