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Statement of the problem

A . O
e P= P(X,—Ihaxj is a pseudodifferential operator on a manifold X

 h isasmall parameter

* Consider the equation Py=Au or —ihgl:+ Pu=0

* Asymptotic solutions as h — Q are given by Maslov’s canonical operator
* What to do if the equation has degeneration or singularities?



Uniformization

*M isa C” manifold; G isacompact Lie group
* (g,m)+— g-m Iisasmooth action of G on M

X =M/G isthe orbit space (a stratified manifold)

Space of smooth functions: C*(X)=C"(M)°
Sobolev spaces: H*(X):=H*(M)®, L(X):=H’(X)
P:C*(M)—>C~*(M) isa G-invariant (¥)DO on M

[I5:7?| isa (w)bOon M ]

C™(x)




Example

let M=R°3y=(y,Y,)
G =§S! acts by rotations on M
@ > rotation by the angle @ counterclockwise

X=M/G=R, =[0,0)>X

2 2
M_)X P:—hZAZ—h2(82+82j
yio Yt Ya 5 W
4 P=-h"—"x
OX OX
Shallow water equations
o'n 0( 0On
17 is the free surface elevation — —(X) =0
ot® ox\' oXx

depth



General Problem

We need to construct semiclassical asymptotics
on M invariant with respectto G

How to ensure the G -invariance?
Semiclassical asymptotics are provided

by the canonical operator

— we need to consider its structure



Reminder: Canonical Operator as a Black Box

Main geometric objects:

e Lagrangian manifold AcT M

* Measure (volume form) du on M
Quantization condition:

ilia)l}-l- ind =0 mod4 (0" = pdq)
7h
Then one can define the canonical operator

K=Kuau :Co (A) > C (M)

he(0,1], h—0, isasmall parameter



Main Properties: Commutation Formulas

Considera ¥DO H =H(x,—iha,hj, H(x,p)=H,+hH, +...
Then 2

e HKA = K(HO\A A)+O(h) (first commutation formula)

* If Hgy, =0 and £, ,(du) =0, then

HKA =—ihK (TTA) +O(h?)

(second commutation formula), where I1 is the transport operator,

M=V(H)+iHy . Ho =H 3 TH )
- 245 0x.0p

]

Key question: [When is KA G-invariant?J




G-invariant canonical operator

* It suffices to require g-invariance, where ¢ is the Lie algebra of G:

Seg=V, eVectM v.(u)=0 V<ieg

* We canwrite  H, =—ihv,, H.(x p)=a'(v,).
* Let us use the commutation formulas:
1)  H.KA=0 modO(h)
[ H.(x,p)I,=0 ] =V (Hg) is tangent to A = A is G-invariant
2) H.KA=0 mod O(h*) = A is constant on G-orbits

This leads to a well-known construction



Momentum Map

* General: G:W, W isasymplecticspace, V :g— VectW;
7:W — g isamomentum map if
H.(z) =(7(z),&) is the Hamiltonian of V(§) V&eg
If 0 is a weakly regular value, then 771(0)/G =W // G
(symplectic reduction, Marsden-Weinstein 1974)
* In our specific case:

7=TM—>g, z(xp)¢&)= Hg(x’ p) = wl(vé)’

® 77 (0)cT M isthe set of weakly regular points

®:=®d/G isthereduced phase space



Lagrangian manifolds

 We have a Lagrangian manifold A c ® < 7 (0).
* This manifold is projected into a Lagrangian manifold L c .
* We can proceed from K, ,, to K, where dg®dh=du
(dh is the Haar measure; d i is assumed to be G -invariant).
A satisfies quantization conditions iff so does L .

K B=KdnA

(L.da)

where A is the lift of B as a function constant along the orbits.



