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Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ãóðâèöåâû ãðóïïû

Îïðåäåëåíèå

Ãðóïïà íàçûâàåòñÿ (2,3,7)-ïîðîæäåííîé, åñëè îíà ïîðîæäàåòñÿ

ýëåìåíòîì ïîðÿäêà 2 è ýëåìåíòîì ïîðÿäêà 3, òàêèìè, ÷òî

ïîðÿäîê èõ ïðîèçâåäåíèÿ ðàâåí 7.

Îïðåäåëåíèå

Ãóðâèöåâû ãðóïïû � ýòî êîíå÷íûå (2,3,7)-ïîðîæäåííûå ãðóïïû.

Èíûìè ñëîâàìè, ãóðâèöåâû ãðóïïû � ýòî êîíå÷íûå

íåòðèâèàëüíûå ôàêòîðãðóïïû ãðóïïû T (2, 3, 7)

T (2, 3, 7) = 〈X ,Y | X 2 = Y 3 = (XY )7 = 1〉.
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Ïî÷åìó èìåííî (2,3,7)-ïîðîæäåííûå ãðóïïû?

T (k ,m, n) = 〈X ,Y | X k = Ym = (XY )n = 1〉.

Ýòè ãðóïïû

êîíå÷íûå, åñëè 1/k + 1/m + 1/n > 1;

áåñêîíå÷íûå, íî ñîäåðæàò íîðìàëüíóþ àáåëåâó ãðóïïó

êîíå÷íîãî èíäåêñà, åñëè 1/k + 1/m + 1/n = 1;

áåñêîíå÷íûå è èìåþò ñëîæíóþ ñòðóêòóðó, åñëè

1/k + 1/m + 1/n < 1.

Òåîðåìà (Ãóðâèö)

Ïóñòü R � êîìïàêòíàÿ êîìïëåêñíàÿ ðèìàíîâà ïîâåðõíîñòü

ðîäà g ≥ 2. Òîãäà |AutR| ≤ 84(g − 1).

Êîíå÷íàÿ ãðóïïà G ïîðÿäêà 84(g − 1) ÿâëÿåòñÿ ãðóïïîé

àâòîìîðôèçìîâ êîìïàêòíîé ðèìàíîâîé ïîâåðõíîñòè ðîäà

g â òî÷íîñòè, êîãäà G ãóðâèöåâà.
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Ïðèìåðû

G = PSL2(7) ' SL3(2), |G | = 168, g = 3

îáðàçóþùèå:

x =

(
0 −1
1 0

)
, y =

(
0 1

−1 −1

)
, xy =

(
1 1

0 1

)
,

Ñîîòâåòñòâóþùàÿ ðèìàíîâà ïîâåðõíîñòü � ýòî êâàðòèêà

Êëåéíà a3b + b3c + c3a = 0.

G = PSL2(8), |G | = 504, g = 7,

îáðàçóþùèå:

x =

(
0 −1
1 0

)
, y =

(
0 ε−1

−ε −1

)
, xy =

(
ε 1

0 ε−1

)
,

ε6 + ε5 + ε4 + ε3 + ε2 + ε+ 1 = 0.

ßâíûå óðàâíåíèÿ, îïèñûâàþùèå ñîîòâåòñòâóþùóþ

ïîâåðõíîñòü, íàéäåíû Ìàêáåòîì.
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Ïðèìåðû (ïðîäîëæåíèå)

G = PSL2(13), |G | = 1092, g = 14,

îáðàçóþùèå:

x =

(
0 −1
1 0

)
, y =

(
3 10

0 9

)
, xy =

(
0 4

3 10

)
;

x =

(
0 −1
1 0

)
, y =

(
3 7

0 9

)
, xy =

(
0 4

3 7

)
;

x =

(
0 −1
1 0

)
, y =

(
3 8

0 9

)
, xy =

(
0 4

3 8

)
.
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Òåîðåìà Ìàêáåòà

Òåîðåìà (Ìàêáåò, 1969)

