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Ïîëåçíûå àëãåáðû Ãåéòèíãà

A è B � àëãåáðû Ãåéòèíãà.

A+B � àëãåáðà Ãåéòèíãà ñ íîñèòåëåì |A| ∪ (|B| \ {0B}) è
ïîðÿäêîì

a ≤A+B b ⇔ (a ≤A b è a, b ∈ |A|) ∨ (a ≤B b è a, b ∈ |B|\{0B})

∨ (a ∈ |A| è b ∈ |B| \ {0B})

Bn = 2+ 2n + 2, Cn = 2+ 2n, n ≥ 1

chn = 〈{0, . . . , n − 1},∨,∧,→,⊥〉, 0 ≤ . . . ≤ n − 1
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Ïðèìåðû ïðåäòàáëè÷íûõ ëîãèê

LQ3 = Int + {¬p ∨ ¬¬p, p ∨ (p → (q ∨ (q → (r ∨ ¬r))))}
[Hosoi, Ono 1970]

LQ3 ( . . . ( LBn+1 ( LBn ( . . . LB1 ( LC1 = HT ( CL ( FormL⊥

LP2 = Int + {p ∨ (p → (q ∨ ¬q))} [Hosoi, Ono 1970]

LP2 ( . . . ( LCn+1 ( LCn ( . . . ( LC1 = HT ( CL ( FormL⊥

LC = Int + {(p → q) ∨ (q → p)} [Dunn, Meyer 1971]

LC ( . . . ( Lchn+1 ( Lchn ( . . . ( Lch2 = CL ( Lch1 = FormL⊥
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Àëãåáðû êîíóñîâ

W = 〈W ,≤〉 � ÷.ó.ì. (øêàëà Êðèïêå äëÿ Int)

K ⊆W � êîíóñ (îòíîñèòåëüíî ≤), åñëè äëÿ ëþáûõ a, b ∈W

(a ∈ K è a ≤ b) ⇒ b ∈ K

A(W) := 〈A(W),∪,∩,→,∅〉, ãäå A(W) � ìí-âî âñåõ êîíóñîâ
îòíîñèòåëüíî ≤ è äëÿ X ,Y ∈ A(W)

X → Y := {a | ∀b ≥ a(b ∈ X ⇒ b ∈ Y )}.

X → Y � íàèáîëüøèé êîíóñ, ñîäåðæàùèéñÿ â (W \ X ) ∪ Y .
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Àëãåáðû êîíóñîâ

W′ = 〈K ,≤ ∩K 2〉, ãäå K ∈ A(W). Òîãäà

X 7→ X ∩ K , X ∈ A(W)

� ýïèìîðôèçì A(W) íà A(W′).

Ëåììà î âëîæåíèè. W = 〈W ,≤〉 è W′ = 〈W ′,≤′〉 � øêàëû,
α : W →W ′ � ñþðúåêöèÿ òàêàÿ, ÷òî äëÿ ëþáûõ a, b ∈W :

1 a ≤ b ⇒ αa ≤′ αb,

2 αa ≤′ αb ⇒ ∃b′(αb = αb′
è a ≤ b′).

Òîãäà h : X 7→ α−1(X ) èçîìîðôíî âêëàäûâàåò A(W′) â A(W)
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Ïðîñòûå ôèëüòðû

Fl(A) � ðåøåòêà ôèëüòðîâ íà àëãåáðå Ãåéòèíãà A.

Åñëè X ⊆ |A|, òî 〈X 〉 ∈ Fl(A) � ôèëüòð, ïîðîæäåííûé X , ò.å.
íàèìåíüøèé ôèëüòð, ñîäåðæàùèé X .

