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Constrained Problem of Three Magnetic Vortices

Free vortices at positions 7, = (Za,Ya) are characterized by intensities T',, and polarities
Ao, which take values +1 or —1. The topographic vortex with is fixed at the origin point.

oH oOH Iy I
@, Faya:—a—xa, H——ln\rl\—i— ln|r2\+—1—ln|r1—7“2|, (1)

Fa.a =
* Ao
P ={(r1,m2) |7} #£0,r3 £0,r1 #72}.

Lie—Poisson bracket:

Y1 /8f 89 Of g
{fag}:; (maya—ayaax()C). (2)

Additional integral of motion:

F=Tr} +Tarj. (3)

Total vortical moment:

M. =T1 (191 — y131) + Do (w22 — yoi2) = —— — ~— —
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Constrained Problem of Three Magnetic Vortices
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Liouville-Arnold Theorem

Let us consider a completely Liouville integrable system with n degrees of freedom. The
common level surface

Ty ={z € P*"| Fi(z) = fi, i = 1,n}

is a disjoint union of several connected components (fibers/leaves). The fiber is regular if
dF; are linearly independent at each of its points. Otherwise, the fiber is singular.

Theorem

If Ty is regular:

@ T; is a smooth n-dimensional submanifold in P*" invariant under the flows
sgrad F1, . ..,sgrad F},;

@ fibers are diffeomorphic to a quotient of R™ with respect to the lattice ZF;

@ if the fiber is compact, it is diffeomorphic to an n-dimensional torus T™
(Liouwille torus).

The decomposition of the phase space P?" into connected components of common level
surfaces is called a Liouville foliation.
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Singularities of Hamiltonian Systems with 1 DOF

Connected components of common level surfaces: R! (noncompact), S! (compact).

2-atom A 2-atom B

center saddle Fomenko invariant

(rough molecule)

Classification of compact nondegenerate singularities
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Rank 1 Singularities in the Case of 2 DOF

Connected components: T? (compact); Cyl or R? (noncompact).
Momentum (integral) map:

F:P* = R*(f,h),  F(z)=(F(z),H(=)).
The set of critical points of the map F of rank m < 2:
C™ = {x | rank dF(x) =m}.

3-atom A 3-atom B 3-atom A*

~ AxS'

V. V. Vedyushkina, A. T. Fomenko, Integrable topological billiards and equivalent dynamical

systems, Izvestiya: Mathematics, 81:4 (2017)
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Critical Points of the Momentum Map

The set of critical points C = C° U C!:

c’ =0, C' = {(z1,vy1,20,92) | F1 = 0,F, = 0}.
Fi = 2192 — 291,
Fy = x129 [(561 - 1’2)2 4 o — y2)2] [)\2 (:1:% + yg) -\ (x% + yf)] ar
+ (x% + y%) (w% + y%) (1 — 22)(T121 + Toza).

In polar coordinates
x1 =prcosbty, y3 =pi1sinfy, x9 = pscosby, Yz = psinby,
C is given by solutions of two systems

W(p1,p2) =0, W(p1,—p2) =0,
91:7T+02, 91:927

W(p1,p2) = (p1 + p2) (A1p] — A2p3) + p1p2(T1p1 — Lap2),

and W (p1, p2) is a homogeneous polynomial of degree 3 in variables (p1, p2).
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Critical Circles

Let k = pa/p1, then W (p1, kp1) = 0 can be written as
Ao k2 4+ (T + Xo)k? — (T1 + A1)k — A\ = 0. (5)
The critical submanifolds can be parameterized:

0 (1) : { x1 = —sgnk;cosOst;, xo = |k;|cosbst;, 0y € [0:27], t > 0.

y1 = —sgnk;sinfat;, yo = |ki|sinfyt;,

Singular periodic motions in the case #; = 7 + 6.
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Stability of Critical Motions

Let us write equation (5) as
A(k) = B(k) k2, A(k) =T1k + M (k+ 1), B(k) =T2+ Xa(k + 1),
and let
Ci = A? — (k3 + M A2)2.

