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Plan

1. Measures on a real separable Hilbert space what are invariant
with respect to Hamiltonian flows.

2. Representastion of groups in the space of quadratically integrable
with respect to invariant measure functions.

3. Random shifts operator and law of large numbers.

4. Central limit type theorem and generalized convergence of
measures.



A. Weyl theorem

Theorem. If a topological group G is not locally compact then
there is no nontrivial σ-additive σ-finite locally finite Borel measure
on the group G which is left-invariant.

Hence there is no nontrivial σ-additive σ-finite locally finite Borel
shift-invariant measure on an infinite dimensional normed linear
space.



Shift-invariant measures on a Hilbert space

Rectangles in a real separable Hilbert space E :
A set Π ⊂ E is called rectangle if there are ONB {ej} ≡ E and
∃ a, b ∈ l∞ such that

Π = {x ∈ E : (x , ej) ∈ [aj , bj) ∀ j ∈ N}. (1)

A rectangle (1) is called measurable if it eigther empty set or

∞∑
j=1

max{0, ln(bj − aj)} < +∞. (2)

Let λ(Π) = 0 if Π = � and let

λ(Π) = exp(
∞∑
j=1

ln(bj − aj)) =
∞∏
j=1

(bj − aj) (3)

if Π 6= �.



The ring generated by measurable rectangles

For any ONB E the symbol K1(E) notes the set of measurable
rectangles which edges collinear to a vector of ONB E .

Let rE be the ring -generated by the class of sets K1(E).

A function m : R → R is called a measure on the space E if R is a
ring of subsets of the space E and the function m is additive.

Lemma 1.1. Let E be an ONB in the space E . Then the function
of a set (3)

λE : K1(E)→ [0,+∞)

is additive. Moreover, it has the unique additive extension to the
ring rE . This extension is the finite additive measure on the space E

λE : rE → [0,+∞)



Properties of the measure λE

Let E be an ONB in E . The outer and interior measure of a set
A ⊂ E are given by equalities

λ̄E(A) = inf
B∈rE : B⊃A

λE(B), λE(A) = sup
B∈rE : B⊂A

λE(B).

RE = {A ∈ E : λ̄E(A) = λE(A) ∈ [0,+∞)}

Lemma 1.2. Let BR be a ball in the space E of radius R .
If R < 1√

2
, then λE(BR) = λ̄E(BR) = λE(BR) = 0;

If R > 1√
2
, then λ̄E(BR) = +∞ и λE(BR) = 0.

Theorem 1.1. A family of sets RE is the ring. The measure
λE : RE → [0,+∞) has following properties
1) is invariant with respect to a shift on any vector of the space E ;
2) complete, locally finite and σ-finite;
3) is not σ-additive;
4) its continuation by Lebesgue-Caratheodory scheme vanishes on
the space E .



Hilbert space L2(E ,RE , λE ,C)

Let S(RE) be the space of finite linear combinations over the field
C of indicator functions of sets from the ring RE . Let introduce
non-negative hermitian sesquilinear form: for arbitrary functions
f , g ∈ S(RE), where

f (x) =
s∑

k=1

αkχAk
(x) and g(x) =

p∑
l=1

βlχBl
(x)

we have

(f , g) =
s∑

k=1

p∑
l=1

αkβlλ(Ak ∩ Bl).

We call functions f , g ∈ S(RE) equivalent if (f − g , f − g) = 0.
So the linear space of classes of equivalence of functions from
S(RE ) is pre-Hilbert, and after the procedure of completion obtain
HE = L2(E ,RE , λE ,C).

Lemma 1.3. Hilbert space HE is not separable.



2 Representation of group of shifts in Hilbert space HE

The space E as the group with respect to summation operation has
the representation in the space HE by the abelian unitary group of
shift operators S = {Sh, h ∈ E} acting by the rule

Shu(x) = u(x − h), x ∈ E .

The subgroup Sth, t ∈ R of the group S = {Sa, a ∈ E}.
Theorem 2.1. Let E be an ONB in the space E and h ∈ E . Then,
the one-parameter unitary group Sth, t ∈ R is continuous in the
strong operator topology of the space B(HE) iff {(h, ek)} ∈ l1.
Corollary 2.2. Let E be an ONB in the space E . If the group S is
equipped with the strong operator topology τsot of the space
B(HE), then the topological group (S, τsot) is the unitary
representation of the abelian topological group (E , ‖ · ‖E ) in the
space HE . But this representation is not continuous.



Random shift operators in the space HE

Let hn ∈ E , n ∈ N be a sequence of random vectors. Then Shn :
Shnu(x) = u(x + hn), x ∈ E , ∀ u ∈ HE , ∀ n ∈ N, be a sequence
of unitary operators.