〈X 〉 = {a | b1 ∧ . . . ∧ bn ≤ a äëÿ íåêîòîðûõ b1, . . . , bn ∈ X}

F ∈ Fl(A) íàçûâàåòñÿ ïðîñòûì, åñëè F � ñîáñòâåííûé ôèëüòð
(F 6= |A|) è äëÿ ëþáûõ a, b ∈ |A|

a ∨ b ∈ F ⇒ (a ∈ F èëè b ∈ F )
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Ïðîñòûå ôèëüòðû

Ëåììà (î ðàñøèðåíèè)

Ïóñòü F ∈ Fl(A) è a ∈ |A| \ F . Òîãäà íàéäåòñÿ ïðîñòîé ôèëüòð P
òàêîé, ÷òî

F ⊆ P è a 6∈ P.

Äîêàçàòåëüñòâî.
Â ìíîæåñòâå {F ′ | F ∈ Fl(A), F ′ ñîáñòâåííûé è a 6∈ F ′} ïî ïðèíöèïó
ìàêñèìóìà íàéäåòñÿ ìàêñèìàëüíûé ýëåìåíò P.

Äîïóñòèì, ÷òî b ∨ c ∈ P, íî b 6∈ P è c 6∈ P. Òîãäà
a ∈ 〈P ∪ {b}〉 ∩ 〈P ∪ {c}〉, ò.å. íàéäeòñÿ d ∈ P òàêèå, ÷òî

b ∧ d ≤ a è c ∧ d ≤ a.

Ñëåäîâàòåëüíî, (b ∧ d) ∨ (c ∧ d) = (b ∨ c) ∧ d ≤ a. T.o., a ∈ P, ÷òî
ïðîòèâîðå÷èò âûáîðó P.

�
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Ñòîóíîâñêèå ïðåäñòàâëåíèÿ

X (A) � ìí-âî âñåõ ïðîñòûõ ôèëüòðîâ íà àëãåáðå Ãåéòèíãà A,
X(A) = 〈X (A),⊆〉

h(a) = {P | P ∈ X (B) è a ∈ P} � êîíóñ â X(A).

h : A→ A(X(A)) � èçîìîðôíîå âëîæåíèå. Åñëè A êîíå÷íà, òî
h � èçîìîðôèçì.

h(0) = ∅

h(a ∨ b) = h(a) ∪ h(b), òàê êàê äëÿ ëþáîãî P ∈ X (A)

a ∨ b ∈ P ⇔ (a ∈ P èëè b ∈ P)

h(a ∧ b) = h(a) ∩ h(b), òàê êàê äëÿ ëþáîãî ôèëüòðà F

a ∧ b ∈ F ⇔ (a ∈ F è b ∈ F )
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Ñòîóíîâñêèå ïðåäñòàâëåíèÿ

h(a→ b) = h(a)→ h(b), ò.å. äëÿ ëþáîãî P ∈ X (A)

a→ b ∈ P ⇔ ∀P ′ ⊇ P(a ∈ P ′ ⇒ b ∈ P ′).

⇒) a ∧ (a→ b) ≤ b

⇐) Ïóñòü a→ b 6∈ P. Åñëè ïðè ýòîì b ∈ 〈P ∪ {a}〉, òî a ∧ c ≤ b
äëÿ íåêîòîðîãî c ∈ P, îòêóäà c ≤ a→ b ∈ P.

Ò.î., b 6∈ 〈P ∪ {a}〉 è ïî ëåììå î ðàñøèðåíèè íàéäåòñÿ
P ′ ∈ X (A) òàêîé, ÷òî P ∪ {a} ⊆ P ′ è b 6∈ P ′

Åñëè a 6= b, òî a 6∈ 〈b〉 èëè b 6∈ 〈a〉. Äîïóñòèì, ÷òî b 6∈ 〈a〉

Ïî ëåììå î ðàñøèðåíèè ñóùåñòâóåò P ∈ X (B) òàêîé, ÷òî
〈a〉 ⊆ P è b 6∈ P, ò.å. h(a) 6= h(b)

Ò.î., îòîáðàæåíèå h : B→ P(X (A)) ðàçíîçíà÷íî.
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Ñòîóíîâñêèå ïðåäñòàâëåíèÿ

Äîïóñòèì, ÷òî A êîíå÷íà è ïîêàæåì, ÷òî h � ñþðúåêöèÿ.

