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Classical Setting:

(X¢t)¢=0 is a time-homogeneous Markov process with state space
(Q,B(Q)) (= no memory) = transition kernel
P(t,x,dy) =P(X; € dy|Xo = x). Hence:

o (T)so, Teuo(x) = [Quo<y)P<t,x,dy)zE*[u()(xt)]

is an operator semigroup (i.e. To=1Id, Tyo Ts = Tiis).
o If (T+)es0 is @ Cp-SG with generator (L, Dom(L)) on a BS Xc F(Q)
then

u(t,x) = Trug(x) = EX [up(Xt)]

solves the Cauchy problem

ou(t,x)

T Lu(t,x), u(0,x) = upg(x).

And .
u(t,x) = up(x) + fo Lu(s, x)ds.
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(X¢)¢=0 is a time-homogeneous Markov process with state space
(Q,B(Q)) (= no memory) = transition kernel
P(t,x,dy) =P(X¢ € dy|Xo = x). Hence:

o (T)so, Teto(x) = [Quo<y>P<t,x,dy>zE*[uf)(xt)]

is an operator semigroup (i.e. To=1d, Tio Ts = Tiis).
o If (T:)es0 is @ Cp-SG with generator (L, Dom(L)) on a BS Xc F(Q)
then
u(t,x) = Trug(x) = E* [uo(Xe)]
solves the Cauchy problem
du(t, x) = Lu(t,x), wu(0,x) = up(x).
ot
And .
u(t,x) = up(x) + [o Lu(s, x)ds.
Basic pair: Heat equation «» Brownian motion.
ou(t,x) 1
= —Au(t
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Classical Setting

Basic couple: Heat equation «» Brownian motion.
du(t, x)

u(t,x) =FE*[up(B;)] solves 5

= Au(t,x)
= classical diffusion

Basic features of classical diffusion:

o Var(By)=t <« ((Ax)z) ~ At

e Gaussian law
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Anomalous diffusion

((Ax)?) + At,
or / and:

NO Gaussian law
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((Ax)2> +At, or /and: NO Gaussian law

Anomalous diffusion has been observed in:
@ Subdiffusion:

many complex self-organized systems in biology (e.g., motion of
macromolecules in the cell cytoplasm and membrane);

e charge carrier transport in amorphous semiconductors;

nuclear magnetic resonance (NMR) diffusometry in percolative and
porous systems;

Rouse or reptation dynamics in polymeric systems;

transport on fractal geometries;

diffusion of a scalar tracer in an array of convection rolls;
dynamics of a bead in a polymeric network;

Sinai-type disorder;

ageing models...

o Superdiffusion (mcl Lévy flights):

e Richardson’s turbulent diffusion;

transport in turbulent plasma;

special domains of rotating flows;

quantum optics;

single molecule spectroscopy;

diffusion with search mechanisms (e.g., in cells)....
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Anomalous diffusion

Heat equation ~  time- and space-fractional heat equation:

92 u(t,x) = - (—%A)7 u(t,x), Be(0,1], ~e(01],

u(t,x) = up(x) - f (tr(‘;))ﬁ ' (—%A)V u(s,x)ds.
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Anomalous diffusion

Heat equation ~  time- and space-fractional heat equation:

t _c\b-1
% (_%A)W u(s,x)dx, Be(0,1], v e (0,1].

This equation is a governing equation for scaling limits of CTRWs!

u(t,x) = up(x) -

space 5

CTRW --> anomalous diffusion

0 2 4 6 8 10
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Anomalous diffusion

Heat equation ~  time- and space-fractional heat equation:

S [-1 5
u(t,x) = to(x) - f F(B) (—;A) u(s,x)dx, Be(0,1], ve(0,1].