Example: 1D (half-line)

M=R°>y=(y,Y,) G=S8t X=M/G=R, =[0,0)3>Xx

2 2
M — X yHylzyz

T 3 (y,&) T°X 3(x,p)

* Momentum map P, = Yi5, — ¥.&
* Singular points  {dp, =0}={(0,0)}

* &=p ' (0)\{0,0} ={y=71-n(p), &=p-n(p), n°+p° >0}
COS ¢
n(¢)=( j

Ssing



Example (half-line): continued

~/

* Thus, we have @ =p '(0)\{0,0} ={y=7-n(p), &=p-n(p), n°+p*>>0}
(o) :(coswj

sing
* The reduced phase spaceis: @D :{(7, )}
o =Edy = pdp o’ =déEAdy=dpadn

P> @Q+7r, N -N, g ¢
(the point remains the same). We are interested in: [ 0>0, ne(-11) ]




Example (half-line): continued

* Now consider a Lagrangian manifold L c ®
. o =déandy=dpAdn=(p,7) are Darboux coordinates on 0
* Consequently, L can be given by generating function ¥ (#,68) as follows:

oY

C, ={(77,9)I ?’g=0}; L ={(n,p)\p=an, (17, 0) quj}

* Now S(V,8,0)=F(y,n(p)),8) isagenerating functionof Acdc=T M

* Canonical operator on A:
. (m1)/2 i
[ -S(y.0,9)
KaanAlY,h) = (272?1) “eh (AVF)(y,0,0)ded6

e The i W (y.n(p)),0) - |yl
The integral Jeh a((y,n(p)),0)de €an be expressed via Jo,l( h )



Application:
Shallow water equations



Statement of the problem

D(X) is defined in a neighborhood of K_ZO

D(x) >0 in Q,
D(X) < 0 outside Q, @

VD(x) = 0 on 0Q,

(Basin with a smooth shallow beach)

e+ (V. (D(z) +n)u) =0, u+ (u,Viyu+gVn=0, tc][0,T],
=1 (), uf_y=u"(z)

x e Q, ={x| D(x)+n(x,t) >0}

n ‘r:[:l

Cauchy problem for nonlinear shallow water equations
ut® = 0, 77(0) localized: piston model of tsunami generation



Linearized problem

* The linearized problem has the form
n+(V,D(X)uy=0, u +gvn=0, te[0,T], xeQ,

0 0
Y ‘f_:[_] — ‘r?{ }('I)'.' u L_‘_:I:I: 'I_l{ }(;E)

and can be written as a system with the matrix

L = (QV ) )



Main Theorem about the Linearized Problem

Theorem

The problem

Lu=v, U _, =U,

t=0
where U, € C*(Q,) and veC”(Q,x[0,T]), has a unique solution
ue COO(S_ZO x[0,T]).

The operator

o &)f V O [)(i")
< = (g\— O, )

degenerates on the boundary, and to study it, we need uniformization.



Reduction to a single equation

First, we proceed from the original linear problem to a Cauchy problem for a
scalar second-order operator.

ne + (V, D(x)u) = fi(x,t), w+gVn= fa(x,t),

= n9(z), u |r.:|:1: u? ()

U

me — (V,gD(x)Vn) = fue —(V,D(x)f2), 1 ‘t:[,: ??(m: yr ‘z:ﬂ: f1—(V, Du[m}

n ‘ t=>0

i
0 :
u=u" +/D (f2—gVn)dt (reconstructed once 77 is known)

The velocity c(z) =+/gD(x) in this wave equation vanishes on the boundary, so
we need to study well-posedness of the problem and smoothness of solutions



Uniformization of the linearized
equations and their analysis



* |dea of uniformization: lift a degenerate equation to a higher-
dimensional manifold, where the degeneration disappears or
becomes weaker...

* Let us describe the general uniformization procedure for operators
with Bessel type degeneration on the boundary



Class of operators

X asmooth compact 71-dimensional manifold with boundary 9X andinterior X° = X \ dX

dvolx avolumeformon X ;we consider only local coordinate systems consistent with it

U ~ [U. i) x OX 3 (x1.2") acollar neighborhood of the boundary

We consider differential operators of the divergence form L=— (V,B(x)V), where

B(x)=B'(X)>0, Xe X, and B(zx)=xA(zx), AX)=A(X)>0, xeX.
In L?(X,dvolx), will always be viewed as a closure from ('*°(X)
(=Friedrichs extension from  C5°(X?)).