Ãðóïïû PSL2(q) ãóðâèöåâû â òî÷íîñòè â ñëåäóþùèõ ñëó÷àÿõ:

q = p, p ïðîñòîå, p ≡ 0,±1 (mod 7);

q = p3, p ïðîñòîå, p ≡ ±2,±3 (mod 7);

Äëÿ q 6= 7 ñ òî÷íîñòüþ äî ñîïðÿæåííîñòè èìååòñÿ 3 ðàçëè÷íûõ

íàáîðà ãóðâèöåâûõ îáðàçóþùèõ; îäèí íàáîð äëÿ q = 7.
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Äàëüíåéøèå ðåçóëüòàòû

Âñÿêàÿ ãóðâèöåâà ïîäãðóïïà â PSL3(q) èçîìîðôíà îäíîé

èç ãðóïï èç ñïèñêà Ìàêáåòà (Êîýí, 1981).

Âîçíèêëî âïå÷àòëåíèå, ÷òî ãóðâèöåâû ãðóïïû äîâîëüíî

ðåäêè.

Îäíàêî ýòî âïå÷àòëåíèå îêàçàëîñü îøèáî÷íûì!
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Ãóðâèöåâû ãðóïïû áîëüøîãî ðàíãà

Òåîðåìà (Êîíäåð, 1980)

Çíàêîïåðåìåííûå ãðóïïû An ïðè n ≥ 168 ãóðâèöåâû.

Òåîðåìà (Ëóêêèíè, Òàìáóðèíè, Óèëñîí, 2000)

Äëÿ âñåõ n ≥ 287 è âñåõ q = pn (p � ïðîñòîå) ãðóïïû SLn(q)
ãóðâèöåâû.

Òåîðåìà (Â., 2004, Ñàí, 2005)

Äëÿ âñåõ n ≥ 252 è âñåõ q = pn (p � ïðîñòîå) ãðóïïû SLn(q)
ãóðâèöåâû.

Èìååòñÿ 90 çíà÷åíèé n, ìåíüøèõ 252, äëÿ êîòîðûõ òàêæå

èçâåñòíî, ÷òî ãðóïïû SLn(q) ãóðâèöåâû.

Òåîðåìà (Â., 2004; Ñàí 2005)

Äëÿ âñåõ q = pn (p � ïðîñòîå) ãðóïïû SL49(q) ãóðâèöåâû.
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Òåîðåìà (Ëóêêèíè, Òàìáóðèíè, Óèëñîí, 2000)

Äëÿ âñåõ n ≥ 287 è âñåõ q = pn (p � ïðîñòîå) ãðóïïû SLn(q)
ãóðâèöåâû.

Òåîðåìà (Â., 2004, Ñàí, 2005)

Äëÿ âñåõ n ≥ 252 è âñåõ q = pn (p � ïðîñòîå) ãðóïïû SLn(q)
ãóðâèöåâû.

Èìååòñÿ 90 çíà÷åíèé n, ìåíüøèõ 252, äëÿ êîòîðûõ òàêæå

èçâåñòíî, ÷òî ãðóïïû SLn(q) ãóðâèöåâû.

Òåîðåìà (Â., 2004; Ñàí 2005)

Äëÿ âñåõ q = pn (p � ïðîñòîå) ãðóïïû SL49(q) ãóðâèöåâû.
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Ãóðâèöåâû ãðóïïû áîëüøèõ ðàíãîâ (ïðîäîëæåíèå)

Òåîðåìà (Ëóêêèíè, Òàìáóðèíè, 1999)

Äëÿ âñåõ n ≥ 371 ñëåäóþùèå ãðóïïû ãóðâèöåâû:

Sp2n(q), SU2n(q2), Ω+
2n(q) äëÿ ëþáîãî q = pn,

SU2n+7(q2), Ω2n+7(q) äëÿ íå÷åòíûõ q = pn.