This equation is a governing equation for scaling limits of CTRWs!

space

CTRW --> anomalous diffusion

R S T O S

" " L L time
[ 2 4 6 8 10

The corresponding scaling limits of CTRWs are processes (¢, )5
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Stochastic representations via inverse subordinators

Inverse subordinators are actively used to produce stochastic
representations of solutions of time-fractional evolution equations of the
following form

u(t,x) = (%) +/0_tk(t—s)Lu(s,x)ds,

where (L,Dom(L)) is the generator of a Markov process (£¢)ts0, and the

convolution kernel k has Laplace transform hi for some BF h. This BF h
serves as the Laplace exponent of some Lévy subordinator, whose inverse

(EM) 10 provides stochastic solution

u(t,x)=FE [uo (551@)] .

NOTE: (£[')ez0 and hence (£g5) _ are NOT Markov!

t>0
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Stochastic representations via RSGP

Another approach: randomely scaled Gaussian processes (RSGP).
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Stochastic representations via RSGP

Another approach: randomly scaled Gaussian processes (RSGP).
Xt = AGt7

where A>0, AL G, G is a Gaussian process.
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Stochastic representations via RSGP

Another approach: randomely scaled Gaussian processes (RSGP).
Xt = AGta

where A>0, AL G, G is a Gaussian process.

Example: Generalized Grey Brownian Motion (GGBM)

a,f af2
XP =\ JAGBM?,
where (Bf‘p) 0 is a fractional Brownian motion with H := «/2,

As L B2, Ag >0 and Elexp(-MAg)] = E(-)) = £ risargy-
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Stochastic representations via RSGP

Another approach: randomely scaled Gaussian processes (RSGP).
Xt = AGta

where A>0, AL G, G is a Gaussian process.

Example: Generalized Grey Brownian Motion (GGBM)

a,f af2
XP =\ V5B,
where (Bf‘p) 0 is a fractional Brownian motion with H := «/2,

As L B2, Ag >0 and Elexp(-MAg)] = E(-)) = £ risargy-

. (xfﬁ)t20 is a/2-SSS|
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Stochastic representations via RSGP

Another approach: randomely scaled Gaussian processes (RSGP).
Xt = AGta
where A>0, AL G, G is a Gaussian process.

Example: Generalized Grey Brownian Motion (GGBM)

a,f af2
XP =\ V5B,

where (Bf‘p) 0 is a fractional Brownian motion with H := «/2,

2

As L B2, Ag >0 and Elexp(-MAg)] = E(-)) = £ risargy-

. (X:“ﬁ)t20 is a/2-SSS|
o u(t,x) ZZE[UO (X+X,_fl”3)] solves
) = () + s 1637 (e sF) aCL P
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Stochastic representations via RSGP

Another approach: randomely scaled Gaussian processes (RSGP).
Xt = AGta
where A>0, AL G, G is a Gaussian process.

Example: Generalized Grey Brownian Motion (GGBM)

a,f af2
XP =\ V5B,

where (Bf‘p) 2 is a fractional Brownian motion with H := «/2,
As L B2, Ag >0 and Elexp(-MAg)] = E(-)) = £ risargy-
o u(t,x)=E [uo (x + Xf"ﬂ)] solves
u(t,x) = up(x) + ﬁri(m fots%_l (t% - 3%)ﬁ_1 %—822(;2’)() ds,
e Pagnini-Paradisi 2016: Yet another RSGP solves
O u(t,x) = —(-A)u(t,x), Be(0,1], ~e(0,1].
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Natural questions:

We consider evolution equations of the form

t
u(t,x) = w(x)+ [ k(t,5)Lu(s,x)ds, (+)
where L generates a Markov process with a Cp-SG on some BS X.

Questions:
@ Which classes of stochastic processes (X;):s0 can be used to solve
the evolution equation (*)?

@ What is in common between X; := &g, and X; := AG,?