Definition 2.4.
Law of Large Numbers for asequence of random vectors {hk}:

lim
n→∞

P(‖hn
n

+ ...+
h1

n
−M(

hn
n

+ ...+
h1

n
)‖E > ε) = 0 ∀ ε > 0.

LLN in SOT for a sequence of random shift operators {Sthk}:

lim
n→∞

P(‖(S
1
n
hn
◦ ... ◦ S

1
n
h1
−M[S

1
n
hn
◦ ... ◦ S

1
n
h1

])x‖HE > ε) = 0 (4)

∀ ε > 0 ∀ x ∈ HE .



LLN for vectors and argument shift operators

Theorem 2.5 Let {hn} be a sequence of IID random vectors in a
Hilbert space E . Let λ be a shift-invariant measure on the space E .
Let {Shn} be a sequence of argument shift operators on vectors hn
respectively, acting in the Hilbert space H = L2(E , λ,C).

If a function u ∈ H has the property of continuity in the mean
quadratic with respect to shift, then LLN for the vectors {hn}
implies LLN in the strong operator topology for operators {Shn}.
If ∃ B ⊂ E such that λ(B) > 0 and

c‖h‖E 6 ‖ShχB − χB‖H ∀ h : ‖h‖E 6 1

with some c > 0, then LLN in the strong operator topology for
operators {Shn} implies LLN for the vectors {hn}.
If E = Rd with Lebesgue measure then LLN for {hn} is equivalent
to LLN for {Shn}.
If infinite dimansional space E is equipped with the measure λE
then LLN for {Shn} is stronger than LLN for {hn}.



Diffusion semigroup in the space HE
Theorem 3.1. Let νD be a – σ-additive Gaussian measure on the
Hilbert space E with trace-class covariation operator D; let E be
the ONB of eigenvectors of the operator D. Then one-parametric
family of linear operators UD(t), t > 0, acting by the equality

UD(t)u =

∫
E

ShudνtD(h), t > 0,

(here (v ,UD(t)u)HE =
∫
E

(v ,Shu)HEdνtD ∀ u, v ∈ HE)

is the semigroup of self-adjoint contractions in the space HE .

Theorem 3.2. Let U be a semigroup of contractive linear
operators in a Hilbert space H. There are two subspaces H0,H1:
H = H0 ⊕H1; H0,H1 are invariant with respect to semigroup U,

UD(t)|H0 = IH0χ{0}(t), t > 0,

where χA is the indicator function of a set A ⊂ R ;
UD(t)|H1 , t > 0 is strong continuous semigroup in H1.



Sobolev Spaces and semigroup generators

Let D be a nonnegative trace class operator in the space E , let
E = {ek} be its eigen ONB such that Dek = dkek .

W l
2,D = {u ∈ HE : ∂ leju ∈ HE :

∞∑
j=1

dj‖∂ leju‖
2
HE < +∞}

where ∂eju = v ∈ HE ⇔ lim
s→0

(‖1
s (Ssej − I)u − v‖HE ) = 0.

Theorem 3.3. Let νD be a centered Gaussian measure on the
space E with a trace class covariation operator D. Let E be an
ONB such that Dek = dkek . Then the semigroup UD is strongly
continuous in the space HE iff D1/2 is trace class.
In this case the space W 2

2,D is the domain of the generator ∆D of
the semigroup UD

∆Du =
∞∑
j=1

dj∂
2
ej
u, u ∈W 2

2,D.



Weak convergence of measures

To study a CLT-type theorem we should consider the notion of
weak convergence of measures. By means of operator approach to
this notion we can extend the class of topologies to studying the
convergence of measures.

Let E be a separable real Hilbert space, B(E ) be the Borel
σ-algebra of the space E . Let ca(E ,B(E )) be the Banach space of
Borel measures on the space E with bounded variation.

A sequence {µn} : N→ ca(E ,B(E )) is called weakly converging to
the measure µ ∈ ca(E ,B(E )) if the equality

lim
n→∞

∫
E

f (x)dµn(x) =

∫
E

f (x)dµ(x)

holds for any f ∈ Cb(E ).



Weak convergence of measures in the operator form

Let X = Cb(E ) be a locally convex space of bounded continuous
functions equipped with the topology τp of pointwise convergence.
Let L(X ) be the locally convex space of linear mapping of the space
X into itself equipped with the topology of pointwise convergence.
Let rca(E ,B(E )) be a space of regular Borel mesures with bounded
variations.