Àíàëîãè÷íûå ðåçóëüòàòû èçâåñòíû è äëÿ (2, 3, k)-ïîðîæäåíèÿ
(Êîíäåð, Ëóêêèíè, Òàìáóðèíè, Óèëñîí).
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Ãóðâèöåâû ãðóïïû áîëüøèõ ðàíãîâ (ïðîäîëæåíèå)

Òåîðåìà (Ëóêêèíè, Òàìáóðèíè, 1999)

Äëÿ âñåõ n ≥ 371 ñëåäóþùèå ãðóïïû ãóðâèöåâû:

Sp2n(q), SU2n(q2), Ω+
2n(q) äëÿ ëþáîãî q = pn,

SU2n+7(q2), Ω2n+7(q) äëÿ íå÷åòíûõ q = pn.

Àíàëîãè÷íûå ðåçóëüòàòû èçâåñòíû è äëÿ (2, 3, k)-ïîðîæäåíèÿ
(Êîíäåð, Ëóêêèíè, Òàìáóðèíè, Óèëñîí).
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Íåêîòîðûå èñêëþ÷èòåëüíûå ãðóïïû

Òåîðåìà (Ìàëëå, 1990, 1995)

Ãðóïïû G2(q) ãóðâèöåâû òîãäà è òîëüêî òîãäà, êîãäà q ≥ 5;

Ãðóïïû 2G2(32m+1) ãóðâèöåâû òîãäà è òîëüêî òîãäà, êîãäà

m ≥ 2;

Ãðóïïû 3D4(q) ãóðâèöåâû òîãäà è òîëüêî òîãäà, êîãäà

q 6= 4, q 6= 3m;

Ãðóïïû 2F4(22m+1) ãóðâèöåâû òîãäà è òîëüêî òîãäà, êîãäà

m ≡ 1 (mod 3).

Òåîðåìà (Ïèåððî, 2022)

Ãðóïïû F4(3) , F4(5), F4(7), F4(8), E6(3) è E7(2) ãóðâèöåâû.

Ãðóïïû F4(23n−2), F4(23n−1), E6(73n−2), E6(73n−1), 2E6(7n)
íå ãóðâèöåâû.
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m ≥ 2;

Ãðóïïû 3D4(q) ãóðâèöåâû òîãäà è òîëüêî òîãäà, êîãäà

q 6= 4, q 6= 3m;

Ãðóïïû 2F4(22m+1) ãóðâèöåâû òîãäà è òîëüêî òîãäà, êîãäà
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Ñëó÷àé ìàëûõ ðàíãîâ è îòðèöàòåëüíûå ðåçóëüòàòû

Òåîðåìà (Äè Ìàðòèíî, Òàìáóðèíè, Çàëåññêèé, 2000; Âèíñåíò,

Çàëåññêèé, 2007)

Åñëè n ≤ 11 èëè n = 13 è (n, q) 6= (2, 8), (3, 2), òî ãðóïïû

SLn(q) è SUn(q2) íå ãóðâèöåâû.

Åñëè n = 2, 4, 6, . . . , 20 è q íå÷åòíî, òî ãðóïïû Spn(q) íå
ãóðâèöåâû.

Àíàëîãè÷íûå ðåçóëüòàòû èçâåñòíû è äëÿ ìíîãèõ äðóãèõ ïàð

(n, q), n ≤ 38 (Âèíñåíò, Çàëåññêèé, 2007).

Òåîðåìà (Âèíñåíò, Çàëåññêèé, 2007)

Åñëè q 6= 1 (mod 7), òî ãðóïïà SL12(q) íå ãóðâèöåâà.

Ãèïîòåçà

Åñëè q ≡ 1 (mod 7), òî ãðóïïà SL12(q) ãóðâèöåâà.
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(n, q), n ≤ 38 (Âèíñåíò, Çàëåññêèé, 2007).

Òåîðåìà (Âèíñåíò, Çàëåññêèé, 2007)

Åñëè q 6= 1 (mod 7), òî ãðóïïà SL12(q) íå ãóðâèöåâà.
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Ôîðìóëà Ñêîòòà

Ïóñòü G = 〈x , y〉, A ⊂ G ,

V � âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì F .

f : G → GL(V ) � ïðåäñòàâëåíèå ãðóïïû G è f ∗ �
äâîéñòâåííîå ïðåäñòàâëåíèå.

dA
V = dim{v ∈ V | f (a)v = v , äëÿ âñåõ a ∈ A},

d̂A
V = dim{v ∈ V | f ∗(a)v = v , äëÿ âñåõ a ∈ A},

Òåîðåìà (Ñêîòò)

dx
V + dy

V + dxy
V ≤ dimV + dH

V + d̂H
V .
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Ïðèìåðû

G ≤ GLn(F )

V = F n;

V = M = Matn(F ), G äåéñòâóåò íà M ñîïðÿæåíèÿìè;

V = S = S2(F n);

V = Λ = Λ3(F n).

