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Problem formulation

Convex optimization problem

min
x∈Rd

f(x),

f(x) is convex function with Lipschitz-continuous gradient and Hessian with constants L1, L2

Lipschitz conditions

∥∇f(x)−∇f(y)∥∗ ≤ L1∥x− y∥

∥∇2f(x)−∇2f(y)∥op ≤ L2∥x− y∥
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Model

Taylor approximation

Ω1(f, x; y) = f(x) + ⟨∇f(x), y − x⟩ , y ∈ E

Ω2(f, x; y) = f(x) + ⟨∇f(x), y − x⟩+ 1

2

〈
∇2f(x)(y − x), y − x

〉
, y ∈ E

Upper and lower bound

|f(y)− Ωp(f, x; y)| ≤
Lp

(p+ 1)!
∥y − x∥p+1, p ∈ {1, 2}

Corollary

f(y) ≤ Ωp(f, x; y) +
Lp

(p+ 1)!
∥y − x∥p+1, p ∈ {1, 2}
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First-order Method

Gradient Method

xt+1 = argmin
y∈E

{
f(xt) + ⟨∇f(xt), y − xt⟩+

L1

2
∥y − xt∥2

}

Step

∇f(xt) + L1(xt+1 − xt) = 0

Explicit form

xt+1 = xt − 1
L1

∇f(xt)

Global Convergence

Basic: T = O

(
L1R

2

ε

)1

; Optimal: T = O

(
L1R

2

ε

)1/2
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Second-order Method

Second-order method

xt+1 = argmin
y∈E

{
f(xt) + ⟨∇f(xt), y − xt⟩+

1

2

〈
∇2f(xt)(y − xt), y − xt

〉}

Step

∇f(xt) +∇2f(xt)(y − xt) = 0

Newton Method [1948, L. Kantorovich]

xt+1 = xt − ht
[
∇2f(xt)

]−1∇f(xt)

Global Convergence

T = O

(
L2R

3

ε

)2

5/33



Second-order Method

Second-order method

xt+1 = argmin
y∈E

{
f(xt) + ⟨∇f(xt), y − xt⟩+

1

2

〈
∇2f(xt)(y − xt), y − xt

〉}

Step

∇f(xt) +∇2f(xt)(y − xt) = 0

Newton Method [1948, L. Kantorovich]

xt+1 = xt − ht
[
∇2f(xt)

]−1∇f(xt)

Global Convergence

T = O

(
L2R

3

ε

)2

5/33



Second-order Method

Second-order method

xt+1 = argmin
y∈E

{
f(xt) + ⟨∇f(xt), y − xt⟩+

1

2

〈
∇2f(xt)(y − xt), y − xt

〉}

Step

∇f(xt) +∇2f(xt)(y − xt) = 0

Newton Method [1948, L. Kantorovich]

xt+1 = xt − ht
[
∇2f(xt)

]−1∇f(xt)

Global Convergence

T = O

(
L2R

3

ε

)2

5/33



Second-order Method

Second-order method

xt+1 = argmin
y∈E

{
f(xt) + ⟨∇f(xt), y − xt⟩+

1

2

〈
∇2f(xt)(y − xt), y − xt

〉}

Step

∇f(xt) +∇2f(xt)(y − xt) = 0

Newton Method [1948, L. Kantorovich]

xt+1 = xt − ht
[
∇2f(xt)

]−1∇f(xt)

Global Convergence

T = O

(
L2R

3

ε

)2

5/33



Inexact Second-order Methods

Inexact Newton Method

xt+1 = xt − htBt
−1∇f(xt)

BFGS [1970, C. Broyden, R. Fletcher, D. Goldfarb, D. Shanno]

Bt+1 = Bt +
ytyTt
yTt st

− BtstsTt BT
t

sTt Btst

BFGS

st = xt+1 − xt

yt = ∇f(xt+1)−∇f(xt)

Global Convergence

T = O
(
L1R2

ε

)3
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Cubic Regularized Newton Method

Cubic Regularization [2006, Yu. Nesterov and Boris T Polyak]

xt+1 = argmin
y∈E

{
f(xt) + ⟨∇f(xt), y − xt⟩+ 1

2

〈
∇2f(xt)(y − xt), y − xt

〉
+M

6 ∥y − xt∥3
}

Global Convergence

Basic: T = O

(
L2R

3

ε

)1/2

; Fast: O

(
L2R

3

ε

)1/3

; Optimal: O

(
L2R

3

ε

)2/7

Acceleration with 3-rd order smoothness

Basic: T = O

(
L3R

4

ε

)1/3

; Fast: O

(
L3R

4

ε

)1/4

; Optimal: O

(
L3R

4

ε

)1/5
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Damped Newton vs Cubic Newton

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Iterations, t

10 8

10 6

10 4

10 2

100

f(x
t)

f(x
*)

a9a, Logistic Regression, = 1e 4
Cubic Newton, L2 = 0.0004
Damped Newton, ht = 0.014

Figure: Damped Newton vs Cubic Newton for best tuned parameters from the starting point x0 = 3 ∗ e,
where e is a vector of all ones.
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Inexact Cubic Regularization [2017, S. Ghadimi et.al.]

