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Problem formulation

Convex optimization problem

min f(x
min f(z),

f(z) is convex function with Lipschitz-continuous gradient and Hessian with constants L, Lo




Problem formulation

Convex optimization problem

min f(x
min f(z),

f(z) is convex function with Lipschitz-continuous gradient and Hessian with constants L, Lo

Lipschitz conditions

IVf(2) = Vi)l < Lz =yl
IV2f(z) = V2F(W)llop < Lallx — o




Taylor approximation

N (f,xy) = f(2) +(Vf(),y—z),y€ E

0(f,2:9) = f(2) + (VI @),y = 2) + 5 (PF @)y~ 2y~ ),y € B
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Upper and lower bound

£6) = Oy Fsn)] < sl =l pe (1.2)




Taylor approximation
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Upper and lower bound
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Corollary
Lp

(p+ 1)' Hy _ $|’p+1? pe {172}

fy) < Qp(fiziy) +




First-order Method

Gradient Method

. L
T4y1 = argmin {f(xt) +(Vf(ze),y — x¢) + 71“9 - xtllz}
yeE
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Gradient Method
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Vf(x) + Li(ze41 —2) =0




First-order Method
Gradient Method

. L
T¢41 = argmin {f(l‘t) +(Vf(ze),y — x¢) + 71“9 — ﬂﬁt“z}
yeE
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Vf(z) + Li(zg1 —2¢) =0

Explicit form

Ti41 = Tt — L%Vf(xt)

V.



First-order Method
Gradient Method

) L
T¢41 = argmin {f(l‘t) +(Vf(ze),y — x¢) + 71“9 — fEtHz}
yeE

Vf(z) + Li(zg1 —2¢) =0

Explicit form

Tt41 = Tt — L%Vf(xt)

Global Convergence
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Second-order Method

Second-order method
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Second-order Method
Second-order method

1 = axguin { f(a0) + (V@) = ) + 5 (@) = .y~ a0) |

yeE )
V() + V2 f (@) (y — 2¢) = 0 )
Newton Method [1948, L. Kantorovich]

Tea1 = @ — by [V2 f(24)] IV (@)
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Second-order Method

Second-order method

i = anganin { o0) 4 (Vo) = 2) + § (T @)y = 0y = 1)
yeE

V(@) + V2 f(ae)(y — x) =0

Newton Method [1948, L. Kantorovich]

Tea1 = @ — by [V2 f(24)] V()

Global Convergence

3\ 2
T:O<L2R>
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Inexact Second-order Methods

Inexact Newton Method

Tip1 = Ty — htBt_lvf(xt)




Inexact Second-order Methods

Inexact Newton Method

Tep1 = Tt — he BTV f ()

BFGS [1970, C. Broyden, R. Fletcher, D. Goldfarb, D. Shanno]

TnRT
Btstst Bt
ytht stTBtst

St = Tt+1 — T

Yo = Vf(wiy1) — VF(2)

T
Yty
Bi1 = By + 27 —

Global Convergence

o ()
633




Cubic Regularized Newton Method

Cubic Regularization [2006, Yu. Nesterov and Boris T Polyak]

Tip1 = arggéin {f(@e) + (VF(me),y — m) + 5 (V2F(@e) (y — e), y — o) + 5 ly — 2]}
Yy




Cubic Regularized Newton Method

Cubic Regularization [2006, Yu. Nesterov and Boris T Polyak]

Tpy1 = arggéin {f(@e) + (V @),y — @) + 3 (V2 F@e)(y — m2),y — ) + 4| ly — 2]}
Yy

v

Global Convergence

3\ 1/2 3\ 1/3 3N\ 2/7
Basic: T:O<L2€R) : Fast: O(L2€R> : Optimal: O<L2€R)

Acceleration with 3-rd order smoothness

4\ 1/3 4\ 1/4 an 1/5
Basic: T:O<L3R) : Fast: O(L3R> ; Optimal: O<L3R>

€ € €




Damped Newton vs

Cubic Newton

a9a, Logistic Regression, u=1e -4
=== Cubic Newton, L, =0.0004
Damped Newton, h;=0.014
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Figure: Damped Newton vs Cubic Newton for best tuned parameters from the starting point o = 3 * e,
where e is a vector of all ones.



Inexact Cubic Regularization [2017, S. Ghadimi et.al.]

V2f(xt) j Bt j VQf(CCt) =4F ol




Inexact Cubic Regularization [2017, S. Ghadimi et.al.]

V2f(x) = By < V2f(xy) + 01

v

Inexact Cubic Regularization

s = oo+ argnin { (21) + (V10 1) + 5 (Bibo ) + 2101
hek




Inexact Cubic Regularization [2017, S. Ghadimi et.al.]

