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Brief review: IHS and IB



Family of confocal quadrics



Integrability of confocal billiards



Complete list of flat confocal billiards



Geodesic flow on an ellipsoid 
and billiard in an ellipse



Billiard book: example 1



Billiard book: example 2



Billiard book: CW-complex 𝑿𝟐 with permutations



Incorrect billiard books

• 1. Non-commuting permutations
on two quadrics for a vertex 𝑒0. 

Example: 
non-convex” 3𝜋/2 angles 

• 2. Vertices of the CW-complex 
correspond to orbits 𝑂𝜎1 𝜔1

and 𝑂𝜎2 𝜔2

of the pair of two permutations
on two quadrics 𝑂𝑥, 𝑂𝑦: 

• Ox: 𝜎1, 𝜎2 ;    Oy: 𝜔1, 𝜔2 ; 



Multi-dimensional case: quadrics

• Family of confocal quadrics 𝑄𝜆 in 𝑅𝑛

𝑥1
2

𝑎1 − 𝜆
+⋯+

𝑥𝑛
2

𝑎𝑛 − 𝜆
= 1, 0 < 𝑎𝑛 < ⋯ < 𝑎1

• n =3: 
• an ellipsoid for 𝜆 < 𝑎3,

• a one-sheet hyperboloid 
for a3 < 𝜆 < 𝑎2, axes O

• a two-sheet hyperboloid 
for a2 < 𝜆 < 𝑎1.

• Ԧ𝑥 = 𝑥1, … 𝑥𝑛 : ∀𝑥𝑖 > 0 → (𝐸𝜆1, … , 𝐸𝜆𝑛).



Examples of confocal domains



Definition. Hausdorff topological space 𝑋𝑛 with a collection 
of maps 𝜙𝛼

𝑘 ∶ 𝐷𝑘 → 𝑋 is called a CW-complex if  

• the restriction 𝜙𝑖
𝑘ȁ𝐼𝑛𝑡 𝐷𝑛 of each 𝜙𝑖

𝑘 to the interior of 𝐷𝑘 is 
an embedding, 

• 𝑋 is a disjoint union of cells 𝑒𝑖
𝑘 = 𝜙𝑖

𝑘(𝐼𝑛𝑡 𝐷𝑘): X = 𝑖,𝑘ח 𝑒𝑖
𝑘,

• 𝜙𝑖
𝑘 𝑆𝑘−1 = 𝐼𝑛𝑡 𝐷𝑘 ⊂ 𝑗=1ڂ

𝑠 𝑒
𝑖𝑗

𝑘𝑗 for a finite 𝑗 and 𝑘𝑗 < 𝑘.

• 𝑊 ⊂ 𝑋 is closed  ⇔ (𝜙𝑖
𝑘)−1 𝑊 ⊂ 𝐷𝑘 is closed ∀𝑘, 𝑖.

• In a neighb. 𝑈𝑥 of 𝑥 ∈ 𝜕𝑒𝑛 the closure 𝑒𝑛 is equivalent to 
𝑉𝑘 × 𝑅𝑛−𝑘 for a neighbourhood 0 ∈ 𝑉𝑘 ⊂ 𝑅𝑘.  

• Such finite CW-complexes are polyhedral complexes.

CW-complexes. Polyhedral complexes



• n =2 ⇒ n-1 = 1,  n-2 = 0.    For 𝑘 ≥ 3: 𝑒𝑛−𝑘are empty. 
Gluing 𝑒𝑖

2 along 𝑒1 with 
commutation conditions ∀𝑒0.

• Comm. conditions: 
to provide continuity 
of reflection of a ball

• n =3:  gluing 𝑒𝑖
3 along 𝑒2, comm. cond. ∀𝑒1.   𝒆𝟎 = 𝑒𝑛−3- ?

Each 𝑒𝑗
2:  𝜋 𝑒𝑗

2 ⊂ 𝑄𝛼 ,  is equipped with 𝜎𝑗. 

• Math. Induction: having tran codim = 2 \sim dim = 1  

Billiard books as CW-complexes (1)



Billiard book is a CW-complex w. a projection 𝜋: 𝑋𝑛 → 𝑅𝑛 s.th.

1) projection 𝜋 is continuous, 

2) restriction of 𝜋 on closure 𝑒𝑖
𝑛 is a bijection and isometry, 

3) Projection of each 𝑒𝑖
𝑛 is a confocal n-dim flat domain

4) Each 𝑒𝑛−1 is equipped with a cyclic permutation

5) Each 𝑒𝑛−2 ⊂⋂𝑒𝑖
𝑛−1 which are projected on two quadrics 

𝐸1, 𝐸2 is equipped commutativity condition of two 
permutations correspond to these two quadrics

6) For each cell 𝑒𝑛−𝑘 of codim k the set of cyclic permutations 

on n-1-facets 𝑒𝑖
𝑛−1 incidental to it acts transversely on the set 

of n-cells incidental to it. 

