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Introduction

Introduction

ForO<r<R<ocoand 0<s<R~—r, let Qs = Bg(0)\ B,(se1) be an annular
domain in R, d > 2. For p € (1,00), we consider the p-torsion problem in Q:

—Apu=1inQ; (1a)
u=0onT?; @—Oonﬁﬂ \ T (1b)
N " On s

where A,u = div(|VulP72Vu) is the p-Laplace operator, and

either '* = 0Q; or [* = 9Bg(0) or [* = IB,(sey). (2)

@ The problem (1a) with (1b) admits a unique solution us € eri’(Qs), and it
is called the p-torsion function of Q. Further, 0 < us € CH(Q).

@ The p-torsional rigidity T(s) of Qs is defined as

T(s) = </Q usdx>P1 - (/Q |Vu5|pdx)p1. 3)
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@ The p-torsion function us and p-torsional rigidity T(s) are given by the
variational characterizations:

1 -1
max / udx — 7/ [VulPdx = L/ us dx; (4)
ueWLP(Q:) Ja, P Ja, p Qs

‘If(s):sup{[/Q udxrzogue WP (Qs) with /Q Vupdle}. (5)

e Saint-Venant inequality: for a bounded domain Q C RY with 'S = 9,
T(Q) < T(),

where Q* is a ball in RY with |Q*| = |Q|.
> Conjectured by Saint-Venant [1855] for d =2 = p.
> Pélya [1948]: For the beams with simply connected cross-sections.
> Pdlya-Weinstein [1950]: For the beams with multiply-connected cross-sections.
> Talenti [1977]: Proved by a symmetrization argument that holds even for
p € (1,00) and d > 2.
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Reverse Saint-Venant inequality

@ Reverse Saint-Venant inequality:
T(0) <T(s)for0<s< R—r,

where Qg = Bg(0) \ B,(se1) for 0 <s < R —r.
> Hersch! & Wienberger? [1960's] proved for d = 2 = p, using the method of
interior parallels.
> Anoop-Ashok [2020]® proved for p € (1,00) and d > 2, using the method of
interior parallels.

L J. Hersch. Pacific J. Math., 13, 1963.
2 Wienberger. Pacific J. Math., 13, 1963.
3 T. V. Anoop and K. Ashok Kumar. J. Math. Anal. Appl., 485(1), 2020.
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Monotonicity of Torsional Rigidit

Monotonicity of Torsional Rigidity

@ We are interested in the behavior s — T(s) on [0, R — r).
o For the first eigenvalue problem —A,u = v1(s)|u[P72u in Qs with (1b):

> For " = 9Q,: Harrell* & Kesavan® (p = 2), and Anoop-Bobkov-Sasi®
(1 < p < 00) proved the monotonicity of 71(s) by showing that

~1(0) = 0 and 7;(s) < 0 for s > 0.

> For I = 9B, (se1): Anoop-Ashok-Kesavan’ proved for p = 2.

> For I'* C 99, as in (2): Anoop-Ashok® proved when p > 2::22 for certain

translations and rotations, using the methods of polarization.

4 E. M. Harrell, Il, P. Kréger, and K. Kurata. SIAM J. Math. Anal., 33(1), 2001.
5'S. Kesavan. Proc. Roy. Soc. Edinburgh Sect. A, 133(3), 2003.

6 Anoop, T. V., V. Bobkov, and S. Sasi. Trans. Amer. Math. Soc., 370(10), 2018.
7 Anoop, T. V., Ashok Kumar, K., and Kesavan, S. J. Differ. Equ. 298, 2021.

8 Anoop, T. V. and Ashok Kumar, K. Adv. Differential Equations 28(7-8), 2023.
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@ Take 0 <s<t< R-—randa:= % Let H, = {(xl,x’)GRd:xl <a} and
oa(x1,x") = (2a — x1, x") be the reflection with respect to OH, = {x; = a}.
@ For the maximizer us € ers’p(Qs) of T(s), Us is the zero extension to RY.