- riL—1y. , )
e Cauchy problem Ut + Lu =10, Uli—g = V(h™ " (z — x20)), ttli—p = 0
* Eigenvalue problem Ly = AV

—h2uy — Hu =0
Ho = v
H = h2L = (—ihV, B(z)(—ihV))

* More convenient: multiply by h2 (= ﬂv—l)




Manifold with Boundary as the Space of s-Orbits

The simplest example
P P General case:

[-1,1] =S°/S" In a manifold with boundary,
take a collar neighborhood
(St acts on S* by rotations U (dashed) of the
about the polar axis) boundary




Consider the open disk
D* ={yeR*: y* <1}, oy’ =yi+us.
Define a closed manifold M and a smooth projection 7: M — X:
(X%~ S x X°, (¢, ) = x;

' (U) ~ D x §X, m(y,2') = (y° /4, 2").
Transition map over U° = X° N U.:

Y:S' xU® — (D*\ {0}) x X,

(o, 1) = (2y/T1n(¢), z'), where n(¢) = (cos ¢, sin ) ' .

There is a natural semifree action of S' on M with orbits the fibers of 7, and

X =M/s'

Well known in topology; we need the specific smooth structure of the projection .



Lift to M of boundary degenerate operators on X

C(X) ~ C’OO(J\/[)Sl (the subspace of S'-invariant functions in C*°(M)).
P:C™(M)— C>®(M), [P,S']=0= Pis called a lift of L = P|cex).

Let L=—(V,B(z)V), B(x)=zA(zx), Az)=A'(z)>0.

82

Define P =1L — f(;U)aTéQ

on 7w (X°)~S'xX° o f(x)=bi(x)/(4z7).

THEOREM 1. P is a lift of L. In local coordinates (yi,y2,2") on w7 *(U),
P = _<Y7A(y2/47 xl)Y> o <ZvA(y2/4v ZC,)Z>,
where Y = (Y1,... ,Yn,)T, Z = (Zi,... ,Zn)T;

0 lei, vy — 2=

Y1 = —,
! oy Yo

The operator P s hypoelliptic.




Simplest one-dimensional examples

* Let 7 be a solution of the degenerate wave equation

2 o
S (Tg?): 0, x € [0, 00)

at? Ox

wave equation with constant velocity
O’N 9N N

o oy oy

2 2
T :{'jd —I_rlij.- . . . .
Then N(y.t)= ??gj — "'}-.f) is a radially symmetric solution of the

0, y € R?

[Thus, run-up waves are reduced to waves away from shores]




* Similar picture holds for shallow wave equations themselves:

M+ (I“')-?? =0, U + 1, =0, x>0
Consider the functions

. y? + 2 ) Y1 + 1y yi + 5
N(y.t) = n("" ”u-.t)ﬂ W(y,t) = 2 "fz'u-(‘;' Jﬂt),. y = (y1.92) € R”

4 2 4

They satisfy the system of equations

d (N) _ ( S0 —f‘;—L) (N) (Dirac equation for
ot \W o i 0 W)  electrons in graphene)

Set W, =ReW, W, =ImW ; then we obtain the two-dimensional linear
shallow water equation with a constant bottom

ON oWy OW, _ OWy ON _ . W, ON

+ Pa P H ‘ P M Pa + P _
ot dy Dy ot Ay ot dys

. .. . AW W5
and with the potentiality condition — - —1=0
dya O




2D shallow water equations in the half-plane

e Now let n(a,t),ui(x,t),us(x.t) be asolution of the linear shallow
water equations in the half-plane:

T + (I]'U,]_);rl -+ (:1'1'1!-;3)3;! = [} Uty -+ ?}',g:l = [} Uy + 'F_I;r_: = U I E 0
Then the functions

2

i yi + yit+vys  (yit+ys
N(y,t) = n(“h 1 ""*zyajt)-. Wiy, t) = 2 1 J‘}"U-z(Jl 1 J‘Zvyﬁ-f)