Âñå èçâåñòíûå íà äàííûé ìîìåíò ïðåïÿòñòâèÿ äëÿ

ãóðâèöåâîñòè ìîãóò áûòü îáúÿñíåíû ïðè ïîìîùè òîé èëè èíîé

âåðñèè ôîðìóëû Ñêîòòà.

Îòêðûòûé âîïðîñ

Âåðíî ëè, ÷òî âñå ïðåïÿòñòâèÿ ÿâëÿþòñÿ ñëåäñòâèÿìè

ôîðìóëû Ñêîòòà?
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Ïðèìåð

G ≤ GLn(F );
V = M = Matn(F ), G äåéñòâóåò íà M ñîïðÿæåíèÿìè

(g ,m) 7→ gmg−1.

Åñëè G àáñîëþòíî íåïðèâîäèìà, òî ôîðìóëà Ñêîòòà

ïðåâðàùàåòñÿ â íåðàâåíñòâî

dx
M + dy

M + dxy
M ≤ n2 + 2.

dg
M = dimCM(g)

Åñëè g ïîëóïðîñò (òî åñòü äèàãîíàëèçèðóåì), òî

dg
M =

∑
λ

m2

λ,

ãäå mλ � êðàòíîñòü ñîáñòâåííîãî ÷èñëà λ.
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Æåñòêîñòü

Îïðåäåëåíèå

Òðîéêà x , y , xy ∈ GLn(F ) íàçûâàåòñÿ æåñòêîé, åñëè äëÿ ëþáîé

äðóãîé òðîéêè x ′, y ′, x ′y ′, òàêîé, ÷òî x ′ = xg1 , y ′ = yg2 ,
x ′y ′ = (xy)g3 , ñóùåñòâóåò îáùèé ýëåìåíò g , òàêîé, ÷òî

x ′ = xg , y ′ = yg , x ′y ′ = (xy)g .

Òåîðåìà (Stramback, Volklein)

Åñëè dx
M + dy

M + dxy
M = n2 + 2 è ãðóïïà G = 〈x , y〉 àáñîëþòíî

íåïðèâîäèìà, òî òðîéêà x , y , xy æåñòêàÿ.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû
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Óíèòàðíûé/ñèìïëåêòè÷åñêèé/îðòîãîíàëüíûé àíàëîã

Ïóñòü L � ïîëå, σ ∈ Aut(L), x , y ∈ GLn(L).

Òåîðåìà (Â., 2011; Ïåëåãðèíè, Òàìáóðèíè, Â., 2012)

Ïóñòü

σ(x) = (x−1)g1 , σ(y) = (y−1)g2 , σ(xy) = ((xy)−1)g3 .

Ïóñòü 〈x , y〉 àáñîëþòíî íåïðèâîäèìà è

dx
M + dy

M + dxy
M = n2 + 2.

(i) Åñëè σ � èíâîëþöèÿ, òî 〈x , y〉 ôèêñèðóåò
ïîëóòîðàëèíåéíóþ ôîðìó.

(ii) Åñëè σ = id, òî 〈x , y〉 ôèêñèðóåò ñèììåòðè÷åñêóþ ëèáî

êîñîñèììåòðè÷åñêóþ áèëèíåéíóþ ôîðìó.
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Åùå ðàç î òåîðåìå Ìàêáåòà

Òåîðåìà (Macbeath, 1969)

Ãðóïïû PSL2(q) ãóðâèöåâû â òî÷íîñòè, êîãäà

q = p, p ïðîñòîå, p ≡ 0,±1 (mod 7);

q = p3, p ïðîñòîå, p ≡ ±2,±3 (mod 7).

