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1 Êîíôîðìíûé ìîäóëü îáëàñòè
Îïðåäåëåíèå 1
Êîíôîðìíûì ìîäóëåì äâóñâÿçíîé îáëàñòè D áóäåì íàçûâàòü ýêñòðåìàëüíóþ
äëèíó ñåìåéñòâà êðèâûõ, ñîåäèíÿþùèõ ãðàíè÷íûå êîìïîíåíòû ýòîé îáëàñòè:

λ (Γ) := sup
ρ

L2(ρ)

A(ρ)
.

Çäåñü Γ � ñåìåéñòâî êðèâûõ, ñîåäèíÿþùèõ ãðàíè÷íûå êîìïîíåíòû â D,
ρ(x,y) � ìåòðèêà,
Lγ(ρ) =

∫
γ

ρ(z)|dz| � îáîáùåííàÿ äëèíà êðèâîé ñåìåéñòâà Γ,

L(ρ) := inf
γ∈Γ

Lγ(ρ) =: � ¾äëèíà ñàìîé êîðîòêîé êðèâîé¿ ñåìåéñòâà Γ,

A(ρ) =
∫∫
D

ρ2(z)dxdy � îáîáùåííàÿ ïëîùàäü îáëàñòè D.

2 Èñòîðèÿ âîïðîñà
1 g � êâàçèêîíôîðìíîå îòîáðàæåíèå ñ êîýôôèöåíòîì K, òîãäà
1

K
m(D)≤m(g(D))≤ K ·m(D);

2 Ì. Âóîðèíåí: f(x+ iy) = Hx+ iy,H→ ∞. m(f(D))∼?

Nasyrov, S. R. Riemann-Schwarz re�ection principle and asymptotics of
modules of rectangular frames/ S. R. Nasyrov// Computational Methods
and Function Theory. � vol. 15-1, 2015. � pp. 59�74

3 Dubinin, V.N. Some unsolved problems about condenser capacities on the
plane. In: Agranovsky, M., Golberg, A., Jacobzon, F., Shoikhet, D., Zalcman,
L. (eds) Complex Analysis and Dynamical Systems. Trends in Mathematics.
� Birkh�auser, Cham. � 2018. � pp. 81-92

3 Àñèìïòîòèêà ìîäóëÿ äâóñâÿçíîé îáëàñòè äîñòàòî÷íî
ïðîèçâîëüíîãî âèäà
Áóäåì ãîâîðèòü, ÷òî äâóñâÿçíûå îáëàñòè G, âîîáùå ãîâîðÿ, íå ñèììåòðè÷íûå
îòíîñèòåëüíî îñè àáñöèññ, ïðèíàäëåæàò êëàññó A , åñëè ãðàíèöû G

óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì: ∂G= Γ1∪ Γ2, ãäå

Γ1 = {x+ iy : y = f1(x), a≤ x≤ b}∪{x+ iy : y = f2(x), a≤ x≤ b},
Γ2 = {x+ iy : y = g1(x), c≤ x≤ d}∪{x+ iy : y = g2(x), c≤ x≤ d},

ïðè÷åì:

1 −∞ < c< a< b< d< ∞;

2 g1(x)< f1(x), è f2(x)< g2(x),
c≤ x≤ d;

3 g2(x)< g1(x), c< x< d;

4 f2(x)< f1(x), a< x< b;

5 f2(a) = f1(a), f2(b) = f1(b),
g2(c) = g1(c), g2(d) = g1(d).
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4 Òåîðåìà 1
Ïóñòü G � äâóñâÿçíàÿ îáëàñòü èç êëàññà A , è îáëàñòü GH = FH(G), ãäå FH �
ðàñòÿæåíèå îáëàñòè G âäîëü îñè OX. Òîãäà ïðè H→ ∞

m(GH)∼
1

(c1+ c2)H
, c1 =

b∫
a

dx

f1(x)−g1(x)
, c2 =

b∫
a

dx

g2(x)− f2(x)
.

Dautova, D. N. Asymptotics of the Modules of Mirror Symmetric Doubly
Connected Domains under Stretching/ D. N. Dautova, S. R. Nasyrov//
Mathematical Notes. � 2018. � Vol. 103-4. � PP. 537�549

Dautova D. N. Asymptotics of Conformal Module of Nonsymmetric Doubly
Connected Domain under Unbounded Stretching Along the Real Axis / D.
Dautova, S. Nasyrov // Lobachevskii Journal of Mathematics. - 2019. - V. 40. -
Iss. 9. - P. 1268-1274

5 Ïðèìåðû
1 Êîíöåíòðè÷åñêîå êðóãîâîå êîëüöî.

Åñëè D= {z ∈ C : r< |z|< R}, òî

m(DH)∼
1

αH
, H→ ∞, ãäå

α =
1

R2− r2
(

πr2+2R2arcsin
r

R
+2r

√
R2− r2

)
,

2 Ðîìáîâèäíîå îêíî.

Åñëè DH = {(x,y) | 1< |x/H|+ |y|< k}, òî ñïðàâåäëèâà îöåíêà

k−1
4H
− ln2
2π
· (k−1)

2

H2
+O

(
1

H3

)
≤m(DH)≤

k−1
4H

, H→ ∞.