@ To which extent can we use the RSGPs?
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Generalized time-fractional evolution equations
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Generalized time-fractional evolution equations

We consider .
u(t) = uo + [0 k(t,s)Lu(s)ds, (*)
where (L,Dom(L)) generates a Cp-SG (T¢)ss0 on a BS X, ug € Dom(L),
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Generalized time-fractional evolution equations

We consider .
u(t)=uo+/0 k(t,s)Lu(s)ds, (*)

where (L,Dom(L)) generates a Cp-SG (T¢)ss0 on a BS X, ug € Dom(L),
kernel k satisfies

Assumption 1: We consider a Borel-measurable kernel
k : (0,00) x (0,00) — R satisfying the following condition: 3a* €[0,1)
and & > 0 such that for each T >0

a*——
Kr:= sup t% "5 [k(t,) ]| rve (0,09 < 00

o<t T
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Generalized time-fractional evolution equations

We consider .
u(t)=uo+/0 k(t,s)Lu(s)ds, (*)

where (L,Dom(L)) generates a Cp-SG (T¢)ss0 on a BS X, ug € Dom(L),
kernel k satisfies

Assumption 1: We consider a Borel-measurable kernel
k : (0,00) x (0,00) — R satisfying the following condition: 3a* €[0,1)
and & > 0 such that for each T >0

a*——
Kr:= sup t% "5 [k(t,) ]| rve (0,09 < 00

o<t T

Question: Which processes (X;)¢s0 solve (*)7?
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We consider .
u(t) =up+ /0 k(t,s)Lu(s)ds, (*)

where (L,Dom(L)) generates a Cp-SG (T¢)ts0 on a BS X, ug € Dom(L),
kernel k satisfies

Assumption 1: 3a* €[0,1), 3¢ >0 such that VT >0

*__1
Kr:= sup t% "I [ k(t, )| 1ee((0,0)) < 00

0<t<T

Thm. 1: Under Assm. 1 V t >0, the function ®(t,-) : C — C given by

[ee)

O(t,\) = Z cn(t)A",
n=0
co(t) =1, alt) i= gotk(tS)Cn—l(s)ds, e

is well-defined and entire.

eN,
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We consider .
u(t) = up + [0 k(t,s)Lu(s)ds, (%)

where (L,Dom(L)) generates a Cp-SG (T¢)ts0 on a BS X, ug € Dom(L),
kernel k satisfies

Assumption 1: 3a* €[0,1), 3¢ >0 such that VT >0

*__1
Kr:= sup t% "I [ k(t, )| 1ee((0,0)) < 00

0<t<T

Thm. 1: k ~ &(t,)) = 220 cn(t)N, ca(t) := [ k(t,s)ca-1(s)ds.

Yana Kinderknecht (Butko) MPDSIDA 2023 24 /47



We consider .
u(t) = up + /0 k(t,s)Lu(s)ds, (%)

where (L,Dom(L)) generates a Cp-SG (T¢)ts0 on a BS X, ug € Dom(L),
kernel k satisfies

Assumption 1: 3a* €[0,1), 3¢ >0 such that VT >0

*__1
Kr:= sup t% "I [ k(t, )| 1ee((0,0)) < 00

0<t<T
Thm. 1: k ~ &(t,)) = 220 cn(t)N, ca(t) := [ k(t,s)ca-1(s)ds.
Assumption 2: ®(t,—) is a CMF, i.e. 3 nonnegative RVs (A(t))0:
fow e Pa(da) = ®(t,-)),  YAeC, ReA>0.
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t
u(t) =up+ /0 k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).
Assumption 1: 3a* €[0,1), 3¢ >0 such that VT >0

*_ 1
Kt := sup t% T+ Hk(ta')”L“E((O,t)) < 0.
o<t T

Thm. 1: k ~ O(t,N) =320 cn(B)A", cn(t) := [Otk(t,s)c,,_l(s)ds.
Assumption 2: ®(t,—) is a CMF, i.e. 3 nonnegative RVs (A(t))s0:
fom e Py (da) =b(t,-)),  VAeC, Red3>0.