Inexactness 1

∇2f(xt) ⪯ Bt ⪯ ∇2f(xt) + δI

Inexact Cubic Regularization

xt+1 = xt + argmin
h∈E

{
f(xt) + ⟨∇f(xt), h⟩+

1

2
⟨Bth, h⟩+

L2

6
∥h∥3

}

Global Convergence

T = O(1)max

{(
δR2

ε

)1
;
(
MR3

ε

)1/2
}
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Inexact Cubic Regularization [2020, A. Agafonov et.al]

Inexactness 2

∇2f(xt)−δI ⪯ Bt ⪯ ∇2f(xt) + δI

Inexact Cubic Regularization

xt+1 = xt + argmin
h∈E

{
f(xt) + ⟨∇f(xt), h⟩+

1

2
⟨Bth, h⟩+

M

6
∥h∥3+δ

2
∥h∥2

}

Global Convergence

T = O(1)max
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δR2

ε

)1
;
(
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ε
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Inexact Cubic Regularization, NEW

Inexactness 3

∥(∇2f(xt)−Bxt)(xt+1 − xt)∥ ≤ δxt+1
xt

∥xt+1 − xt∥

Inexact Cubic Regularization

xt+1 = xt + argmin
h∈E

{
f(xt) + ⟨∇f(xt), h⟩+

1

2
⟨Bth, h⟩+

M

6
∥h∥3 + δt

2
∥h∥2

}

Global Convergence

T = O(1)max

{(
δTR2

ε

)1
;
(
MR3

ε

)1/2
}
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Cubic L-BFGS Method

Cubic L-BFGS Method

xt+1 = xt + argmin
h∈E

{
f(xt) + ⟨∇f(xt), h⟩+

1

2
⟨Bth, h⟩+

M

6
∥h∥3 + δt

2
∥h∥2

}

L-BFGS

Bt = Bm
t = Bm−1

t +
ymy

T
m

yTmsm
−
Bm

k sm(Bm
k sm)T

sTmB
m
k sm
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Subproblem solution

Subproblem’s gradient

∇f(xt) + (Bt + δtI)h
∗ +

M

2
∥h∗∥h∗ = 0

Solution/Line-search intuition

The solution of the subproblem can be formulated as

h∗ = −
(
Bt + δI + M

2 ∥h
∗∥I

)−1∇f(xt)

Solution

∥h∗∥ = argmin
τ≥0

{〈(
Bt + δtI +

L
2 τI

)−1∇f(xt),∇f(xt)
〉
+ M

6 τ
2
}
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Computational complexity

Sherman-Morrison-Woodbury formula for m-rank approximation

Id ∈ Rd×d, A = λId ∈ Rd×d, U ∈ Rd×m, V ∈ Rm×d, c = ∇f(xt) ∈ Rd

cT (A+ UV )−1c = cTA−1c− cTA−1U(Im + V U)−1V A−1c

Complexity

V U − multiplication: O(m2d),

(Im + V U)−1 − inversion: O(m3),

Total: O(m2d).

Cubic complexity

SVD −O(d3)
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Hessian approximation

L-BFGS

Bt = Bm
t = Bm−1

t + ymyTm
yTmsm

− Bm
k sm(Bm

k sm)T

sTmBm
k sm

History

sm = xm − xm−1,

ym = ∇f(xm)−∇f(xm−1)

Complexity

Long-term memory−O(md); Computations −O(1) gradients

Accuracy

∥Bt −∇2f(xt)∥ ≤ mL1
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Hessian approximation

Damped L-BFGS

Bt = Bm
t = Bm−1

t + 1
m

ymyTm
yTmsm

− Bm
k sm(Bm

k sm)T

sTmBm
k sm

History

sm = xm − xm−1,

ym = ∇f(xm)−∇f(xm−1)

Complexity

Long-term memory−O(md); Computations −O(1) gradients
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Hessian approximation

L-BFGS

Bt = Bm
t = Bm−1

t + ymyTm
yTmsm

− Bm
k sm(Bm

k sm)T

sTmBm
k sm

Sampling

sm = random vector,

ym = ∇2f(xt)sm.