Define N N
PL(x) = {max{us(x)7 us(oa(x))}, for x € H,, (6)

min {us(x), ds(oa(x))}, for x € HS.
o supp (P.us) € Q;, and v := P,iglg € ert’p(Qt) with th vdx = st us dx,
and [, [Vv[Pdx = [ [Vus|Pdx.
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Monotonicity of Torsional Rigidity Monotonicity via Polarization: Complete Dirichlet boundary

Monotonicity via Polarization

@ By the variational characterization (5),

T(t) > (/Q vdx)p - </Q usdx)p — 5(s).

@ For the strict inequality, we use a version of the strong comparison principle.

Strong Comparison Principle, Sciunzi®

Let B C RY be a bounded smooth domain, and 2;:22 < p < . Let u,v € C(B)
be positive distributional solutions of —A,w =1 in B. If v > u in B, then either

v>uin Borv=uinB.

o We find a ball B C Q¢ N H, in which v, us satisfy a contradictory properties
to the SCP.

o If T(s) = T(t), then v, us € C*(B) are positive distributional solutions in B.
This leads to a contradiction to the SCP. Thus the strict inequality
T(s) < J(t) holds.

9 Sciunzi, B., Commun. Contemp. Math., 16(6), 2014.
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_ Monotonicity via Polarization: Complete Dirichlet boundary
Existence of a ball B C Q. N H,

o Bu(Qs) = Br(0) \ Br(c.(0)), and Ax(Q2s) = B,(se1) \ B.(ca(se1)) have
non-empty interiors in Q; N H,.

e QN H, =M, UN,, with M,, ={x € Q:NH,:v(x)> us(x)} 2 Au(s)
and NV, = {x € Qs N H, : v(x) = us(x)} 2 Bu(£2s).

e QN H, is connected, then § # N, NOM,, 3 xo and B := B,(xg) C Qs N H,.

ev>uinBNM, #0and v=uin BNN, #0.
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Monotonicity via Polarization: Complete Dirichlet boundary

Monotonicity of Torsional Rigidity

Theorem

Let 0<r<R<ooand pe€(1,00). For 0 <s < R —r, let T(s) be the
p-torsional rigidity of Q5 = Bg(0) \ B,(se1) with [y = Q. Then s +— T(s) is
increasing on [0, R — r). Further, if p > % then s — TJ(s) is strictly increasing
on [0,R —r).
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Monotonicity via Geometry and Shape calculus: Mixed boundary

Monotonicity of Torsional Rigidity

Main ingredients in proof of Harrell & Kesavan: Let u > 0 be the first
eigenfunction corresponding to A1(s) with ||ulj> = 1.

@ Shape derivative formula for \j(s),

o= (g:mf m(x) dS(x).

Derived using the Hadamard perturbation formula

AN (R V) = — /8 N (g:(x)>2 V(x) - n(x) dS(x),

where V is a smooth vector field on R9, and n(x) = (n1(x),. .., na(x)) is an
outward normal to €.

@ Strong maximum principle and Hopf's boundary point lemma
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Monotonicity via Geometry and Shape calculus: Mixed boundary

Shape derivative of T(s): when p =2

Let us > 0 be the torsion function of Qs with '* as in (2), i.e.,

‘J'(s):/ ust:/ |V ug|? dx
Q, Q,

@ Hadamard perturbation formula: For a smooth vector field V on RN,

dus\
d‘J'(QS;V)—/r5<an) V.-ndS

—/m\ (|Vu5|2—2us)V-ndS
AT

@ Shape derivative formula when * = 9B, (se;): Take V that fixes the outer
boundary OBg and translates the inner ball B,(se;) along e;-axis:
V(x) = p(x)er with 0 < p € C2°(Bg(0)) with p =1 in a neighborhood of
B,(sel).

T'(s) = /8 N @f (x))2 n(x) - er dS(x).
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Monotonicity via Geometry and Shape calculus: Mixed boundary

Monotonicity of ‘.T(s) Approach of Harrell & Kesavan

@ Rewriting the shape derivative formula:

7= | [(% ) - (%f(as(x»ﬂ () dS(),

8Brﬂ{X1 >S}

where o4(x) is the reflection with respect to the affine-hyperplane {x; = s}.