V2f(x) = By < V2f(xy) + 01

Inexact Cubic Regularization

, 1 L
Tpy1 = Tp + ar]%n%m {f(xt) +(Vf(x),h) + 3 (Bth, h) + FQHhHP’}
&

v,

T = O(l)maux{(@)1 : (M€R3>1/2}




Inexact Cubic Regularization [2020, A. Agafonov et.al]

V2f(xs)—0I = By < V2f(xy) + 61
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Inexact Cubic Regularization

. 1 M )
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Inexact Cubic Regularization [2020, A. Agafonov et.al]
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Inexact Cubic Regularization

. 1 M )
Tt4+1 = T + ar}%rﬁln {f(:tt) I <Vf($t), h> -+ 5 <Bth, h> -+ E||h”3+2‘|h”2}
S

v

7 = o(t)max { (42) s (222) )

v,



Inexact Cubic Regularization, NEW

(V2 f(zt) — Ba,)(T41 — z0)|| < 85+ | mpg1 — 2|
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Inexact Cubic Regularization

. 1 M 1)
Tiiy) = Ty + ar}%n%m {f(:ct) +(V f(x), h) + b (Bih, h) + FHhHS + Qt\h\2}
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Inexact Cubic Regularization, NEW

(V2 f(zt) — Ba,)(T41 — z0)|| < 85+ | mpg1 — 2|

Inexact Cubic Regularization

. 1 M 1)
Tiiy) = Ty + ar}%n%m {f(:ct) +(V f(x), h) + b (Bih, h) + FHhH?’ + ;h\2}
€

Global Convergence

T = O(1) max { (2222 (MTRS)”}




Cubic L-BFGS Method

Cubic L-BFGS Method

. 1 M 1)
st = o1+ anganin { (o) + (Vo) ) + 5 (B + S IR + 1012}
heE




Cubic L-BFGS Method

Cubic L-BFGS Method

. 1 M 1)
st = o1+ anganin { (o) + (Vo) ) + 5 (B + S IR + 1012}
heE

By = By — gt 4 Yntn _ Bltm(Bism)”

yl sm st B'sm




Subproblem solution

Subproblem’s gradient

M
Vi(zy) + (Be + 6 I)h™ + ?||h*||h* =0




Subproblem solution

Subproblem’s gradient

M
Vf(zy) + (B + 0 I)h" + ?||h*||h* =0

Solution/Line-search intuition

The solution of the subproblem can be formulated as

B = — (B+ 61+ %071 V(@)

107l = argmin {( (B: + 8l + §71) ™ V (@), V(@) + H7}




Computational complexity

Sherman-Morrison-Woodbury formula for m-rank approximation
I¢ e R4 A = \[% € R4 U e R*™, V € R™*¢, ¢ = Vf(x;) € R?

FA+UV)le=cdA - LAl U™+ vU)tvAaTle




Computational complexity

Sherman-Morrison-Woodbury formula for m-rank approximation
I¢ e R4 A = \[% € R4 U e R*™, V € R™*¢, ¢ = Vf(x;) € R?

FA+UV)le=cdA - LAl U™+ vU)tvAaTle

Complexity

VU — multiplication: O(m?d),
(I +VU) ! — inversion: O(m?),
Total: O(m?d).

Cubic complexity

SVD — O(d?)




Hessian approximation

i
1 YmyL B sm (B} sm)
B,=B™=B" m_
t=Dby =5yt ST B om

History

Sm = Tm — Tm—1,

Ym = Vf(@m) = VI (Tm-1)

Long-term memory — O(md); Computations — O(1) gradients

1B: — V2 f(ze)|| < mLs




Hessian approximation

L-BFGS

; T m m T
_pm _ pm-1_ 1 ynym _ Bp'sm(By'sm)
By = B{" = B, T YL sm sk Bl sm

Sm = Tm — Tm—1,

Ym = V(@) = V(@m-1)

Long-term memory — O(md); Computations — O(1) gradients

|B: — V2 f(ze)|| < Ly




Hessian approximation

T
m—1 ymym . By sm (B sm)
By = B = Byl gt Blop(OL

Sampling

Sm = random vector,

Ym = VQf(xt)Sm-

Long-term memory — 0; Computations — O(m) gradients

1B: — V2 f (21|l < L1




Cubic L-BFGS Method Convergence Theorem

Let f(z) be a convex function f(x) has Lj-Lipschitz-continuous gradient and
Lo-Lipschitz-continuous Hessian, By is an m-memory Damped L-BFGS approximation, then

the convergence rate is
1 1/2
T = O(1) max { (—L1€R2> : <—M€RB> } .