Òîãäà âñÿêèé P ∈ X (A) ãëàâíûé (P = 〈a〉) è âñÿêèé êîíóñ â
X(A) ñîäåðæèò êîíå÷íîå ÷èñëî ìèíèìàëüíûõ ïî ⊆ ýëåìåíòîâ.

Ïóñòü K � êîíóñ â X(A) è 〈a1〉, . . . , 〈an〉 � åãî ìèíèìàëüíûå
ýëåìåíòû. Òîãäà

K = h(a1 ∨ . . . ∨ an).
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Ñòîóíîâñêèå ïðåäñòàâëåíèÿ

Ëåììà

Åñëè B ∈ H(A), òî X(B) èçìîðôíî êîíóñó X(A).

Äîêàçàòåëüñòâî. Ïóñòü h : A→ B � ýïèìîðôèçì. Ïîëàãàåì äëÿ
P ∈ X (B)

α(P) = h−1(P),

Òîãäà α èçîìîðôèçì X(B) íà

X ′ = {P ′ ∈ X (A) | Kerh = h−1(1B) ⊆ P ′}.

Î÷åâèäíî, α(X(B)) ⊆ X ′. Âêëþ÷åíèå X ′ ⊆ α(X(B)) ñëåäóåò èç òîãî,
÷òî

P ′ = h−1h(P ′) = αh(P ′) äëÿ P ′ ∈ X ′.

Äåéñòâèòåëüíî, ïóñòü a ∈ h−1h(P ′). Òîãäà h(a) = h(b) äëÿ b ∈ P ′,
ò.å. a↔ b ∈ Kerh ⊆ P ′. Èç b, b → a ∈ P ′ ïîëó÷àåì a ∈ P ′.

�
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Ñòîóíîâñêèå ïðåäñòàâëåíèÿ

Ëåììà

Ïóñòü B ≤ A. Òîãäà ñóùåñòâóåò α : X(A)→ X(B) � ñþðúåêöèÿ
òàêàÿ, ÷òî äëÿ ëþáûõ P,Q ∈ X(A):

1 P ⊆ Q ⇒ αP ⊆ αQ,

2 αP ⊆ αQ ⇒ ∃Q ′(αQ = αQ ′ è P ⊆ Q ′).

Äîêàçàòåëüñòâî. Ïîëàãàåì αP = P ∩ B äëÿ P ∈ X (A) (B = |B|).
Ïðîâåðèì óñëîâèå (2). Ïóñòü P ∩ B ⊆ Q ∩ B. Ïðåäïîëîæèì a ∧ b = 0
äëÿ a ∈ P è b ∈ Q ∩ B. Òîãäà a ≤ ¬b è ¬b ∈ P ∩ B ⊆ Q ∩ B,
ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî F ′ := 〈P ∪ (Q ∩ B)〉 6= |A|.
Ïðîâåðèì, ÷òî αQ = αF ′. Ñ îäíîé ñòîðîíû,

Q ∩ B ⊆ (P ∪ (Q ∩ B)) ∩ B ⊆ F ′ ∩ B.

Îáðàòíî, åñëè c ∈ F ′ ∩ B, òî c ≥ a ∧ b äëÿ a ∈ P è b ∈ Q ∩ B.
Îòêóäà a ≤ b → c ∈ P ∩ B ⊆ Q ∩ B. Èòàê, b, b → c ∈ Q ∩ B, ïîýòîìó
c ∈ Q ∩ B.
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Ñòîóíîâñêèå ïðåäñòàâëåíèÿ

Äîêàçàòåëüñòâî (îêîí÷àíèå). Ìû äîêàçàëè, ÷òî F ′ ∩ B = Q ∩ B,
ïîýòîìó

Y = {F ∈ Fl(A) | P ⊆ F è F ∩ B = Q ∩ B} 6= ∅.

Ïî ïðèíöèïó ìàêñèìóìà â ìíîæåìòâå Y åñòü ìàêñèìàëüíûé
ýëåìåíò Q ′. Êàê â ëåììå î ðàñøèðåíèè ïîêàçûâàåì, ÷òî Q ′ �
ïðîñòîé ôèëüòð.