Thm. 2 (Subordination principle): Under Assm. 1, Assm. 2 holds:
(i) For each t > 0, the operator ®(t, L) given by the Bochner integral

ot e [ TapPap(da), e, 1

is well defined and it is a bounded linear operator on X.
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t

u(t) =up+ /0 k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).
Assumption 1: K7 := sup to‘*_ﬁHk(t,-)||L1+s((07t)) < 00.

0<t<T
Thm. 1: k ~ O(t,N) =32 gcn(B)A", cn(t) := [Otk(t,s)c,,_l(s)ds.
Assumption 2: ®(t,—) is a CMF, i.e. 3 nonnegative RVs (A(t))s0:

fom e Py (da) =B(t,-)),  VAeC, Red3>0.

Thm. 2 (Subordination principle): Under Assm. 1, Assm. 2 holds:
(ii) For each t > 0 and each ug € Dom(L), the function

u(t) :==d(t, L)ug := A Taug Pace)(da)

solves equation (*) and it holds lim: u(t) = up.
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u(t) =up+ [Ot k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).
Thm. 1: k ~ &(t,)) = 220 cn(t)\, ca(t) == [y k(t,s)cn-1(s)ds.
Assumption 2: ®(t,—) is a CMF, i.e. 3 nonnegative RVs (A(t))¢s0:
E[e0)] = [Ow ePa(da) = ®(t,-)),  YAeC, ReA>0.

Thm. 2 (Subordination principle): Under Assm. 1, Assm. 2 holds:
(ii) For each t >0 and each up € Dom(L), the function

u(t) = (D(t, L)UO = [) Tyug PA(t)(da)z E [TA(t)UO]
solves equation (*) and it holds lim;o u(t) = up.

Rem.: If T; has stoch. repr. then ®(t, L) too!
o L:= Ly« {= Markov process, £ L (A(t))tso:

Teuo(x) =E*[uo(&)] = &(t,L)uo(x) = E* [uo(Ear))]
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u(t) =up+ [Ot k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).
Assumption 2: ®(t,—) is a CMF, i.e. 3 nonnegative RVs (A(t))0:
E[e™M)] = fooo e Pa(da) = ®(t,-)),  YAeC, ReA>0.

Thm. 2 (Subordination principle): Under Assm. 1, Assm. 2 holds:
(i) For each t >0 and each up € Dom(L), the function

u(t) = d(t, L) :=[0 Tatio Pa(r) (da)=E [ Tace o]

solves equation (*) and it holds lim: u(t) = uo.
Rem.: If T; has stoch. repr. then ®(t,L) too!

e Ly «» &= Markov process, & L (A(t))s=o0,

o Li=Lo+V, then Teuo(x) = B [ug(&r)elo V(&)%)

O(t, Lyuo(x) =B~ uo(Ene)elt V()% |
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u(t) =up+ /Ot k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).
Assumption 2: ®(t,—) is a CMF, i.e. 3 nonnegative RVs (A(t))0:
E[e™M)] = fooo e Pa(da) = ®(t,-)),  YAeC, ReA>0.

Thm. 2 (Subordination principle): Under Assm. 1, Assm. 2 holds:
(i) For each t >0 and each up € Dom(L), the function

u(t) = d(t, L) :=[0 Tatio Pa(r) (da)=E [ Tace o]

solves equation (*) and it holds lim: u(t) = uo.
Rem.: If T; has stoch. repr. then ®(t,L) too!

e Ly «» &= Markov process, & L (A(t))s=o0,

o Li=Lo+V, then Teuo(x) = B [ug(&r)elo V(&)%)

O(t, to(x) = B | uo(€a(q et V(6%

@ L := generator of a subordinate semigroup; Schrodinger group
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t
u(t) =up+ /0 k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).
Assumption 2: ®(t,—) is a CMF, i.e. 3 nonnegative RVs (A(t))o0:
E[e™M0)] = /Ow e Pa(da) = ®(t,-)),  VAeC, ReA>0.