Adaptive Accelerated Inexact Cubic Regularized Newton

Linear model
Uz, y) = fy) +(Vf(y),z—y)

Nesterov's estimating sequence

|

. o=l
Ye(@) = 3 Fllw — woll’ + Z_:O Uz, zj11)

Ml
<
)

|
¥
\

Inexact Cubic Newton operator

Sws(@) = © + argming,ega { f(2) + (VF(2), h) + 5 (Bzh, h) + F AP + §11R)7}




Adaptive Accelerated Inexact Cubic Regularized Newton

Algorithm 2 Adaptive Accelerated Inexact Cubic Regularized Newton
1: Input: yy = z( is starting point; constants M > 2L,; increase multiplier +;,.; starting
inexactness dy > 0; non-negative non-decreasing sequences { x5 }¢>0, {£%}t>0, {at }¢>0, and
{Ai}i>0.
2: fort > 0Odo
v = (1 — )z + e,
11 = Sws, (ve)

3
while (V f(x41), v+ — 441) < min { ”W(Zstfl)niv ”ng\;%)”f } do

Bw

61‘: = 5t7inc
Ter1 = Sms,(ve)
Compute y;11 = arg mingcge Ye+1()




Adaptive Accelerated Cubic L-BFGS Method Convergence
Theorem

Let f(z) be a convex function f(x) has Lj-Lipschitz-continuous gradient and

Lo-Lipschitz-continuous Hessian, B; is an m-memory Damped L-BFGS approximation, then
the convergence rate is

T = O(1) max { (LlTRQ> v ; (MTR3>1/3} .




Experiments: strongly convex case

.S
X Cubic Newton X 107" § —=- Cubic Newton
1 10-4 1 Gradient Descent N Gradient Descent
X —-- Cubic BFGS § —-- Cubic BFGS \‘~~\\‘
1054 7 Cubic BFGS history L Cubic BFGS history ~ "=-—__
—-- L-BFGS 107%9 —- LBFGS TTTmeeal
10-6 === Cubic SR1 ——- Cubic SR1
----- Cubic SR1 history -=--== Cubic SR1 history
10-74 ——~ LSR1 --- L-SR1
—— Accelerated CBFGS 107§ — Accelerated CBFGS
T T T T T T T :v .v T T T T T = T T T
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Iterations, t gradient/hvp computations

Figure: Comparison of QN methods and CRN methods for MNIST dataset using theoretical parameters
in strongly convex case p = 1074,



Experiments: convex case

101 4
100 4
10—1 4
E --- Cubic Newton B it E
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Figure: Comparison of QN methods and CRN methods for MNIST dataset using theoretical parameters
in the convex case.
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Problem formulation

Convex optimization problem

min f(z) = E¢ [f(z,§)],

zeR4

f(z) is convex function with Lipschitz-continuous gradient and Hessian with constants L, Lo




Problem formulation

Convex optimization problem

min f(z) = E¢ [f(z,§)],

zeR4

f(z) is convex function with Lipschitz-continuous gradient and Hessian with constants L, Lo

Unbiased stochastic gradient

For all z € R?, we assume that stochastic gradients g(z, &) € R? satisfy

Elg(z,€) | 2] = Vf(z), E[llg(z,€) - Vf(2)|*|z] <of.




Inexact Hessian

Unbiased stochastic gradient with bounded variance and inexact Hessian

For all z € R? stochastic gradient g(z,£) satisfies (25). For given z, y € R? inexact Hessian
H(z) satisfies

I(H (z) = V2f(2))ly — 2]ll < 857 [ly — =]




Inexact Hessian

Unbiased stochastic gradient with bounded variance and inexact Hessian

For all z € R? stochastic gradient g(z,£) satisfies (25). For given z, y € R? inexact Hessian
H(z) satisfies

I(H (z) = V2f(2))ly — 2]ll < 857 [ly — =]

Unbiased stochastic gradient with bounded variance and bounded variance stochastic

Hessian

For all € R?, stochastic gradient g(z,¢) satisfies (25) and stochastic Hessian H (x, £)
satisfies

E[|H(z,£) — V2 f(@)|5 | 2] < 03




Comparison with Existing Methods

. Gradient Hessian Exact
Algorithm Inexactness
convergence convergence convergence
Accelerated Inexact Cubic Newton exact gradient X o (52 Rz) 0 ( Ly R:)
... (Ghadimietal,2017) ~ dpimexactHessianl 7 FATE) LT
Accelerated Inexact Tensor Method 2 d1-inexact gradicntE O(61R) 0 (5 Rz) 0 ( L Ra)
............... Agafonovetal 2020) ~  dpinexactHessian® UL FATT) O FATE )
Extra-Newton stochastic gradient (&) 0 ( M) 0 (, R? ) o) (Lzﬂz)
(Antonakopoulos et al , 2022) unbiased stochastic Hessian 8 VT T3/2 T3
Accelerated Stochas'tic Second-order method stochasl:i’c gradif:nt @ 0 ( M) 0 ( P ) 0 ( L .RZ)
. [This Paper]  stochastic Hessian @) A VT/ TA T )0 AT )
Lower bound stochastic gradient (@) 0 ( M) Q ( - Rz) Q ( L R;a)
[This Paper] stochastic Hessian (4) VT 2 T7/2