Èìååòñÿ èñêëþ÷èòåëüíûé èçîìîðôèçì PSL2(q) ' PSU2(q2).

Òåîðåìà (Ìàêáåò; ñîâðåìåííàÿ ôîðìóëèðîâêà)

Ïóñòü n2 � ïîðÿäîê p ïî ìîäóëþ 7, åñëè p 6= 7. Ñëåäóþùèå

ãðóïïû ãóðâèöåâû

PSL2(7);

PSL2(pn2), åñëè n2 íå÷åòíî;

PSU2(pn2), åñëè n2 ÷åòíî.
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Ãóðâèöåâû ïîäãðóïïû PSLn(q), n = 3, 4

Òåîðåìà (Êîýí, 1981)

Âñÿêàÿ àáñîëþòíî íåïðèâîäèìàÿ ïîäãðóïïà PSL3(q)
èçîìîðôíà îäíîé èç ãðóïï èç ñïèñêà Ìàêáåòà.

Òåîðåìà (Òàìáóðèíè, Â., 2009)

Âñÿêàÿ àáñîëþòíî íåïðèâîäèìàÿ ãóðâèöåâà ïîäãðóïïà PSL4(q)
èçîìîðôíà ëèáî ãðóïïå èç ñïèñêà Ìàêáåòà, ëèáî

PSL2(p)× PSL2(p), p ≡ ±1 (mod 7).
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Ìàëûå ðàçìåðíîñòè

Òåîðåìà (Òàìáóðèíè, Çàëåññêèé,2005)

Àáñîëþòíî íåïðèâîäèìûå ãóðâèöåâû ïîäãðóïïû PSL5(q)
èñ÷åðïûâàþòñÿ ñëåäóþùèìè:

PSL5(p), p ïðîñòîå, p ≡ 1, 6 (mod 35);

PSL5(p3), p ïðîñòîå, p ≡ 11, 16, 26, 31 (mod 35);

PSU5(p2), p ïðîñòîå, p ≡ 29, 34 (mod 35);

PSU5(p4), p ïðîñòîå, p ≡ 8, 13, 22, 27 (mod 35) èëè
p = 7;

PSU5(p6), p ïðîñòîå, p ≡ 4, 9, 19, 24 (mod 35);

PSU5(p12), p ïðîñòîå, p ≡ 2, 3, 12, 17, 18, 23, 32, 33
(mod 35).
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Ìàëûå ðàçìåðíîñòè (ïðîäîëæåíèå)

Òåîðåìà (Òàìáóðèíè, Â., 2006)

Ïóñòü p 6= 3 è n6 � ïîðÿäîê p ïî ìîäóëþ 9. Ñëåäóþùèå ãðóïïû

ãóðâèöåâû:

PSL6(pn6), åñëè n6 íå÷åòíî,

PSU6(pn6), åñëè n6 ÷åòíî.

Òåîðåìà (Òàìáóðèíè, Â., 2006)

Ïóñòü p 6= 7 è n7 � ïîðÿäîê p ïî ìîäóëþ 49. Ñëåäóþùèå

ãðóïïû ãóðâèöåâû:

PSL7(pn7), åñëè n7 íå÷åòíî,

PSU7(pn7), åñëè n7 ÷åòíî.
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Ïàðàìåòðè÷åñêèå ñåìåéñòâà: n=7

Ãóðâèöåâû òðîéêè â PSLn(q) ñ òî÷íîñòüþ äî ñîïðÿæåííîñòè

ïàðàìåòðèçîâàíû â ñëó÷àÿõ

n = 7 (Òàìáóðèíè, Â., 2009);

n = 6 (Òàìáóðèíè, Â., â ðàáîòå).

x =



0 0 0 1 0 0 r1
0 0 0 0 1 0 r2
0 0 0 0 0 1 r3
1 0 0 0 0 0 r1
0 1 0 0 0 0 r2
0 0 1 0 0 0 r3
0 0 0 0 0 0 −1


, y =



1 0 0 0 r4 0 r7
0 1 0 0 r5 0 r8
0 0 1 1 r6 0 r9
0 0 0 0 −1 0 0

0 0 0 1 −1 0 0

0 0 0 0 0 0 −1
0 0 0 0 0 1 −1



Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ïàðàìåòðè÷åñêèå ñåìåéñòâà: n=7