Ò.î., ìû ïîñòðîèëè ïðîñòîé ôèëüòð Q ′ òàêîé, ÷òî αQ = αQ ′ è
P ⊆ Q ′.

�
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Ïðåäòàáëè÷íûå ìíîãîîáðàçèÿ

W = 〈W ,≤〉 � øêàëà.

Äëèíà lh(W) øêàëû W � ýòî ñóïðåìóì ìîùíîñòåé öåïåé â W.

Âíåøíåå âåòâëåíèå d1(a) ýëåìåíòà a ∈W � ýòî ìîùíîñòü
ìíîæåñòâà D1(a) âñåõ ìàêñèìàëüíûõ ïîñëåäîâàòåëåé ýëåìåíòà a
â W.

d1(W) = Supa∈W d1(a)

Âíóòðåííåå âåòâëåíèå d2(a) ýëåìåíòà a ∈W � ýòî ìîùíîñòü
ìíîæåñòâà D2(a) âñåõ òåõ íåïîñðåäñòâåííûõ ïîñëåäîâàòåëåé
ýëåìåíòà a â W, êîòîðûå íå ÿâëÿþòñÿ ìàêñèìàëüíûìè â W.

d2(W) = Supa∈W d2(a).
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Ïðåäòàáëè÷íûå ìíîãîîáðàçèÿ

Ïðåäëîæåíèå

Ïóñòü L ∈ EInt è Var(L) ïîðîæäàåòñÿ êëàññîì K àëãåáð Ãåéòèíãà
òàêèõ, ÷òî äëèíà, âíóòðåííåå è âíåøíåå âåòâëåíèå øêàë X(A),
A ∈ K, îãðàíè÷åíû íåêîòîðûì íàòóðàëüíûì ÷èñëîì k . Òîãäà ëîãèêà
L ÿâëÿåòñÿ òàáëè÷íîé.

Äîêàçàòåëüñòâî. Ñîãëàñíî òåîðåìå Áèðêãîôà Var(L) ïîðîæäàåòñÿ
òàêæå êëàññîì (H(K))si .

Ïóñòü A ∈ K, B ∈ H(A). Òîãäà X(B) � êîíóñ X(A). Î÷åâèäíî, ÷òî

lh(X(B)) ≤ lh(X(A)), di (X(B)) ≤ di (X(A)), i = 1, 2.

{1B} � ïðîñòîé ôèëüòð â ïîäïðÿìî íåðàçëîæèìîé B. Ïîýòîìó â
X(B) åñòü íàèìåíüøèé ýëåìåíò. Ïîýòîìó øêàëà X(B) êîíå÷íà è
÷èñëî åå ýëåìåíòîâ íå ïðåâîñõîäèò

1+ k + k2 + . . .+ kk−1.

Ñëåäîâàòåëüíî, (H(K))si ñîäåðæèò êîíå÷íîå ÷èñëî êîíå÷íûõ àëãåáð
è Var(L) ïîðîæäàåòñÿ èõ ïðÿìûì ïðîèçâåäåíèåì.

�
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Ïðåäòàáëè÷íûå ìíîãîîáðàçèÿ

Ïðåäëîæåíèå

Ïóñòü lh(X(A)) ≥ n ≥ 1. Òîãäà chn ∈ S(A).

Äîêàçàòåëüñòâî. Ïóñòü P1 ⊇ P2 ⊇ . . . ⊇ Pn � öåïü ïðîñòûõ ôèëüòðîâ
íà A. Âûáåðåì a1, . . . , an−1 ∈ |A| òàêèå, ÷òî ai ∈ Pi \ Pi+1. Ïîëîæèì,

a′1 := a1 ∨ ¬a1, a′i+1 := ai+1 ∨ (ai+1 → a′i ), i = 1, . . . , n − 2.