) Y1 + 11 2+ 3
Wy, 1) = Waly. 1) + iWa(y. 1) = 20 ﬁ"”"(Jl :Jg*“‘f)

satisfy the system of equations
ON N W, . AW, N oWy
ot 3’51 33‘;2 33‘;3 -

y = (y1,y2,y3) € R
OW- ON AW AN AW 2 212 ON
L —0 2 4 —0 3 Uity

=0, = (), = ()
ot dyy - ot Ay ot 4 Oy,
and the potentiality conditions
oW, oW ou;  Ou y? + ys5)? OW; aw. ow, W
, 2_{ L : 1:f_3:,(J1 Y3) ,;:yj Y= 3+3’;2, 3 W3 ?
dlj] dlj; dTg dI1 4 dyi E)yl d’ijg 2

j=1,2



* Thus, we obtain «almost» shallow water equations in 3D. For the
wave equation, we obtain

N 0°N N  yi+y3*N

: — =0, y = (Y1, 92, y3) € R
2 z"}yf 83‘;5 A E-,]y% y = (Y1, Y2, 3)

* This equation is still degenerate for y, =y, =0. But this
degeneration is of weaker type than that of the original equation.
The vector fields

i, i y]i* ygi and their commutators generate the entire

dyr Oy " dys "y

tangent space at each point (the spatial part is hypoelliptic in the
sense of Hormander—Oleinik—Radkevich). We will see that for such
equations one can construct asymptotic solutions by the usual
canonical operator: the trajectories of the Hamiltonian system no

longer hit the degeneration set of the symbol.



Asymptotic Solutions of the
Degenerate Equations.
Symplectic Reduction



Ly = 0’7

d d
L:——DX—, X e —1,1
» ()dx (-11)
D(x) degenerates on the
boundary
Hamiltonian

H (x, p) = D(x) p’

Difficulty: the Lagrangian
manifold is singular (improper
projection onto the base)
What to do?

1.0

Singular Lagrangian manifold A, (blue line)
and the bottom profile (yellow, dashed)



P Left end (x=0) Q

Vucasinac—Zhevandrov 2002
change of variables g = 1/p '

It remained to do one simple step...

S. Yu. Dobrokhotov, V. E. Nazaikinskii, B. Tirozzi, Algebra i Analiz, 22:6, 67-90 (2010).
V. E. Nazaikinskii, Math. Notes, 89:5, 749-753 (2011).



. 0= p°Xx, . .
We have the canonical P This transformation
transformation 9: (X, p) = (4,q), ° q= —i. regularizes the problem
' P
It can be defined oD oD with generating X
0=— X, q), = —X ) ) = ——
by the formulas og x.Q). P OX (x.0) function (x.9) q
The Fock quantized canonical
transformation is
T(g)ul|(x) = /H(_I. O u(6) do J, is the Bessel
function
- 1 > _i({_g)dq 1 (QVIH)
== - h\gq 19/ - = —_-_)T .
[h{r.ﬁ) 5 fﬁct p Lo\,

Thus, we have the Hankel transform instead of the usual Fourier transform



Extended phase space and the Lagrangian manifold

____———'___ . - . ||I IR
o o . / (T
e ! .-".I / II'. )
- - . [
e - | L
o e ] J
= = o - |' I| "-.
o j \
e | \
= - { | \
— ’ ¥ \
> | \ \
T / ! K
- ) - I.' '.II
— / \
.'"I
\
-~ ! %
-~ ! Y
____.-" ,n'.l
/ \

D = RZ \{(_1’ 0)1 (11 O)}




Example
X =[-11], M =S?