Thm. 2 (Subordination principle): Under Assm. 1, Assm. 2 holds:
(ii) For each t >0 and each up € Dom(L), the function

u(t) := (t, L)ug :=f0 Toto Pace)(da)=E [ Taceuo]

solves equation (*) and it holds lim:o u(t) = uo.

Thm. 3: Under Assm. 1, Assm. 2 let k be homogeneous of § — 1 for
some 0 >0, i.e.

k(t,ts) =t tk(1,s) VvV t>0,5€(0,1).
Then one can choose A(t) := At?, where A is a nonnegative RV such that

foooe_AaPA(da)=d>(1,—)\) ¥AeC, ReA>0.
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t
u(t) =up+ /0 k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).
Assumption 2: ®(t,—) is a CMF, i.e. 3 nonnegative RVs (A(t))¢s0:
E[e™M)] = fom e Pa(da) = &(t,-)),  YAeC, ReA>0.

Thm. 2 (Subordination principle): Under Assm. 1, Assm. 2 holds:
(i) For each t >0 and each up € Dom(L), the function

u(t) == d(t, L)ug :=f0 Tato Pace) (da)=E [ Ta(e) o]

solves equation (*) and it holds lim: u(t) = up.
Thm. 3: k(t,ts) = t%1k(1,s). Then A(t) = At? is OK, A « &(1,-).
Example:

o k(t.s):= U2, fe(0,1]. Then 0= ; &(t,-\) = Es(~t°\)=CMF
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t
u(t) =up+ /0 k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).
Assumption 2: ®(t,—) is a CMF, i.e. 3 nonnegative RVs (A(t))¢s0:
E[e™M)] = fom e Pa(da) = &(t,-)),  YAeC, ReA>0.
Thm. 2 (Subordination principle): Under Assm. 1, Assm. 2 holds:
(i) For each t >0 and each up € Dom(L), the function
u(t) = (D(t, L)UO = A T,ug PA(t)(da)z E [TA(t)UO]

solves equation (*) and it holds lim: u(t) = up.
Thm. 3: k(t,ts) = t%1k(1,s). Then A(t) = At? is OK, A « &(1,-).
Example: Time-fractional heat equation:
o k(t,s):= <f;(5_23‘;’1, Be(0,1]. Then 6 = B; d(t,-A) = Eg(~t°A)=CMF
o L:= %A «r (Bt)t>0=Brownian motion

Yana Kinderknecht (Butko) MPDSIDA 2023 33 /47



t
u(t) =up+ [0 k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).
Assumption 2: ®(t,—) is a CMF, i.e. 3 nonnegative RVs (A(t))¢s0:
E[e™M)] = fom e Pa(da) = &(t,-)),  YAeC, ReA>0.
Thm. 2 (Subordination principle): Under Assm. 1, Assm. 2 holds:
(i) For each t >0 and each up € Dom(L), the function
u(t) = (D(t, L)UO = A T,ug PA(t)(da)z E [TA(t)UO]

solves equation (*) and it holds lim: u(t) = up.
Thm. 3: k(t,ts) = t%1k(1,s). Then A(t) = At? is OK, A « &(1,-).
Example: Time-fractional heat equation. Solution: u(t,x) = E* [ug(X¢)]
o k(t,s):= (f;fg’;’l, Be(0,1]. Then 8 = B; d(t,-)) = Eg(~t?A\)=CMF
o [:= %A < (Bt)=0=Brownian motion
X Bawy « Baw < VABys < \/Z’Btﬁ/2
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t
u(t) =up+ [0 k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).

Cor. 4: Under Assm. 1, Assm. 2. suppose k(t,s) := R(t—s), where
LR = 1/h for some Bernstein function h. Then

h o (n?)go «r (Sth)tzoa
where E [e"\”?] = e (M) and &N = inf {s >0:nh> t}. Hence, one may
take A(t) = &P
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t
u(t) =up+ [0 k(t,s)Lu(s)ds, (*)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).