Theorem 4.1. The weak convergence of the sequence
{µn} : N→ rca(E ,B(E )) to the measure µ ∈ rca(E ,B(E )) is
equivalent to the pointwise convergence of the sequence of
convolution operators {Φµn} to the operator Φµ in the locally
convex space L(X ). Here

Φµnu(x) =

∫
E

u(x − y)µn(dy).

Φµu(x) =

∫
E

u(x − y)µ(dy).



Generalized weak convergence of measures

Let A be an algebra of subsets of the space E . Let X ,Y be a
locally convex space of A-measurable functions u : E → C. Let
L(X ) be a locally convex space of linear operators X → X .

Definition 4.2. A sequence {µn} : N→ ca(E ,A) is called weakly
converging to the measure µ ∈ ca(E ,A) with respect to the space
L(X ) if the sequence of operators Φµn converges in the space L(X )
to the operator Φµ. Here

Φµnu(x) =

∫
E

u(x − y)dµn(y), u ∈ X , x ∈ E ,

and
Φµu(x) =

∫
E

u(x − y)dµ(y), u ∈ X , x ∈ E .



Generalized convergence of random variables in distribution

Definition 4.3. A sequence of (E ,A(E ))-valued random variables
ξn is called weakly converging in distribution to the random variable
ξ with respect to the space L(X ) if the sequence {µn} converges
L(X )-weakly to the measure µ. Here these measures are defined by
the equalities
µn(A) = P(ξ−1

n (A)), A ∈ A(E ), n ∈ N, and
µ(A) = P(ξ−1(A)), A ∈ A(E ).



CLT-type generalized convergence of random processes

Theorem 4.4. Let E be a Hilbert space. Let the E -valued random
process ξ is given by the equality ξ(t) =

√
th, t > 0.

Here h is a random vector in the space E with M(h) = 0, with
covariation operator D ∈ B(E ) and M(‖h‖3

E ) < +∞.
Let {ξn} be a sequence of independent E -valued random processes
such that the distribution of any of them coincides with the
distribution of the process ξ.
If {ηn} is the sequence of random processes

ηn(t) =
n∑

k=1

ξk( t
n ), t > 0, n ∈ N,

then the sequence {ηn} converges weakly with respect to the space
(B(L2(E )), τsot) to Gaussian random process with normal
distribution N(0, tD), t > 0, uniformly on any segment of the
semiaxe R+.

The generalization of CLT-type convergence for composition of
shifts operators along random iid Hamiltonian fields.



Real Hilbert space with the symplectic structure

Symplectic structure for studying a random Hamiltonian flows

Shift-invariant symplectic form ω on the space E in nondegenered
skew-symmetric bilinear form on E .
There is an ONB E = {ek} in the space E such that
ω(e2j , en) = δ2j−1,n ∀ j ∈ N.
E = P ⊕ Q, P = Q = l2.
F = {fj} = {e2j−1} – ONB in P ;
G = {gj} = {e2j} – ONB in Q.
J is linear operator in E associated with the symplectic form

ω(x , y) = (x , Jy)E

J(gj) = −fj , J(fj) = gj .

J2 = −I, J∗ = −J.



Symplectic rectangles

Definition 5. A set Π ⊂ E is called absolutely measurable
symplectic rectangle in the space E if there are the decomposition
E = Q ⊕ P and ON Bases {fj}, {gk} in the spaces Q, P such that

Π = {z ∈ E : ((z , fi ), (z , gi )) ∈ Bi , i ∈ N}, (5)

where Bi are Lebesgue-measurable sets in the plane R2 such that

∞∑
j=1

max{ln(λ2(Bj)), 0} < +∞

(here λ2 is Lebesgue measure on the plane R2).



Two-dimensional structure

Let K2(E ) be the set of absolutely measurable symplectic
rectangles.
Let KF ,G(E ) be the set of absolutely measurable symplectic
rectangles which have the form (5) for given pair of ONB {fj},
{gk} in the spaces Q,P .
Let the function λKF,G : KF ,G(E )→ [0,+∞) be defined by the
equality

λKF,G (Π) =
∞∏
j=1

λ2(Bj) = exp(
∞∑
j=1

ln(λ2(Bj))), Π ∈ KF ,G(E ), (6)

in the case Π 6= �;

λKF,G (Π) = 0 in the case Π = �.



Extension of the measure λE to symplectic-invariant
measure

Lemma 5.1. The function of a set λ : KF ,G(E )→ [0,+∞) is
additive and shift-invariant.

Let rF ,G be a ring generated by the collection of sets KF ,G(E ).

Theorem 5.2. Additive function of a set λ : KF ,G(E )→ [0,+∞)
has the unique additive extension on the ring rF ,G . The completion
of the measure λ : rF ,G → [0,+∞) is the complete measure
λF ,G : RF ,G → [0,+∞), which is invariant with respect to a
smooth symplectorphism Φ : E → E such that
Φ preserves two-dimensional symplectic subspaces
Ek = span(fk , gk), k ∈ N of the decomposition E = ⊕∞k=1Ek .

