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Constrained Problem of Three Magnetic Vortices

Free vortices at positions rα = (xα, yα) are characterized by intensities Γα and polarities
λα, which take values +1 or −1. The topographic vortex with is fixed at the origin point.

Γαẋα =
∂H

∂yα
, Γαẏα = − ∂H

∂xα
, H =

Γ1

λ1
ln |r1|+

Γ2

λ2
ln |r2|+

Γ1

λ1

Γ2

λ2
ln |r1 − r2|, (1)

P4 =
{
(r1, r2) | r21 ̸= 0, r22 ̸= 0, r1 ̸= r2

}
.

Lie–Poisson bracket:

{f, g} =

N∑
α=1

1

Γα

(
∂f

∂xα

∂g

∂yα
− ∂f

∂yα

∂g

∂xα

)
. (2)

Additional integral of motion:

F = Γ1r
2
1 + Γ2r

2
2. (3)

Total vortical moment:

Mc = Γ1 (x1ẏ1 − y1ẋ1) + Γ2 (x2ẏ2 − y2ẋ2) = −Γ1

λ1
− Γ2

λ2
− Γ1Γ2

λ1λ2
.
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Constrained Problem of Three Magnetic Vortices
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Liouville–Arnold Theorem
Let us consider a completely Liouville integrable system with n degrees of freedom. The
common level surface

Tf =
{
x ∈ P2n | Fi(x) = fi, i = 1, n

}
is a disjoint union of several connected components (fibers/leaves). The fiber is regular if
dFi are linearly independent at each of its points. Otherwise, the fiber is singular.

Theorem
If Tf is regular:

Tf is a smooth n-dimensional submanifold in P2n invariant under the flows
sgradF1, . . . , sgradFn;

fibers are diffeomorphic to a quotient of Rn with respect to the lattice Zk;

if the fiber is compact, it is diffeomorphic to an n-dimensional torus Tn

(Liouville torus).

The decomposition of the phase space P2n into connected components of common level
surfaces is called a Liouville foliation.
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Singularities of Hamiltonian Systems with 1 DOF

Connected components of common level surfaces: R1 (noncompact), S1 (compact).

center saddle

+ +
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A
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Fomenko invariant

(rough molecule)

Classification of compact nondegenerate singularities
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Rank 1 Singularities in the Case of 2 DOF
Connected components: T2 (compact); Cyl or R2 (noncompact).
Momentum (integral) map:

F : P4 → R2(f, h), F(x) = (F (x), H(x)) .

The set of critical points of the map F of rank m < 2:

Cm = {x | rank dF(x) = m} .

3-atom A 3-atom B 3-atom A*

1@�AґS 1@�BґS

V. V. Vedyushkina, A. T. Fomenko, Integrable topological billiards and equivalent dynamical
systems, Izvestiya: Mathematics, 81:4 (2017)

8 / 22



Critical Points of the Momentum Map

The set of critical points C = C0 ∪ C1:

C0 = ∅, C1 = {(x1, y1, x2, y2) | F1 = 0, F2 = 0} .
F1 = x1y2 − x2y1,

F2 = x1x2

[
(x1 − x2)

2 + (y1 − y2)
2
] [
λ2

(
x2
2 + y22

)
− λ1

(
x2
1 + y21

)]
+

+
(
x2
1 + y21

) (
x2
2 + y22

)
(x1 − x2)(Γ1x1 + Γ2x2).

In polar coordinates

x1 = ρ1 cos θ1, y1 = ρ1 sin θ1, x2 = ρ2 cos θ2, y2 = ρ2 sin θ2,

C is given by solutions of two systems{
W (ρ1, ρ2) = 0,
θ1 = π + θ2,

{
W (ρ1,−ρ2) = 0,
θ1 = θ2,

(4)

W (ρ1, ρ2) = (ρ1 + ρ2)
(
λ1ρ

2
1 − λ2ρ

2
2

)
+ ρ1ρ2(Γ1ρ1 − Γ2ρ2),

and W (ρ1, ρ2) is a homogeneous polynomial of degree 3 in variables (ρ1, ρ2).
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Critical Circles
Let k = ρ2/ρ1, then W (ρ1, kρ1) = 0 can be written as

λ2 k
3 + (Γ2 + λ2)k

2 − (Γ1 + λ1)k − λ1 = 0. (5)

The critical submanifolds can be parameterized:

Πi(ti) :

{
x1 = −sgn ki cos θ2 ti, x2 = |ki| cos θ2 ti,
y1 = −sgn ki sin θ2 ti, y2 = |ki| sin θ2 ti,

θ2 ∈ [0; 2π], ti > 0.