Cor. 4: Under Assm. 1, Assm. 2. suppose k(t,s) := R(t—s), where
LR = 1/h for some Bernstein function h. Then
h o (n?)go “« (Sth)tzoa
where E [e"\”?] = e (M) and &N = inf {s >0:nh> t}. Hence, one may
take A(t) = &P
Example: Time-fractional heat equation. Solution: u(t,x) = E* [ug(X¢)]
o k(t.s):= U Then h() = A%,
o [:= %A < (Bt)=0=Brownian motion
X Ben « Baw)y < Baw VAB,s o \/ZBtﬁ/?
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t
u(t) = up + /0 k(t,s)Lu(s)ds, (%)
(L,Dom(L)) generates a Co-SG (T:)¢s0 on a BS X, up € Dom(L).

Cor. 4: Under Assm. 1, Assm. 2. suppose k(t,s) := R(t—s), where
L& =1/h for some Bernstein function h. Then one may take A(t) := £/

Rem.: In the situation of Cor. 4, eq. (*) is equivalent to Cauchy problem
Dhu(t,x) = Lu(t, x), u(0,x) = up(x), xeRY, >0,

where D! is a generalized time-fractional derivative of Caputo type:
h(o
(£[DIV]) (o) = ho)(Lv) (o) - %V(m).

Special cases:
e Caputo derivative of order 8: h(\) = \?;
@ a mixture of Caputo derivatives of orders 3, 51,...,OBm:
h(A) = (AP + 2 bAH)
o distributed order derivative: h(\) := fol Mu(dp).
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New chains k « & « A(t)

Example 2 (Marichev-Saigo-Maeda kernels):
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New chains k « & « A(t)

Example 2 (MSM kernels): Appell’s third generalization F3 of the Gauss
hypergeometric function is defined by:

l4 !
F (el 55 y) 2 52 @nDn(@)n)a
3 ( Y y) mg;o (7)m+nn|m' Yy
where a, o/, 3,3',7 € C, v ¢ -N, and the general Pochhammer symbol
(A)y is defined as follows:

(A)y = 1, v=0, AeC
VT )\()\ 1)-...-(A+n-1), v=neN, XeC.

The series in (1) converges for |y|, |x] <1 and can be analytically extended
to reals x,y < 1.

(1)
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New chains k « & « A(t)

Example 2 (MSM kernels): Appell’s third generalization F3 of the Gauss
hypergeometric function is defined by:

l4 !
F (el 55 y) 2 52 @nDn(@)n)a
3 ( Y y) mg;o (7)m+nn|m' Yy
where a, o/, 3,3',7 € C, v ¢ -N, and the general Pochhammer symbol
(A)y is defined as follows:

(A)y = 1, v=0, AeC
VT )\()\ 1)-...-(A+n-1), v=neN, XeC.

The series in (1) converges for |y|, |x] <1 and can be analytically extended
to reals x,y < 1.

(1)

For b>0, a>0, u>-1, and v > max{-b,—au} we consider the MSM

kernel

b b a t\?

k(t,s):= ( a—sa)g_lta_”s”_ng,(z—1,—,1,,u,—,1—(f) ,1—(—) )
a a a t S

r(b/ )
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New chains k « & « A(t)

Thm 5: Let b>0, a>0, u> -1, and v > max{-b,—au}. Consider the
kernel

a b v b b s\? t\?
k(t,s):= t7-s?)a 1L, (——1,—,1, ,—,1-(-) ,1-(-) )
(t.5) F(b/a)( s°) R a7 t s

where 0 <s < t. Then the kernel k is homogeneous of degree b—1 and
satisfies k(1,-) € L1*5((0,1)) for some € > 0. The corresponding ® is

