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where γ 6= 0 is given real number.

I. A. Kipriyanov, Singular Elliptic Boundary-Value Problems
(Moscow, Nauka, 1997) [in Russian].

B-elliptic, B-parabolic, and B-hyperbolic equations.

B-hyperbolic equation
R. W. Carroll and R. E. Showalter, Singular and Degenerate
Cauchy Problems (New York, Academic Press, 1976).
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with Bessel Operators (Moscow, Fizmatlit, 2019) [in Russian].

E. L. Shishkina and S. M. Sitnik
Transmutations, Singular and Fractional Differential Equations with
Applications to Mathematical Physics, Mathematics in Science and
Engineering (Elsevier. Academic Press, 2020).
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Mixed Problems with Integral Conditions for B-Hyperbolic Equations

N. V. Zaitseva
Mixed Problems with Integral Conditions for Hyperbolic
Equations with the Bessel Operator (Moscow, Publishing
house of Moscow University, 2021) [in Russian].

utt = uxx +
p

x
ux, (x, t) ∈ D
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Mixed Problems with Integral Conditions for B-Hyperbolic Equations

p ≥ 1; |p| < 1, and p 6= 0

l∫
0

xpu(x, t) dx = A, 0 ≤ t ≤ T ;

ux(l, t) +

l∫
0

u(x, t)xp dx = 0, 0 ≤ t ≤ T
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Mixed Problems with Integral Conditions for B-Hyperbolic Equations

p ≤ −1
l∫

0

xu(x, t) dx = A, 0 ≤ t ≤ T ;

(
xp−1u(x, t)

)′
x

∣∣∣
x=l

+

l∫
0

xu(x, t) dx = 0, 0 ≤ t ≤ T
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Mixed-Type Equations with Bessel Operator

D = {(x, y) : 0 < x < l,−α < y < β};
D+ = D ∩ {y > 0}, D− = D ∩ {y < 0}.

p ≥ 1; |p| < 1, and p 6= 0

uxx + (sgn y)uyy +
p

x
ux = 0, (x, y) ∈ D+ ∪D−

l∫
0

xpu(x, y) dx = A, −α ≤ y ≤ β

N. V. Zaitseva
Transmutation Operators and Applications, Trends in
Mathematics (Birkhäuser, Cham, 2020);
Differential Equations 57 (2), 2021.
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Statement of the Problem 1; p ≥ 1, |q| < 1, and q 6= 0

D = {(x, y) : 0 < x < l,−α < y < β}

u(x, y) ∈ C(D) ∩ C2(D+ ∪D−),

uxx + (sgn y)uyy +
p

x
ux +

q

|y|
uy = 0, (x, y) ∈ D+ ∪D−,

u(x, β) = ϕ(x), u(x,−α) = ψ(x), 0 ≤ x ≤ l,

lim
y→0+

yquy(x, y) = lim
y→0−

(−y)quy(x, y), 0 < x < l,

l∫
0

xpu(x, y) dx = A, −α ≤ y ≤ β

M. V. Keldysh [Dokl. Akad. Nauk SSSR 77(2), 1951].

ux(0, y) = 0, −α ≤ y ≤ β
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Statement of the Problem 2; |p| < 1, and p 6= 0; |q| < 1, and q 6= 0

u(x, y) ∈ C(D) ∩ C2(D+ ∪D−),

uxx + (sgn y)uyy +
p

x
ux +

q

|y|
uy = 0, (x, y) ∈ D+ ∪D−,

u(x, β) = ϕ(x), u(x,−α) = ψ(x), 0 ≤ x ≤ l,

lim
x→0+

xpux(x, y) = 0, −α ≤ y ≤ β,

lim
y→0+

yquy(x, y) = lim
y→0−

(−y)quy(x, y), 0 < x < l,

l∫
0

xpu(x, y) dx = A, −α ≤ y ≤ β

l∫
0

xpϕ(x) dx =

l∫
0

xpψ(x) dx = A
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Solution of the Problem 1

Formal Fourier–Bessel series

u(x, t) =
∞∑
n=0

un(t)Xn(x)

Xn(x) =
X̃n(x)

||X̃n(x)||
, n = 0, 1, 2, . . . ,

||X̃n(x)||2 =
l∫

0

xpX̃2
n(x) dx,

X̃0(x) = 1, X̃n(x) = x
1−p
2 J p−1

2
(λnx), n ∈ N,

J p+1
2
(λnl) = 0
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Solution of the Problem 1

un(y) =


ϕn

√
(αy)1−q4n(α,y)+ψn

√
(βy)1−qAn(y,β)

4n(α,β)
√

(αβ)1−q
, y > 0,

ϕn

√
(−αy)1−qBn(α,−y)+ψn

√
(−βy)1−q4n(−y,β)

4n(α,β)
√

(αβ)1−q
, y < 0,

where

An(y, β) =
(
−J q−1

2
(iλnβ)J 1−q

2
(iλny) + J 1−q

2
(iλnβ)J q−1

2
(iλny)

)
i,

Bn(α,−y) = −J q−1
2
(λnα)J 1−q

2
(−λny)+J 1−q

2
(λnα)J q−1

2
(−λny),

4n(α, β) = iJ q−1
2
(λnα)J 1−q

2
(iλnβ) + J 1−q

2
(λnα)J q−1

2
(iλnβ)
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Uniqueness Theorem

Theorem.
If there exists a solution of the Problem 1, then it is unique if and
only if condition

4n(α, β) = iJ q−1
2
(λnα)J 1−q

2
(iλnβ) + J 1−q

2
(λnα)J q−1

2
(iλnβ) 6= 0

holds for all n ∈ N0 := N ∪ {0}.

ZAITSEVA NATALYA VLADIMIROVNA MPDSIDA–2023



THANK FOR YOUR ATTENTION!

ZAITSEVA NATALYA VLADIMIROVNA MPDSIDA–2023