Ãóðâèöåâû òðîéêè â PSLn(q) ñ òî÷íîñòüþ äî ñîïðÿæåííîñòè

ïàðàìåòðèçîâàíû â ñëó÷àÿõ n = 7 (Òàìáóðèíè, Â., 2009);

n = 6 (Òàìáóðèíè, Â., â ðàáîòå).

x =



0 0 0 1 0 0 r1
0 0 0 0 1 0 r2
0 0 0 0 0 1 r3
1 0 0 0 0 0 r1
0 1 0 0 0 0 r2
0 0 1 0 0 0 r3
0 0 0 0 0 0 −1


, y =



1 0 0 0 r4 0 r7
0 1 0 0 r5 0 r8
0 0 1 1 r6 0 r9
0 0 0 0 −1 0 0

0 0 0 1 −1 0 0

0 0 0 0 0 0 −1
0 0 0 0 0 1 −1



Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ïàðàìåòðè÷åñêèå ñåìåéñòâà: n=7

Ãóðâèöåâû òðîéêè â PSLn(q) ñ òî÷íîñòüþ äî ñîïðÿæåííîñòè

ïàðàìåòðèçîâàíû â ñëó÷àÿõ n = 7 (Òàìáóðèíè, Â., 2009);

n = 6 (Òàìáóðèíè, Â., â ðàáîòå).

x =



0 0 0 1 0 0 r1
0 0 0 0 1 0 r2
0 0 0 0 0 1 r3
1 0 0 0 0 0 r1
0 1 0 0 0 0 r2
0 0 1 0 0 0 r3
0 0 0 0 0 0 −1


, y =



1 0 0 0 r4 0 r7
0 1 0 0 r5 0 r8
0 0 1 1 r6 0 r9
0 0 0 0 −1 0 0

0 0 0 1 −1 0 0

0 0 0 0 0 0 −1
0 0 0 0 0 1 −1



Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ïàðàìåòðè÷åñêèå ñåìåéñòâà: n=7

Ãóðâèöåâû òðîéêè â PSLn(q) ñ òî÷íîñòüþ äî ñîïðÿæåííîñòè

ïàðàìåòðèçîâàíû â ñëó÷àÿõ n = 7 (Òàìáóðèíè, Â., 2009);

n = 6 (Òàìáóðèíè, Â., â ðàáîòå).

x =



0 0 0 1 0 0 r1
0 0 0 0 1 0 r2
0 0 0 0 0 1 r3
1 0 0 0 0 0 r1
0 1 0 0 0 0 r2
0 0 1 0 0 0 r3
0 0 0 0 0 0 −1


, y =



1 0 0 0 r4 0 r7
0 1 0 0 r5 0 r8
0 0 1 1 r6 0 r9
0 0 0 0 −1 0 0

0 0 0 1 −1 0 0

0 0 0 0 0 0 −1
0 0 0 0 0 1 −1



Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



n = 7 (ïðîäîëæåíèå)

(I) r3, r4 ∈ F , r3r4 + r2
4

+ r4 + 1 6= 0 è

r1 = −r2
3
− 2r3 − r4, r5 = −r3 − 1, r6 = 0, r9 = r3 − r4,

r2 =
r4
3

+ r3
3
r4 + 4r3

3
+ 3r2

3
r4 + 3r2

3
− 2r3 − r3

4
− r2

4
− 2r4 − 2

r3r4 + r2
4

+ r4 + 1
,

r7 = − r3
3
r4 + r3

3
+ r2

3
r2
4

+ 4r2
3
r4 + 4r2

3
+ 3r3r

2

4
+ 3r3r4 + 3r3 + r4

4
+ r3

4
− 2

r3r4 + r2
4

+ r4 + 1
,

r8 =
r4
3

+ r3
3
r4 + 3r3

3
+ r2

3
r4 + r3r

3

4
− r3r

2

4
− 4r3r4 − 4r3 − r2

4
− 3r4 − 2

r3r4 + r2
4

+ r4 + 1
.