Òîãäà A0 := {0, a′1, . . . , a′n−1, 1} � íîñèòåëü ïîäàëãåáðû A0 ≤ A,
èçîìîðôíîé chn.

a′i ≤ ai+1 → a′i ≤ ai+1 ∨ (ai+1 → a′i ) = a′i+1,

ïîýòîìó A0 � öåïü. Îñòàëîñü ïðîâåðèòü çàìêíóòîñòü îòíîñèòåëüíî
→. Ïî îïðåäåëåíèþ a′i ≤ a′i+1.

a′i+1 → a′i = (ai+1∨(ai+1 → a′i ))→ a′i = (ai+1 → a′i )∧((ai+1 → a′i )→ a′i ) ≤ a′i

ââèäó a ∧ (a→ b) ≤ b. Òàêèì îáðàçîì, a′i+1 → a′i = a′i . �
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Ïðåäòàáëè÷íûå ìíîãîîáðàçèÿ

Ïðåäëîæåíèå

Ïóñòü V � íåêîòîðîå ìíîãîîáðàçèå àëãåáð Ãåéòèíãà è
d2(X(A)) ≥ n ≥ 1 äëÿ íåêîòîðîé êîíå÷íîé A ∈ V. Òîãäà Bn ∈ V.

Äîêàçàòåëüñòâî. Ïóñòü d2(a) ≥ n äëÿ a ∈ X(A), è b1, . . . , bn �
ðàçëè÷íûå ýëåìåíòû èç D2(a). Ïîñêîëüêó A êîíå÷íà, A ∼= A(X(A)).

Ïóñòü K = {b ∈ X (A) | a ≤ b}, òîãäà A(K ) ∈ H(A). Ïîëîæèì

αa = a, αbi = bi , αx = d äëÿ x ∈ K \ {a, b1, . . . , bn},

ãäå d � íàèáîëüøèé ýëåìåíò â K ′ = {a, b1, . . . , bn, d}. Òîãäà
α : K → K ′ � ñþðúåêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì ëåììû î
âëîæåíèè. Ïîýòîìó

Bn
∼= A(K ′) ≤ A(K ) ∈ H(A).

�
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Ïðåäòàáëè÷íûå ìíîãîîáðàçèÿ

Ïðåäëîæåíèå

Ïóñòü V � íåêîòîðîå ìíîãîîáðàçèå àëãåáð Ãåéòèíãà è
d1(X(A)) ≥ n ≥ 1 äëÿ íåêîòîðîé êîíå÷íîé A ∈ V. Òîãäà Cn ∈ V.

Äîêàçàòåëüñòâî. Ïóñòü d1(a) ≥ n äëÿ a ∈ X(A), è c1, . . . , cn �
ðàçëè÷íûå ýëåìåíòû èç D1(a). Ïîñêîëüêó A êîíå÷íà, A ∼= A(X(A)).

Ïóñòü K = {b ∈ X (A) | a ≤ b}, òîãäà A(K ) ∈ H(A). Ïîëîæèì

αa = a, αci = ci , i = 1, . . . , n − 1.

αb = cn äëÿ b ∈ K \ {a, c1, . . . , cn−1}.

Ïóñòü K ′ = {a, c1, . . . , cn}. Òîãäà α : K → K ′ � ñþðúåêöèÿ,
óäîâëåòâîðÿþùàÿ óñëîâèÿì ëåììû î âëîæåíèè. Ïîýòîìó

Cn
∼= A(K ′) ≤ A(K ) ∈ H(A).

�
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Ïðåäòàáëè÷íûå ìíîãîîáðàçèÿ

Ïðåäëîæåíèå

Ïóñòü L ∈ EInt è äëèíû øêàë X(A), ãäå A ∈ Var(L), íåîãðàíè÷åíû.
Òîãäà LC ⊆ L.

Äîêàçàòåëüñòâî. Ïî îäíîìó èç ïðåäøåñòâóþùèõ ïðåäëîæåíèé
chn ∈ Var(L) äëÿ ëþáîãî n. Àëãåáðû chn ïîðîæäàþò Var(LC).
Ïîýòîìó Var(LC) ⊆ Var(L), ÷òî ýêâèâàëåíòíî L ⊆ LC.