6 Èíòåãðàë Äèðèõëå è íåêîòîðûå åãî ñâîéñòâà
Ðàññìîòðèì æîðäàíîâó îáëàñòü Ω. Ïóñòü u � âåùåñòâåííîçíà÷íàÿ ôóíêöèÿ,
u ∈ C(Ω̄)∩W1(Ω), ò.å. u íåïðåðûâíà â Ω̄ è ïðèíàäëåæèò ïðîñòðàíñòâó
Ñîáîëåâà W1(Ω).

Îïðåäåëåíèå 2
Ôóíêöèîíàë

DΩ[u] :=
∫
Ω

|gradu|2dxdy =
∫
Ω

{(
∂u

∂x

)2

+

(
∂u

∂y

)2
}
dxdy

íàçûâàåòñÿ èíòåãðàëîì Äèðèõëå ôóíêöèè u ïî îáëàñòè Ω.

Òåîðåìà 1 (Ïðèíöèï Äèðèõëå)
Ïóñòü ãðàíèöà γ îáëàñòè Ω, ñîñòîèò èç æîðäàíîâûõ êðèâûõ, u � ôóíêöèÿ,
íåïðåðûâíàÿ â Ω+ γ, êóñî÷íî-ãëàäêàÿ â Ω è èíòåãðàë Äèðèõëå DΩ[u] �
êîíå÷íàÿ âåëè÷èíà. Ðàññìîòðèì êëàññ âñåõ ôóíêöèé v, óäîâëåòâîðÿþùèõ
óñëîâèÿì:
1) v íåïðåðûâíû â Ω+ γ,
2) v êóñî÷íî-ãëàäêèå â Ω

3) v ïðèíèìàþò íà γ òå æå ãðàíè÷íûå çíà÷åíèÿ ū, ÷òî è ôóíêöèÿ u.
Òîãäà çàäà÷à îòûñêàíèÿ ôóíêöèè v, äëÿ êîòîðîé âûïîëíÿåòñÿ
d= min

v
DΩ[v], èìååò åäèíñòâåííîå ðåøåíèå v = w. Ôóíêöèÿ w ðåøàåò

ãðàíè÷íóþ çàäà÷ó äëÿ óðàâíåíèÿ Ëàïëàñà 4u= 0 è çàäàííûõ íà γ ãðàíè÷íûõ
çíà÷åíèé ū.

Òåîðåìà 2 (Âàðèàöèîííîå ñâîéñòâî êîíôîðìíîãî ìîäóëÿ)
Ðàññìîòðèì ÷åòûðåõñòîðîííèê Q := {Ω;z1,z2,z3,z4}. Ïóñòü K � êëàññ
äåéñòâèòåëüíîçíà÷íûõ ôóíêöèé, íåïðåðûâíûõ â Ω̄, ïðèíèìàþùèõ ãðàíè÷íûå
çíà÷åíèÿ u= 0 è u= 1 íà ó÷àñòêàõ ãðàíèöû (z1,z2) è (z3,z4) ñîîòâåòñòâåííî,
ëåæàùèõ â ïðîñòðàíñòâå Ñîáîëåâà W1(Ω). Ïóñòü v � ðåøåíèå êðàåâîé çàäà÷è
äëÿ óðàâíåíèÿ Ëàïëàñà 4u= 0, êîãäà ãðàíè÷íûå çíà÷åíèÿ íà (z1,z2) è (z3,z4)
ðàâíû v1 = 0, v2 = 1. Òîãäà 1

m(Q) = min
u∈K

DΩ[u] = DΩ[v].

7 Ïðèìåð: òðàïåöèÿ T
Êàê ïîêàçàíî ó

Papamichael, N. Numerical Conformal Maping : Domain Decomposition and the
Mapping of Quadrilaterals./ N. Papamichael, N. Stylianopoulos. � Singapore:
World Scienti�c Publishing Co. Pte. Ltd., 2010. � 242 p.,

âûïîëíÿåòñÿ
H2+1

H(k−1)
≤m(T)≤ H2+1

H(k−1)
+

ln4
π

(1)

Õîòèì ïîëó÷èòü îöåíêó, àíàëîãè÷íóþ
(1), èñïîëüçóÿ ñâîéñòâà èíòåãðàëà DΩ[u].
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P 1 ∆2

T
H2+1
H(k−1) y

x

1

m(P)
≤ 1

m(T)
≤ DP+∆1+∆2

[u] = DP[u]+D∆1
[u]+D∆2

[u] =

=
1

m(P)
+D∆1

[u]+D∆2
[u].

Çäåñü u= y, (x;y) ∈ P, u= y ·ϕ(x),(x;y) ∈ ∆1,∆2.

D∆2
[u] =

∫∫
∆2

|grad(y ·ϕ(x))|2dxdy =
+∞∫
0

(
ϕ
2(x)+

(ϕ ′(x))2

3

)
dx;

− d

dx

(
2

3
ϕ
′(x)

)
+2ϕ(x) = 0; ϕ(x) = c1e

√
3x+ c2e

−
√
3x;

D∆2
[u] =

∫∫
∆2

|grad(y · e−
√
3x)|2dxdy = 1√

3
;

H(k−1)
H2+1

=
1

m(P)
≤ 1

m(T)
≤ 1

m(P)
+D∆1

[u]+D∆2
[u]→ H(k−1)

H2+1
+

1√
3
.
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