Let HF ,G = L2(E ,RF ,G , λF ,G ,C).



Sobolev spaces and diffusion semigroup

Let D > 0 be a trace class operator in the space with eigen ONB
E = {ek} : Dek = dkek . Let J be a symplectic operator on the
space E such than (Jek , e2j−1) = δk,2j , j ∈ N. Let
F = {e2j−1}, G = {e2j}.

W l
2,D = {u ∈ HF ,G : ∂leju ∈ HF ,G :

∞∑
j=1

dj‖∂ leju‖
2
HF,G

< +∞}

where ∂eju = v ∈ HF ,G ⇔ lim
s→0

(‖1
s (Ssej − I)u − v‖HF,G ) = 0.

Let HD be the cloasure of the space W2
2,D in HF ,G-norm.

Theorem 5.3. Let νD be a centered Gaussian measure in E with
trace-class covariation operator with ONB E , Dek = dkek . Let
UD(t) =

∫
E

ShdνtD(h), t > 0. Then HD ⊂ H1
F ,G and

W2
2,D = Dom(∆D) is the domain of the generator ∆D of the

semigroup UD|HD
, such that ∆Du =

∞∑
j=1

dj∂
2
ej
u ∀ u ∈ Dom(∆D).



Phase flow preserving symplectic measure in the space E

Let a : E → E be a vector field satisfying the condition (red):
There is the sequence {ak} : Ek → Ek where
Ek = span(ek , fk), k ∈ N, such that
1. PEk

a = ak for all k ∈ N where PEk
is the orthogonal projector

on the subspace Ek ;
2. For any k ∈ N the field ak : R2 → R2 is continuously
differentiable and has zero divergence.
Let Xt

k , t ∈ R , be a group of shifts along the vector field ak :

d

dt
(Xt

k(xk)) = ak(Xt
k(xk)), t ∈ R, xk ∈ Ek .

Let Xt , t ∈ R , be a group of shifts along the vector field a:

d

dt
(Xt(x)) = a(Xt(x)), t ∈ R, x ∈ E .

Then Xt , t ∈ R is the Hamiltonian flow in the space E .



Koopman flow in HF ,G = L2(E ,RF ,G, λF ,G,C)

The family of linear operators St
a, t ∈ R:

St
au(x) = u(X−t(x)), x ∈ E , t ∈ R, u ∈ HF ,G ,

is the unitary group.

Theorem 5.4. Let h ∈ E . One-parametric group of unitary
operators St

a, t ∈ R, is strong continuous group of linear operators
in the subspace HF ,G
iff
∃ N ∈ N : ak = 0∀ k > N.



Random walks along a random vector field

Theorem 5.5. Let a : Ω→ C 3
b (E ,E ) be a random vector field

such that a(ω) satisfies the condition (red) ∀ k ∈ N the random
vector field ak = PEk

a satisfies conditions

1)
∫
Ω

ak(x , ω)dP(ω) = 0, x ∈ E ;

2) ∃ c > 1 : c−1dkPEk
6 D(k)(x) 6 cdkPEk

∀ x ∈ E , ∀k ∈ N,
D

(k)
i ,j (x) = 1

2M((ak)i (x)(ak)j(x)), x ∈ E , k ∈ N, i , j ∈ {1, 2};

3) ‖ak(·, ω)‖C3
b (Ek ,Ek ) 6

√
dkρ for some ρ > 0 and every ω ∈ Ω.

Let {a(k)} be a sequence of iid random vector field such that the
distribution of every of them coincides with the distribution of the
random vector field a. Then for every u ∈ HD we have

lim
n→∞

sup
t∈[0,T ]

‖M[Sa(n)(

√
t

n
)◦. . .◦Sa(1)(

√
t

n
)u(x)]−Ua(t)u(x)‖HD

= 0,

where



Random walks along a random vector field

Ua(t)(⊗∞k=1χBk
) = ⊗∞k=1(eLak

tχBk
), t > 0, ∀ ⊗∞k=1χBk

∈ HF ,G ,

Lak = bj(x)∂ej + Dj ,k(x)∂ej∂ek

bi (x) =
1

2
M[

∂2ai

∂xj ∂xk
(x)aj(x)ak(x) +

∂ai

∂xj
(x)

∂aj

∂xk
(x)ak(x)].

Lav =
∞∑
k=1

Lakv , v ∈W 2
2,D.



CLT-type generalized convergence of random processes

Thank you!