0

+

q1

r1

r2

k = 1

k =�ki

k = -1

Singular periodic motions in the case θ1 = π + θ2.
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Stability of Critical Motions
Let us write equation (5) as

A(k) = B(k) k2, A(k) = Γ1k + λ1(k + 1), B(k) = Γ2 + λ2(k + 1),

and let

Ci = A2
i − (k3i + λ1λ2)

2.

Theorem
Singular periodic motions Πi are of elliptical (“center”) type if Ci > 0 and of hyperbolic

type (“saddle”) if Ci < 0. If Ci = 0, the singularity is degenerate.

Let Q3
h = {x ∈ P4 | H(x) = h} be an isoenergetic surface.

Theorem

The quadratic form defined by the Hessian of the function F |Q3
h
(x0), x0 ∈ C1, has the

following eigenvalues:

µ1 = 0, µ2 =
2Γ1Γ2

Bi

k2i + 1

ki(ki + 1)
, µ3 =

2Γ1Γ2

Bi

ki + 1

k3i
Ci.
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Bifurcation Diagram of the Momentum Map
The bifurcation diagram is the set of critical values:

Σ = F
(
C ∩ P4

)
⊂ R2(f, h), Σ =

⋃
i

Σi, Σi = F(Πi).

If Mc ̸= 0

Σi : hi(f) =
Mc

2
ln

[
sgnmi

f

]
+

ηi
2
,

mi = Γ2k
2
i + Γ1, ηi =

Γ1Γ2

λ1λ2
ln(ki + 1)2 +

Γ2

λ2
ln k2i +Mc ln |mi|,

Let D be the discriminant of equation (5). If Mc = 0, then

D < 0 ⇒ Σ = Σ1 :
{
(f, h) | f sgnm1 > 0, h =

η1
2

}
,

D > 0 ⇒ Σ = Σ1 ∪ Σ2 ∪ Σ3, Σ2 =
(
0,

η2
2

)
, Σ3 =

(
0,

η3
2

)
,

D = 0 ⇒ Σ = (0, ln 16).
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Coincidence of Images of Critical Circles
Consider the system with the following parameter values: Γ1 = γ, Γ2 = −1, λ1 = 1, λ2 = −1,
where γ < γ∗,

γ∗ = −1

6

(
4 +

3

√
1261− 57

√
57 +

3

√
1261 + 57

√
57

)
≈ −4.219136248742.
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Coincidence of Images of Critical Circles

The bifurcation diagram of the momentum map Σ consists of a union of images Σi = F(Πi)
of three critical circles Πi, i. e.

Σ = Σ1 ∪ Σ2 ∪ Σ3.

Σi : hi(f) =
2γ + 1

2
ln(−f) +

ηi
2
,

ηi = ln k2i (γ) + γ ln [ki(γ) + 1]
2 − (2γ + 1) ln

[
k2i (γ)− γ

]
.

Additional first integral

F = γr21 − r22 < 0,

thus the range of the momentum map has the boundary

Σ0 : f = 0,

and augmented bifurcation diagram

Σ′ = Σ0 ∪ Σ1 ∪ Σ2 ∪ Σ3.
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Coincidence of Images of Critical Circles

Lemma
Images Σ2 and Σ3 of critical circles Π2 and Π3 coincide if Γ1 = γ∗∗, Γ2 = −1, λ1 = 1,
λ2 = −1, where

γ∗∗ ≈ −13.552 76761 49683 66593 90987 91141 37627.
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Hamiltonian System with 1 DOF

Coordinate transformation:

x1 =
sgn (Γ1Γ2)√

|Γ1|
[u cos(α)− v sin(α)], x2 =

cos(α)√
|Γ2|

√
W (u, v),

y1 =
sgn (Γ1Γ2)√

|Γ1|
[u sin(α) + v cos(α)], y2 =

sin(α)√
|Γ2|

√
W (u, v),

W (u, v) = sgn (Γ1Γ2)
(
fsgnΓ1 − u2 − v2

)
.

Backward substitution

U =

√
|Γ1|(x1x2 + y1y2)

sgn (Γ1Γ2)
√

x2
2 + y22

, V =

√
|Γ1|(x2y1 − x1y2)

sgn (Γ1Γ2)
√
x2
2 + y22

leads to canonical variables with respect to the Lie–Poisson bracket (2):

{U, V } = −{V,U} = sgnΓ1, {U,U} = {V, V } = 0.
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Hamiltonian System with 1 DOF
The reduced system is Hamiltonian in terms of the variables (u, v):

u̇ =
∂Hr

∂v
sgnΓ1, v̇ = −∂Hr

∂u
sgnΓ1,

Hr =
1

2

{
Γ1

λ1
ln

[
u2 + v2

|Γ1|

]
+

Γ2

λ2
ln

[
W (u, v)

|Γ2|

]
+

+
Γ1Γ2

λ1λ2
ln

 |Γ2|v2 +
(√

|Γ1|W (u, v)− u sgn (Γ1Γ2)
√
|Γ2|

)2

|Γ1Γ2|


 .