0 2 O . . :
L:—&(l—x )& Eigenfunctions=Legendre polynomials P, (X)

Canonical operator gives the asymptotics

P (c0s6) ,/ﬁ%((m +1/2)0)+O(L/ m)

X3

E. Hilb, Uber die Laplacesche Reihe, M. Zeitschrift, v. 5, pp. 17-25. (1919)



Example: Bessel functions of integer index

Reminder:

2 )
. od®v(r do(r + |
Equation 2470(r) + 7 (r) + (r? =n*)v(r) =0
dr? dr | |
Integral | J-n(?‘“) _ 1 ﬁ__i(rﬁinﬁ—nﬂ] 16
representation ‘ 2

Let us pretend we do not know the integral representation and try to obtain
the asymptoticsas N —> 0 and/or I —> ®©

N=0 the case considered above; N> (0 more general case



General Oscillating Integrals

* Nondegenerate phase function ®(.r, ) definedon V' C R? x R}" :
the differentials d(®y, ), . ... d(Pg ) are linearly independent on

Cy = {(x,0) € V: Bp(x.0) = 0}
* Lagrangian manifold A, =3, (C,),
19: Cp — R . (r.0) = (2, P (2. 0))

(:r.._p}? /
 Oscillating integral _m
4 i
KAl ) = [ m OB ) dby
72'/,[ Rm

B(x.0.p) = |Fla,a0) (. 0)|"2A(y(x. ). )

(;E. 9) — CT(I, [L. Hérmander (1971) ]

Fourier integral operators

J3(do) ANd(Pg, ) A--- Ad(Dg,, )
dry N -~ Ndaw, NdBy N ... d6O,,

Fi® d0) =



Universal Phase Function and the Main Formula

* Lagrangian manifold Ac R

2n

X =

(x,p)’

X(a),p=P(a), a =(«,...,a,) loc. coord.

* Action 7(a):dr=(P,dX), measure (volume form) do=oc(a)da, A...Ada,

Universal phase function
S(X,a)=1(a)+{(P(a),x— X(a))

* Local canonical operator:
a,e A, rank X (o)) =k = a=(0,0)=(4,....4.6,....0,), rank X, =k

[1(¢,0) X, (9,0) = E (leftinverse);

(a,by=>apb,
j=1

(I, x—X)=0 = ¢ =¢(X,0)
)

4 ®(x,0) = S(X, ¢(x,0),0)
IR0 =S [er™ (o detM ) AY(p(x,6).6) 46
S (271)

J

M (4,0) =(IT°(4,6) P,(4,0)I1(4,0)X,(4,6))



X =(X,X,) eR? (r,p) polar coordinates

- r
Consider the function  U(X, 1) = e'n(pJn {—j, n= 7
H H
Hu=—z’Au=u Hy(x.p) = p® = pi +p3
n .0 .0 Ho(x.p) = w199 —
Hu=Xx!| -1u— lu=X| -1lu— lu=ru 2(a,p) = w1p2 — wap1
2 1[ :Uaxzj 2[ ,Uaxlj Y

[Hamiltonians in involution; “Liouville” Lagrangian manifold (their common level) ]




Lagrangian manifold Parametric description:
= X(a,v) = an(y) —yn' (),

p= Pla,v) =n(v),
aeR, eSSt

Ay ={(r,p) eR*: p* =1, w1pa — wap1 = 7}

a=0
focal points




Canonical Operator in Eikonal Coordinates

Assume that on a Lagrangian manifold A one has dz ={(P,dX) #0.

Then there exist functions ¥ = (Wy,.., ¥, 1) on A such that
(T,W) are local coordinates on A

X=X(r,w), p=P(z,p) Define 7=7(X, )
Assume that det(P Pw);éO. (P(z,w),x=X(z,p)) =0

[ Eikonal coordinates ]

let 0 =0(7,)¥) be the density of the measure do=ocdrAdy, A---Ady,,

. (n-1)/2
[K 1 4oy Al(X) = (waj jeﬂA(T w)Jodet(P P,) | .., dvi--dw,



Action (eikonal)

t(ay)=a+yy

(7,) eikonal coordinates

det(P P,

)=1

do=daAndy =dr Ady invariant measure

. (n-1)/2
[K .oy AI(X) = [ ﬂj € Ae.y) Jodet(P P

(P,x—

X)=0 =

(X, ) ={n(yw),X) + yw

A=1 solution of the transport equation

d l//n—l

r=1(X, t//)

'(n( ) X)+
[K(Ay,da)l](x) ( j S

Jn (1)

_ 1 fﬁi(rsinﬁ—naj 16

7T
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Thank youl!
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