Complexity

Long-term memory− 0; Computations −O(m) gradients

Accuracy

∥Bt −∇2f(xt)∥ ≤ L1
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Cubic L-BFGS Method Convergence Theorem

Theorem

Let f(x) be a convex function f(x) has L1-Lipschitz-continuous gradient and
L2-Lipschitz-continuous Hessian, Bt is an m-memory Damped L-BFGS approximation, then
the convergence rate is

T = O(1)max

{(
L1R2

ε

)1
;
(
MR3

ε

)1/2
}
.
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Adaptive Accelerated Inexact Cubic Regularized Newton

Linear model

l(x, y) = f(y) + ⟨∇f(y), x− y⟩

Nesterov’s estimating sequence

ψt(x) =
3∑

i=2

κt
i
i ∥x− x0∥i +

t−1∑
j=0

αj

Aj
l(x, xj+1)

Inexact Cubic Newton operator

SM,δ(x) = x+ argminh∈Rd

{
f(x) + ⟨∇f(x), h⟩+ 1

2 ⟨Bxh, h⟩+ M
6 ∥h∥

3 + δ
2∥h∥

2
}
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Adaptive Accelerated Inexact Cubic Regularized Newton

20/33



Adaptive Accelerated Cubic L-BFGS Method Convergence
Theorem

Theorem

Let f(x) be a convex function f(x) has L1-Lipschitz-continuous gradient and
L2-Lipschitz-continuous Hessian, Bt is an m-memory Damped L-BFGS approximation, then
the convergence rate is

T = O(1)max

{(
L1R2

ε

)1/2
;
(
MR3

ε

)1/3
}
.
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Experiments: strongly convex case
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Iterations, t
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100

f(x
t)

f( x
)

Cubic Newton
Gradient Descent
Cubic BFGS
Cubic BFGS history
L-BFGS
Cubic SR1
Cubic SR1 history
L-SR1
Accelerated CBFGS
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f(x
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f( x
)

Cubic Newton
Gradient Descent
Cubic BFGS
Cubic BFGS history
L-BFGS
Cubic SR1
Cubic SR1 history
L-SR1
Accelerated CBFGS

Figure: Comparison of QN methods and CRN methods for MNIST dataset using theoretical parameters
in strongly convex case µ = 10−4.

22/33



Experiments: convex case
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Figure: Comparison of QN methods and CRN methods for MNIST dataset using theoretical parameters
in the convex case.

https://arxiv.org/pdf/2302.04987.pdf
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Advancing the lower bounds:  
An accelerated, stochastic, second-order 

method with optimal adaptation to inexactness



Our Team
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Problem formulation

Convex optimization problem

min
x∈Rd

f(x) = Eξ [f(x, ξ)] ,

f(x) is convex function with Lipschitz-continuous gradient and Hessian with constants L1, L2

Unbiased stochastic gradient

For all x ∈ Rd, we assume that stochastic gradients g(x, ξ) ∈ Rd satisfy

E[g(x, ξ) | x] = ∇f(x), E
[
∥g(x, ξ)−∇f(x)∥2 | x

]
≤ σ21.
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Inexact Hessian

Unbiased stochastic gradient with bounded variance and inexact Hessian

For all x ∈ Rd stochastic gradient g(x, ξ) satisfies (25). For given x, y ∈ Rd inexact Hessian
H(x) satisfies

∥(H(x)−∇2f(x))[y − x]∥ ≤ δx,y2 ∥y − x∥.

Unbiased stochastic gradient with bounded variance and bounded variance stochastic
Hessian

For all x ∈ Rd, stochastic gradient g(x, ξ) satisfies (25) and stochastic Hessian H(x, ξ)
satisfies

E
[
∥H(x, ξ)−∇2f(x)∥22 | x

]
≤ σ22.
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Comparison with Existing Methods
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Inexact Cubic Regularization [2020, A. Agafonov et.al]

Gradient Inexactness

∥gt −∇f(xt)∥ ≤ δ1

∥Bt −∇2f(xt)∥ ≤ δ2

Inexact Cubic Regularization

xt+1 = xt + argmin
h∈E

{
f(xt) + ⟨gt, h⟩+

1

2
⟨Bth, h⟩+

M

6
∥h∥3 + δ2 + δ1γ1

2
∥h∥2

}

Global Convergence

T = O(1)max

{
δ1R;

(
δ2R2

ε

)1
;
(
MR3

ε

)1/2
}
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Accelerated Stochastic Cubic Newton
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Stochastic Inexact Cubic Operator, NEW

Stochastic Inexact Cubic Operator

xt+1 = xt + argmin
h∈E

{
f(xt) + ⟨gt, h⟩+

1

2
⟨Bth, h⟩+

M

6
∥h∥3 + δ̄t

2
∥h∥2

}

Increasing Regularizer

δ̄t = 2σ2 +
σ1+τ
R (t+ 3)

3
2 κ̄t+1

2 =
2δ̄tα2

t
At

, λt =
σ1
R (t+ 3)

5
2

Convergence

E [f(xT )− f(x∗)] ≤ O
(

τR√
T
+ σ1R√

T
+ σ2R2

T 2 + MR3

T 3

)
.
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Experiments: strongly convex case
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Figure: Comparison of QN methods and CRN methods for MNIST dataset using theoretical parameters
in strongly convex case µ = 10−4.
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Experiments: Same batch-size

Figure: Train and Test loss where Gradient and Hessian batch sizes are 1500
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Experiments: Different batch-size

Figure: Train and Test loss where Gradient batch size is 10000, Hessian batch size is 150
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