%L: (x) < 0 (by Hopf's), and n;(x) < 0 for

@ Observe %(US(X)%
x € 0B, N{xy > s}.
QIf

%(as(x)) - %‘: (x) < 0 for x € 3B, N {x > s}, )

then we get T7(s) > 0.

ok Kumar K (TIFR-CAM Bengaluru, India) Strict Monotonicity of Torsional Rigidity MPDSIDA-2023 (Moscow Region, Russia) 13 /28



Monotonicity of Torsional Rigidit Monotonicity via Geometry and Shape calculus: Mixed boundary

Monotonicity of J(s)

o Consider w = us 0 05 — us on ﬁ; = Qs N {x3 > s}. Then w satisfies:

—Aw =0in EZVS
@ On Hy U (0B, N{x1 > s}): w(x) = usoas(x) — us(x) = us(x) — us(x) = 0.
0
@ On0BgrN{x1 > s} w=2or AL
on
0
@ Since % = 0 on 0Bg(0), it is natural to expect the sign of a—:/ on 9Bg(0).
n
@ Here, the finer geometric properties of the torsion function help us to confirm
ow
B >0o0n dBgN{x > s}.
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Neumann data of w = us 0 o5 — us on 9B

Neumann data of w = u; 0 0 — us on 0Bpg

Observe that, for x € 9Bg,

ow Ous 0 0 Ous _ Ousoos

oy =5 x) =5 o) = —5 —(x).

Recall that, for x = (x1,x’) € RY,

os(x) = (25 — x1,x") = 2se; + oo(x).

So V(us 0 05)(x) = Vus(os(x))Ag, where Ay = diag(—1,1,...,1) is the
reflection matrix with respect to {x; = 0}.
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Neumann data of w = us 0 o5 — us on 9B

Neumann data of w = u; 0 0 — us on 0Bpg

@ For x € 0B, the unit outward normal is n(x) =

RV (us 0 0s5)(x) - n(x) = Vus(os(x))Ao - x = Vus(os(x)) - oo(x)

o Write 9 0
R, () = los(x)) = 55 2(0s(x)),

where p(x) = Vus(x) - (x — sep) for x € Q.
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Neumann data of w = us 0 o5 — us on 9B

(b)

(c)

Figure: (a) The torsion function of Bs(0) \ Bi(3e1) C R?. (b) The foliated Schwartz
symmetry, (c) Monotonicity along the e;-direction up to x < 3.
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Rigidity Neumann data of w = us 0 05 — us on 9B

Theorem

Let Q, = Bg(0) \ B.(se1) be an annular domain with 0 < s < R —r. Let us > 0
be the torsion function and T(s) of Qs with [* = 0B, (se1) be the torsional
rigidity. Then

@ u. has the foliated Schwarz symmetry in Q. with respect to —R*te;;
! Y P

@ us is strictly increasing along all affine-radial directions from se; in g, i.e.,

Vus(x) - (x — se1) > 0 for x € Qs \ {£Rer };

@ us is strictly decreasing in the e;-direction on the sub-region
{x e :x1 < S} of Q, i.e.,

Ous
6x1

<Oon{x€Q5:x1<s}.
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Monotonicity of Tol gidit Neumann data of w = us 0 05 — us on 9B

@ The affine-radial monotonicity of us implies that ¢ > 0 in Q,
@ The axial monotonicity of u gives that

Ous
8X1

<0forx € Qs N{x < s}.