Billiard books as CW-complexes (2)



• Phase space of 𝑋𝑛 (glued from 𝑒𝑖
𝑛) is glued from 𝑇∗𝑒𝑖

𝑛. 

• Inside an n-cell motion is lifted from 𝑅𝑛

• Reflection law at 𝑒𝑛−1: generalization of standard reflection

• 𝑥 ∈ 𝑋𝑛,   𝑒𝑖
𝑛 ∩ 𝑒𝜎 𝑖

𝑛 = 𝑒𝑛−1 : on quadric 𝐸𝛼. 
𝑖, 𝑥, 𝑣1 ∼ 𝜎 𝑖 , 𝑥, 𝑣2 :

• Phase space of a billiard book is foliated into common level 
surfaces of the Hamiltonian 𝑣 2 and n-1 first integrals.

Billiard motion on a book



• Theorem. Let transitivity condition for each 𝑒𝑛−𝑘 of dim 
0 ≤ 𝑛 − 𝑘 ≤ 𝑛 − 1 is true (action of group generated by of 
cyclic permutations on n-1-facets). Then

• Each cell 𝑒𝑛 containing 𝑒𝑛−𝑘 in its boundary appears exactly 
k times in this set,

• Set of cyclic permutations can be uniquely partitioned into 𝑘
permutations 𝜎1, … , 𝜎𝑘 corresponding to quadrics 𝐸1, … , 𝐸𝑘
intersecting on 𝜋(𝑒𝑛−𝑘),

• Let a path from the cell 𝑒𝑛 to the cell 𝑒𝑛′ exists through a 
chain of cells 𝑒𝑛 = 𝑒0

𝑛, 𝑒1
𝑛, … 𝑒𝑘

𝑛 = 𝑒𝑛′, where two 
neighbours are incidental by n-1-facets 𝑒1

𝑛−1, … , 𝑒𝑘
𝑛−1

containing 𝑒𝑛−𝑘 and are projected on pairwise diff. quadrics 
𝐸1, … , 𝐸𝑘: 𝜋 𝑒𝑠

𝑛−1 ⊂ 𝐸𝑠. Then for each order 
𝐸𝜙(1), … , 𝐸𝜙(𝑘) of quadrics there exists a path 
𝑒0
𝑛, Ƹ𝑒1

𝑛, … Ƹ𝑒𝑘
𝑛 = 𝑒𝑛′ from the cell 𝑒𝑛 to the cell 𝑒𝑛′ of the 

same umber of steps s.th. 𝜋( Ƹ𝑒𝑠
𝑛−1 ⊂ 𝐸𝜙(𝑠)).

Correctness of the definition



Invariant of a foliation on isoenergy surface 𝑸𝟑



Liouville theorem: example



Liouville tori and their bifurcations: examples



Nondegenerate singularities of IHS (1)



Nondegenerate singularities of IHS (2)



Example of nondegenerate singularities in 𝑸𝟑



• 2 d.o.f.: (𝑀4, 𝐻, 𝐹): nondegenerate corank 1 singularity  is a 
product. “Atom” is a 1-parameter family 𝐻 = ℎ, 𝐹 ∈ [𝑓0 −
𝜖, 𝑓0 + 𝜖] of Liouville tori and one singular fiber

𝑉2 × 𝑆1 × 𝐷1

𝑘 equilibria,   perm.  𝜎 ∈ 𝑆2𝑘 , 𝜏 = 12 34 … (2𝑘 − 1,2𝑘)

• n d.o.f.:   𝑀2𝑛, 𝐻 = 𝐹1, 𝐹2… ,𝐹𝑛. 
Nondeg. corank 1 singularity is a foliated level surface in 𝑀2𝑛

𝐹1 = 𝑓1, … , 𝐹𝑛−1 = 𝑓𝑛−1, 𝐹𝑛 = 𝐹 ∈ [𝑓0 − 𝜖, 𝑓0 + 𝜖]

• Singularities of direct product type: 
𝑘 𝑇𝑛 → 𝜉𝑛 → 𝑠 𝑇𝑛 = 𝑇𝑛−1 × 𝑉2

Nondegenerate singularities 



Billiard realization of nondeg. sing: dim = 2

Theorem (Vedyushkina, Kharcheva, 18): for an atom w. k 
equilibria and permutations 𝜎, 𝜏, the book consists of 2k cells 
glued by their focal (x = 0) and elliptic boundary edges. 



Billiard realization of direct product atoms

• Theorem. Each direct product type atom of system with 3 
d.o.f. Can be topologically modeled by a billiard book. 

• It is  is glued by 2k items of a standard domain, bounded by 
coordinate planes, ellipsoid and 2 diff. type hyperboloids

• Integrals: two confocal quadrics 
(Jacobi-Chasles theorem)





Thank you 
for your attention! 
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Russian Science Foundation, 
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