Theorem

Singular periodic motions I1; are of elliptical (“center”) type if C; > 0 and of hyperbolic
type (“saddle”) if C; < 0. If C; = 0, the singularity is degenerate.

Let Q3 = {x € P* | H(z) = h} be an isoenergetic surface.

Theorem
The quadratic form defined by the Hessian of the function F|Q’31 (zg), To € CL, has the
following eigenvalues:

2y k2 +1 20T ks +1

=0, o= A C..
M1 ) M2 Bi kz (kz + 1) ) M3 Bz k?
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Bifurcation Diagram of the Momentum Map

The bifurcation diagram is the set of critical values:

N=F(CnPY CcR¥f,h), T=J= 2i=FL)

It M, # 0
Mc SgNn m; i
¢ B 1 1
(1) = e | Eo] 2
Iy

r
m; =Tok? + Ty,  mi= ln(ki+1)2+>\—21nkf+Mcln|mi|,
2

A1 A2
Let D be the discriminant of equation (5). If M. = 0, then
D<0=X="5: {(f,h) | fsgnmy > 0, h:%},
2 3
D>0=Y =%, U5 UY;, Sp= (0, —), g = (o, ?),

2
D=0= ¥ =(0,In16).
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Coincidence of Images of Critical Circles

Consider the system with the following parameter values: I'y = v, T's = =1, A\; =1, Ay = —1,
where v < v*,
- 1 3 3
T ="5 4+ 1/1261 — 57v57 + \/ 1261 + 57V57 | =~ —4.219136248742.

Cent(:’]‘
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Coincidence of Images of Critical Circles

The bifurcation diagram of the momentum map ¥ consists of a union of images 3; = F(II;)
of three critical circles IT;, i.e.

Y =X1UXoU;3.

S hi(f) = 27;11n(—f)+%7

mi =k () +yInki(y) + 1> — 2y + 1) In [kZ(7) — ] -

Additional first integral

F=n~r?—r2<0,
thus the range of the momentum map has the boundary
Yo: f=0,
and augmented bifurcation diagram

Y =3UXUXy U ;.
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Coincidence of Images of Critical Circles

Lemma

Images Yo and X3 of critical circles Iy and I3 coincide if Ty = v**, 'y = =1, A\ =1,

Ao = —1, where

¥ =~ —13.552 76761 49683 66593 90987 91141 37627.
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Augmented bifurcation diagram X/ for v < v*.
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Hamiltonian System with 1 DOF

Coordinate transformation:

&

sgn (I T') cos(

x = T[u cos(a) — vsin(a)], Ty = NG W (u,v),
= By in ) + v cos(a), - N

7

T2
W (u,v) = sgn (I'1T2) (fsgnT1 — u® — v?).

Backward substitution

Cosen(TiDo) Va2 +42 sen(TiTa)y /22 + 42

leads to canonical variables with respect to the Lie—Poisson bracket (2):

VIT1(z122 + y192) VoV IC1[(z2y1 — 2132)

{U,V}=—AV,U} =sgnl1, {U,U}={V,V}=0.
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Hamiltonian System with 1 DOF

The reduced system is Hamiltonian in terms of the variables (u,v):

OH, OH,

U = ngnI‘l, v = —ngnI‘l,

1|0y, Ju? +02] Ty [W(u,v)}
H,—={-11 +3221 +
’ {)\1 [ T4 A2 T
2

nyry | [Pl + (VTG 0) - usgn (CaTs) yT)
n

A1 A2 T4

Theorem

Let Ty = {(u,v) | Hy. = h}, then Ty, ~ Tuw % St. Critical circles I1; are transformed
into stationary points of the reduced system:

(w;,v7) = (—sgn T2k v/Til 4, 0)

The stationary points of the reduced system determine the set of critical points C.
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Surgery of Two Liouville Tori into Two
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Surgery of Two Liouville Tori into Two
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Degenerate Singularity

At the point v = ~*, there is a degenerate surgery T? — T?
(parabolic singularity).

Fig. 10.13, p. 396: A.V. Bolsinov, A.T. Fomenko, Integrable Hamiltonian Systems.
Geometry, Topology, Classification, 2004.
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Degenerate Singularity
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