�
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Ïðåäòàáëè÷íûå ìíîãîîáðàçèÿ

Ïðåäëîæåíèå

Ïóñòü L ∈ EInt íå ÿâëÿåòñÿ òàáëè÷íîé è ôèíèòíî àïïðîêñèìèðóåìà
(ò.å. êàæäàÿ ϕ 6∈ L îïðîâåðãàåòñÿ íà êîíå÷íîé A ∈ Var(L)), ïðè÷åì
äëèíû øêàë X(A), ãäå A ∈ Var(L), îãðàíè÷åíû. Òîãäà LQ3 ⊆ L èëè
LP2 ⊆ L.

Äîêàçàòåëüñòâî. Ïîñêîëüêó ëîãèêà íå ÿâëÿåòñÿ òàáëè÷íîé, à äëèíû
øêàë X(A), ãäå A ∈ Var(L), îãðàíè÷åíû, òî ëèáî âíóòðåííåå ëèáî
âíåøíåå âåòâëåíèå øêàë X(A), ãäå A ∈ Var(L), ÿâëÿåòñÿ
íåîãðàíè÷åííûì.

Åñëè íåîãðàíè÷åíî âíóòðåííåå âåòâëåíèå, òî âñå Bn ëåæàò â Var(L).
Ñëåäîâàòåëüíî, Var(LQ3) ⊆ Var(L), ÷òî ýêâèâàëåíòíî L ⊆ LQ3.

Åñëè íåîãðàíè÷åíî âíåøíåå âåòâëåíèå, òî âñå Cn ëåæàò â Var(L).
Ñëåäîâàòåëüíî, Var(LP2) ⊆ Var(L), ÷òî ýêâèâàëåíòíî L ⊆ LP2.
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Îïèñàíèå ïðåäòàáëè÷íûõ ñóïåðèíòóöèîíèñòñêèõ ëîãèê

Òåîðåìà (À. Â. Êóçíåöîâ, 1971)

Âñÿêàÿ ïðåäòàáëè÷íàÿ ñóïåðèíòóöèîíèñòñêàÿ ëîãèêà ÿâëÿåòñÿ
ôèíèòíî àïïðîêñèìèðóåìîé.

Òåîðåìà (Ë.Ë. Ìàêñèìîâà, 1972)

Êëàññ EInt ñîäåðæèò â òî÷íîñòè òðè ïðåäòàáëè÷íûå ëîãèêè:

LC := Int + {(p → q) ∨ (q → p)},
LP2 := Int + {p ∨ (p → (q ∨ ¬q))},
LQ3 := Int + {¬p ∨ ¬¬p, p ∨ (p → (q ∨ (q → (r ∨ ¬r))))}.
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Îïèñàíèå ïðåäòàáëè÷íûõ ñóïåðèíòóöèîíèñòñêèõ ëîãèê

Òåîðåìà (Ì.È. Âåðõîçèíà, 1978)

Êëàññ ENeg ñîäåðæèò â òî÷íîñòè äâå ïðåäòàáëè÷íûå ëîãèêè:

NC := Neg + {(p → q) ∨ (q → p)},
NP2 := Neg + {p ∨ (p → (q ∨ ¬q))},

Òåîðåìà (Ë.Ë. Ìàêñèìîâà, Â. Ô. Þí, 2016)

Êëàññ EJ ñîäåðæèò â òî÷íîñòè ñåìü ïðåäòàáëè÷íûå ëîãèêè:
ïðåäòàáëè÷íûå ðàñøèðåíèÿ ëîãèê Int è Neg , à òàêæå

PJ6 := J + {p ∨ (p → (q ∨ ¬q), ⊥ → (p ∨ (p → q)), p ∨ ¬p},
PJ7 := J + {p ∨ (p → (q ∨ ¬q)), ⊥ → (p ∨ (p → q)),

¬¬(⊥ → p), ¬p ∨ ¬¬p},
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