@ Therefore, for x € 9Bgr N {x1 > s},

ow 1 s Ous
Fo() = 5#(0:() ~ 520 2 0.
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Monotonicity of Torsional Rigidit Neumann data of w = us 0 05 — us on 9B

Monotonicity of J(s)

@ The map w satisfies the following boundary value problem on

Qs :=QsN{x1 >s}:

—Aw =0in ﬁ;,
w =0on Hs U(8B, N {x > s}), (8)
w

o >0on dBrN{x3 > s},

@ We derived a variant of strong maximum principle that holds for the
boundary value problem above.
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Monotonicity of Torsional Rigidit Neumann data of w = us 0 05 — us on 9B

Monotonicity of J(s)

@ Since (Z—W > 0 on 0Bg \ {=Re1}, SMP implies that w > 0 in Q..
n

0
@ Hopf's lemma implies that 8—W < 0on 9B, N{x > s} since w=0.
n

For x € 9B, N {x1 > s},

ow B % B Ous

0> Z5(x) = S2(0u(x) - 2 (0). (©)

Therefore T’(s) > 0.
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Foliated Schwarz symmetry of u

®

o Let —R%"e be the half-ray from 0 in —e;-direction.
o Let (r,0) be the polar-coordinates given by —R"e; with
X - €

r(x) = |x| and cos(6(x)) = TN 6 € [0,n]. (10)

@ Amap 0 < u: Qs — R is foliated Schwarz symmetric in Qg with respect to
—R*ey, if and only if
@ u depends only on (r,0),
@ for fixed r > 0, u decreases in 0. Equivalently, for x,y € Qs with |x| = |y| =r
and 6(x) > 0(y) we have u(x) < u(y).
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Foliated Schwarz symmetry

Foliated Schwarz symmetrization via Polarization

@ Let H be an open affine half-space in RV such that —e; € H and se; € OH,
and let oy be the reflection with respect to 0H.

e For 0 < u:RY — R, the polarization Py(u) : RY — R is defined as

max{u(x), u(on(x))}, for x € H,

Phu)() = { min{u(x), u(on(x))}, for x € H. (1)

For 0 < u: Q. — R let U be the zero extension of u to R?. The polarization
of u is defined as Py(u) := Py(0)|q..
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Foliated Schwarz symmetry

If ue HY(Q) with u|gs, = 0, then Py(u) € HY() with Py(u)|ss, = 0 and

lull2,0 = [IPu(u)ll2.0, and [[Vull2,0 = IV PH(u)l20.-

The function u has foliated Schwarz symmetry with respect to —Re; in Q iff
Py(u) = u for any affine half-space H with —e; € H and se; € OH.

Take 0 < us to be the torsion function. By the uniqueness,
Pu(us) = us in Qg,  VH.

The foliated Schwarz symmetry of ug gives that: For any x € Q, and
ne€ St withn-x =0,

Vus(x)-n > 0iff g <O0.

Neumann condition 0 = RaaL: = Vu(x) - x for x € 9Bg(0). Since |Vus| # 0,
we get Ous < 0on 9Bg(0) \ {£Re:}.
8x1
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Monotonicity in the affine-radial directions

Monotonicity in the affine-radial directions

@ For x € R, the vector x — se; is called as the affine-radial direction from se;.

@ The map ¢(x) := Vus(x) - (x — ser) for x € Q, satisfies:
Ay =2u; >0 in Q. (12)
e On 9Bg(0): ¢(x) = RVuy(x) - = _53u5 >0
RE)- @ N s R Oxy —

o For OB, (se1): The vector x — se; is an inward direction to Qs and ugs(x) = 0.
Hopf's boundary lemma gives that ¢(x) > 0. Therefore

w(x) >0 on 09s.

@ By SMP, ¢ > 0in Q.
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Monotonicity in the axial direction

Monotonicity in the axial direction

O,
I

Ty,

e For a € (—R, R), the a-cap X, is
Y, =N {x <a}l
o First, by fSS of ug, observe that: for a < 0

dus =
8)‘:1 <0in T, \ {—Re}. (%)
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Monotonicity in the axial direction

T,

),

/

e (—R,0] c A:={a € (—R,R): (x) holds }.

Ous
Ox1 0
@ Smoothness of ug, and compactness of Qs N {x; = a}: for any a € A with
a < s there exists € > 0 such that () holds for o + €. Therefore

> s}

sup A =s.
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