(II) r2 ∈ F è r1 = −4, r3 = −3, r4 = 1, r5 = 2, r6 = 0, r7 = r2 + 2,

r8 = 2r2 + 8, r9 = −4.
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n = 7 (ïðîäîëæåíèå)

(I) r3, r4 ∈ F , r3r4 + r2
4

+ r4 + 1 6= 0 è

r1 = −r2
3
− 2r3 − r4, r5 = −r3 − 1, r6 = 0, r9 = r3 − r4,

r2 =
r4
3

+ r3
3
r4 + 4r3

3
+ 3r2

3
r4 + 3r2

3
− 2r3 − r3

4
− r2

4
− 2r4 − 2

r3r4 + r2
4

+ r4 + 1
,

r7 = − r3
3
r4 + r3

3
+ r2

3
r2
4

+ 4r2
3
r4 + 4r2

3
+ 3r3r

2

4
+ 3r3r4 + 3r3 + r4

4
+ r3

4
− 2

r3r4 + r2
4

+ r4 + 1
,

r8 =
r4
3

+ r3
3
r4 + 3r3

3
+ r2

3
r4 + r3r

3

4
− r3r

2

4
− 4r3r4 − 4r3 − r2

4
− 3r4 − 2

r3r4 + r2
4

+ r4 + 1
.

(II) r2 ∈ F è r1 = −4, r3 = −3, r4 = 1, r5 = 2, r6 = 0, r7 = r2 + 2,

r8 = 2r2 + 8, r9 = −4.
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n = 7: (ïðîäîëæåíèå)

(III) p 6= 7, r2 ∈ F , è

r4 = εk , r6 = 0,

r1 = −ε5k − ε2k − εk − 1,

r3 = ε5k + ε4k + ε3k + ε2k ,

r5 = −ε5k − ε4k − ε3k − ε2k − 1,

r7 = εk r2 − 2ε5k − 2ε2k − 1,

r8 = (εk + 1)r2 − 2ε5k − ε4k − ε3k − ε2k + εk − 2,

r9 = ε5k + ε4k + ε3k + ε2k − εk

äëÿ íåêîòîðîãî k ∈ {1, . . . , 6}.
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n = 7: (ïðîäîëæåíèå)

(IV) r3 ∈ F , r3 6= −1 è äëÿ íåêîòîðîãî k ∈ {1, 2}

r4 = 0, r5 = −r3 − 1, r6 = ωk , r9 = r3,

r1 = − (ωk + 1)r3 + 2ωk + 2

r3 + 1

r2 =
(ωk + 1)r3

3
+ (3ωk + 3)r2

3
+ (ωk + 2)r3 − 2ωk

r3 + 1
,

r7 = − (ωk + 1)r2
3

+ (3ωk + 2)r3 + 2ωk + 2

r3 + 1
,

r8 =
(ωk + 1)r3

3
+ (2ωk + 2)r2

3
− 2ωk − 2

r3 + 1
.

(V) p 6= 3 è äëÿ íåêîòîðîãî k ∈ {1, 2}

r1 =
7− 10ωk

9
, r2 =

8− 8ωk

9
, r3 = r4 = −2 + ωk

3
, r5 =

ωk − 1

3
,

r6 = ωk , r7 = r8 = −2ωk − 1, r9 = 0.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Êëàññèôèêàöèÿ ãðóïï

Òåîðåìà (Â., â ðàáîòå)

Àáñîëþòíî íåïðèâîäèìûå ãóðâèöåâû ïîäãðóïïû SL7(q), (q
íå÷åòíî) èñ÷åðïûâàþòñÿ ñëåäóþùèì ñïèñêîì

G2(q), q > 4;
2G2(32m+1), m > 0;

PSL2(q);

J1;

PSL2(8);

PSL2(7);

PSL2(7).23.

Íåêîòîðûå (íî íå âñå) ãóðâèöåâû îáðàçóþùèå äëÿ G2(q) áûëè
íàéäåíû Ïåëëåãðèíè è Òàìáóðèíè (2014).
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Ñïàñèáî çà âíèìàíèå!
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