®(1,2) =T(N)EY,, (2),

where A1 = 13’, A2=Z+p, A3=1+%2%  and Eij is the three

parameter Mittag-Leffler (or Prabhakar) function

o (A3)
E =y ——=0 "
i (7) n;)r(Alnmz)n! ‘
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Thm 5: Let be (0,1], a>0, u> -1, and v > max{—b,—au}. Consider the
kernel

a b b b s\? t\?
k(t,s):= t7-s?)a 1 VsVl (—-1 .1 ,—,1-(-) ,1-(-))
(t.5) r(b/a)( s°) a L t s

where 0 < s < t. Then the kernel k is homogeneous of degree b—1 and
satisfies k(1,-) € L}*5((0,1)) for some £ > 0. The corresponding & is:

®(1,2) =T(N)E?,, (2),

where \1 = g, A=Z+p, Az=1+ V—;"’, and E)f‘iA2 is the three
parameter Mittag-Leffler (or Prabhakar) function

E)\3 ( ),_ i ()‘3) 2N

ALz n= OF(A1n+)\2)n|
Sufficient conditions for z — F()\g)Ei‘f)\z(—z) tobe CMare 0< A1 <1
0<A3< i—f This implies additional assumptions on parameters a, b, u, v

b
b<a, v>a-b, pu>-—-1.
a
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New chains k « & « A(t)

Special cases:

(i) Let A3 =1, i.e. v=a. Then E;\\f)\z reduces to the two parameter
Mittag-Leffler function E), », and we have

O(t,z) =T (u+ 1)E§,u+1(ztb).

Further, the corresponding kernel k simplifies to

k(t’ 5) = a (ta _ sa)b/a—lt—ausa(u+1)_1‘

r(b/a)
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Special cases:
(i) Let \3=1,i.e. v=a. Then E/<\13A2 reduces to the two parameter
Mittag-Leffler function E,, », and we have

O(t,z) =T (u+ 1)E§7M+l(ztb).
Further, the corresponding kernel k simplifies to

a
“9) = Fbra)

(i) Let Ao=X3=1,i.e. v=aand p=0. Then E)’\\fA2 reduces to the
classical Mittag-Leffler function Ey, and we have

®(t,z) = Es(zt?).

(ta _ Sa)b/a—l t—ausa(;wl)—l‘

The corresponding kernel k simplifies to

a
k(t,s) =

( 75) r(b/a)
Let now € (0,1], € (0,2). Choosing b:=« and a:= 3 we obtain the
kernel of the governing equation of the GGBM and ®(t,z) = Eg(zt®). If
additionally « = /3, we get k(t,s) = ﬁ(t— s)P1 and ®(t,z) = Eg(ztP).
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Further Feynman—Kac formulae with RSGPs

Example 3: Let k: k(t, ts) =t"1k(1,s), #>0, y€(0,1), c<0, weR7.
Under Assm. 1 and Assm. 2 the function

u(t,x) =E [uo (X + X,_ZA"Y’Q + Awtﬁ/v) ec.At9/“f]

solves the evolution equation

t 1 v
u(t,x) = up(x) - f k(t,s) (_EA -wV - c) u(s,x)ds,
0
where
X;A’%e = BAtG/’y or XiAﬂﬁ = \/ZBtt‘)/’y
0
or XM .=VABH ifH:= 5 € (0.1),
Y

and
A=AV Arn, EleM]=e?.

Variable diffusion coefficient can be also included (in some special cases)!

Yana Kinderknecht (Butko) MPDSIDA 2023 45 /47



Next step: Stochastic calculus with respect to RSGP

Stochastic calculus with respect to RSGP

I

new processes and new equations!

Example: Consider a kernel k(t,s) as in Assm.1 and Assm.2.
k ~ X¢=~/ABH He(0,1) as above. Define Z; := fot v(s)6Xs. Then:
u(t,x) =E[ug (x+ Z;)]

solves evolution equation with the time-changed kernel

u(t, %) = up + fot k(a(t),a(s))a'(s)%Au(s,x)ds,

where \H
o(t) = Mo nv],
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Thanks for your attention!!!
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