Theorem

Let Tu,v = {(u, v) | Hr = h}, then Tx,y ≃ Tu,v × S1. Critical circles Πi are transformed
into stationary points of the reduced system:

(u∗
i , v

∗
i ) =

(
−sgn (Γ1Γ2ki)

√
|Γ1| ti, 0

)
.

The stationary points of the reduced system determine the set of critical points C.
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Surgery of Two Liouville Tori into Two
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Surgery of Two Liouville Tori into Two
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Degenerate Singularity
At the point γ = γ∗, there is a degenerate surgery T2 → T2

(parabolic singularity).

Fig. 10.13, p. 396: A.V. Bolsinov, A.T. Fomenko, Integrable Hamiltonian Systems.
Geometry, Topology, Classification, 2004.
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Degenerate Singularity

-0.6-0.4-0.2 0.0 0.2

-0.4

-0.2

0.0

0.2

0.4

u

v

-0.6-0.4-0.2 0.0 0.2

-0.4

-0.2

0.0

0.2

0.4

u

v

-0.6-0.4-0.2 0.0 0.2

-0.4

-0.2

0.0

0.2

0.4

u

v

(1) (2) (3)

-5 0 5 10 15
-5

0

5

10

15

f

h

-5 0 5 10 15
-5

0

5

10

15

f

h

-5 0 5 10 15
-5

0

5

10

15

f

h

BB

22T

2T 2T
2T 2

T

22T 22T

2T

B

BA

22T

*G =�g1�

*G <�g1�

*G >�g1�

21 / 22



THANK YOU

22 / 22


	0.Plus: 
	0.Reset: 
	0.Minus: 
	0.EndRight: 
	0.StepRight: 
	0.PlayPauseRight: 
	0.PlayRight: 
	0.PauseRight: 
	0.PlayPauseLeft: 
	0.PlayLeft: 
	0.PauseLeft: 
	0.StepLeft: 
	0.EndLeft: 
	anm0: 
	0.198: 
	0.197: 
	0.196: 
	0.195: 
	0.194: 
	0.193: 
	0.192: 
	0.191: 
	0.190: 
	0.189: 
	0.188: 
	0.187: 
	0.186: 
	0.185: 
	0.184: 
	0.183: 
	0.182: 
	0.181: 
	0.180: 
	0.179: 
	0.178: 
	0.177: 
	0.176: 
	0.175: 
	0.174: 
	0.173: 
	0.172: 
	0.171: 
	0.170: 
	0.169: 
	0.168: 
	0.167: 
	0.166: 
	0.165: 
	0.164: 
	0.163: 
	0.162: 
	0.161: 
	0.160: 
	0.159: 
	0.158: 
	0.157: 
	0.156: 
	0.155: 
	0.154: 
	0.153: 
	0.152: 
	0.151: 
	0.150: 
	0.149: 
	0.148: 
	0.147: 
	0.146: 
	0.145: 
	0.144: 
	0.143: 
	0.142: 
	0.141: 
	0.140: 
	0.139: 
	0.138: 
	0.137: 
	0.136: 
	0.135: 
	0.134: 
	0.133: 
	0.132: 
	0.131: 
	0.130: 
	0.129: 
	0.128: 
	0.127: 
	0.126: 
	0.125: 
	0.124: 
	0.123: 
	0.122: 
	0.121: 
	0.120: 
	0.119: 
	0.118: 
	0.117: 
	0.116: 
	0.115: 
	0.114: 
	0.113: 
	0.112: 
	0.111: 
	0.110: 
	0.109: 
	0.108: 
	0.107: 
	0.106: 
	0.105: 
	0.104: 
	0.103: 
	0.102: 
	0.101: 
	0.100: 
	0.99: 
	0.98: 
	0.97: 
	0.96: 
	0.95: 
	0.94: 
	0.93: 
	0.92: 
	0.91: 
	0.90: 
	0.89: 
	0.88: 
	0.87: 
	0.86: 
	0.85: 
	0.84: 
	0.83: 
	0.82: 
	0.81: 
	0.80: 
	0.79: 
	0.78: 
	0.77: 
	0.76: 
	0.75: 
	0.74: 
	0.73: 
	0.72: 
	0.71: 
	0.70: 
	0.69: 
	0.68: 
	0.67: 
	0.66: 
	0.65: 
	0.64: 
	0.63: 
	0.62: 
	0.61: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