Inexact Cubic Regularization [2020, A. Agafonov et.al]

Gradient Inexactness

lgr — Vf(zo)| <61
1By — V2 f(z0)|| < 62




Inexact Cubic Regularization [2020, A. Agafonov et.al]

Gradient Inexactness

llge — Vf(xe)| < 01
1By — V2 f(z0)|| < 62

Inexact Cubic Regularization

. 1 M dg +0
st = o1+ anganin { (o) + (o) + 5 (Beo ) + S [0+ 257 g2}
heRE




Inexact Cubic Regularization [2020, A. Agafonov et.al]

Gradient Inexactness

llge = Vf(@e)| < 61
1B = V2 f ()] < 62

Inexact Cubic Regularization

, 1 M
Ty 1 = Ty + argmin {f(xt) + (g, h) + 3 (Bih, h) + EHhH3 + 5

d2 + 1m
- R
heE

Global Convergence

T = O(1) max {51R§ (@)1 ; <M5RS)1/2}




Accelerated Stochastic Cubic Newton

Algorithm 1 Accelerated Stochastic Cubic Newton

1: Input: yo = xo is starting point; constants M > 2L»; non-negative non-decreasing sequences
{5t}t20, {/\t}tzm {-‘i;}tzo, {K%}tgo, and "
at:H_igy At: ]:[(1—055,), A0:11
o= Ratdo ) I=h n2 o Rapg o3
tho(z) := =252 |z = zol|” + F ||z — =
3: fort > 0do .
v = (1= o)z + aye, Tpr = ™07 ()
4:  Compute

. Aes1—A
Ye+1 = arg min {"/)t+1(ﬂf) = () + 25 o — 2o

3 Rit1_gt L o
+20 Tl — @t + U esa) ¢

=2




Stochastic Inexact Cubic Operator, NEW

Stochastic Inexact Cubic Operator

. 1 M Sy
Tyy1 = Ty + argmin {f(act) + (g¢, h) + 3 (Bth, h) + EHhH?) + Ef||h||2}
hek




Stochastic Inexact Cubic Operator, NEW

Stochastic Inexact Cubic Operator

. 1 M Sy
Tyy1 = Ty + argmin {f(act) + (g, h) + 3 (Bth, h) + FHhH3 + éHhHQ}
hek

Increasing Regularizer

26102

— 3 5
0 =203+ BET(E+3)2 RET =%, A =%(E+3)2

v

Convergence

E[f(or) — f(z")] < O (TR + 2 4+ 3 4 M)

2yl

Si3
3

v



Experiments: strongly convex case

.S
X Cubic Newton X 107" § —=- Cubic Newton
1 10-4 1 Gradient Descent N Gradient Descent
X —-- Cubic BFGS § —-- Cubic BFGS \‘~~\\‘
1054 7 Cubic BFGS history L Cubic BFGS history ~ "=-—__
—-- L-BFGS 107%9 —- LBFGS TTTmeeal
10-6 === Cubic SR1 ——- Cubic SR1
----- Cubic SR1 history -=--== Cubic SR1 history
10-74 ——~ LSR1 --- L-SR1
—— Accelerated CBFGS 107§ — Accelerated CBFGS
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Iterations, t gradient/hvp computations

Figure: Comparison of QN methods and CRN methods for MNIST dataset using theoretical parameters
in strongly convex case p = 1074,



Experiments: Same batch-size

train loss test loss
10t 10*
-== Extra-Newton -== Extra-Newton
—— Accelerated Stochastic Cubic Newton —— Accelerated Stochastic Cubic Newton

10°

107t

f(xe) = f(X*)
fixe) = f(X*)

1072

1073
0 20 40 60 80 100 0 20 40 60 80 100

t, iteration t, iteration

Figure: Train and Test loss where Gradient and Hessian batch sizes are 1500



Experiments: Different batch-size

train loss

test loss
10t 10*
‘\‘ -== Extra-Newton \ -== Extra-Newton
\
\ —— Accelerated Stochastic Cubic Newton —— Accelerated Stochastic Cubic Newton
\ —= SGD
100 |} 10°
1
X X
& &
= =
1 107 | 10!
X X
= =
1072 102
1073 103
0 10 20 30 40 50 0 10 20 30 40 50
t, iteration t, iteration

Figure: Train and Test loss where Gradient batch size is 10000, Hessian batch size is 150
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