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Notation: (M, g) - (pseudo)Riemannian manifold x“, a =1,...,n - coordinates

= (xa (Z')), 7 € R - worldline (trajectory) of a point particle

1 s * ﬂ . N4 dxa
D= jdr—gaﬂ(x)x x” -the action X% =——
A dr
Equations of motion X% =-I" ﬂyaicﬂ x/ - geodesics

1 N
There is always the integral of motion (the energy) E = Egaﬁx“xﬂ

The Hamilton-Jacobi equation

The action function W (x)

%g“ﬂpapﬂ = FE = const where p,, (x) =0, W (x)




Separation of variables in the Hamilton-Jacobi equation

Definition. Coordinates xa, if they exist, are called separable if the
Hamilton-Jacobi equation admits complete separation of variables,
that is the action function is a sum

W:ZWa(x“,c), a=(C JE(c, WceRE
er=l

where functions W (x%,c) depend only on single coordinate and, possibly,
a full set of independent parameters which satisfy the inequality
O°W
deta— # 0.
Ox”Oc,

Functions W (x“,c) are called separating.

Definition. Two separable coordinate systems are called equivalent if there is
a canonical transformation (x, p) — (X, P) such that new coordinates X
depend only on the old ones X (x) but not on momenta. Moreover, separable
coordinate systems are equivalent in the case when parameters are related by
nondegenerate transformation of parameters ¢ > ¢(c) which do not involve
coordinates 2




The problem

The Hamilton-Jacobi equation g“ﬂpapﬂ —2F (k)

where il )i 6 o= e, G)

The problem is to find all metrics gaop (x) depending only on coordinates,
constant £(c¢), and all possible functlons P, (x%,c) depending on single
coordinates and, possibly, the full set of parameters such that

det P = 0.

oc,

P. Stackel (1893) Necessary and sufficient conditions for complete separation
of variables for diagonal metrics of arbitrary signature.

F.A. Dall' Acqua (1908,1912) Necessary and sufficient conditions for metrics
P. Burgatti (1911) with nonzero diagonal elements.
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Separation of variables and Hamiltonian formulation

D= =0 a8 d = F (X, p)

Proposition. Functions F are first integrals of the Hamiltonian equations.
These integrals are in involution [Fa,Fb] =0.

In other words. There are n independent involutive conservation laws, and
the Hamiltonian system is Liouville integrable. Therefore solution for geodesics
can be written in quadrature and analyzed.



A general case

List all possible classes of separable metrics.
Define the set of independent parameters and separating functions.

Strategy: 1)
2)
3) Solve the functional Hamilton-Jacobi equation.
4)
5)

Choose the canonical separable metric in each equivalence class.
Prove that any additional conservation law is functionally dependent.

Definition. A coordinate line x* is called coisotropic if g?? =0

Let there be N commuting Killing vector fields, M quadratic conservation laws,
and n— N — M coisotropic coordinates.

Three groups of coordinates: (x“,y",z%)e M
o L="T, 2 NN - Killing vector fields
u,v,..=N+1,..,N+M - quadratic conservation laws, g** #0
0, 7,...=N+M+1,...n - coisotropic coordinates, g%’ =0

We assume that all cyclic coordinates for Killing vector fields are separated:

,— —
w,=c,, p, =c,

o



A general case (continued)

Definition of parameters: d,; := W'j , I=N+1,... N+ M
2 peM
a, :=W(p’ , r=N+M+1,...,n
p,p=r
Case 1: (ca,dl],ar, = )

Case 2: (Ca,d],a,,, dN+M N+M = 2E)

Separating functions: '2 =0y ’f(y se)det Dm0 a)a. Soils, 2 (3 S6)

l 2)
W¢ =0, (y*.c)d,; +b, .o +, (")

Lemma. If independent parameters and separating functions are chosen as
in equations (1) and (2) then separable metric has block form

(g% (3,2) 0 g% (y,2))
g = 0 g”z 0 g’ =0, u=zv
kggaﬁ(y,z) 0 0 *=(a, U, )




Coisotropic coordinates

Coordinates and parameters: x“, a=1,...N z%, o=N+1,...,n
DR=" e I a., r=N+1,..,n

a, =2F n/2<N<n

C

a’

N+2 n
1 ¢N+1 ¢N+1
N+1 n
1
Invertible matrix ¢¢’” — ¢N +? ; . ¢er2
N+1 N+1
¢n ¢n 1
r
Invertible matrix bgor (z%,¢) = %’ b.? -the inverse matrix
h(p c

bnq) 3 ¢n<”h§ca - the last row

8, (z”), h, (z”) - arbitrary functions



Coisotropic coordinates (continued)

Theorem. If separable metric has exactly N and not more commuting Killing vector
fields, and all other coordinates are coisotropic, then there is such set of independent
parameters a, and separating functions that the Hamilton-Jacobi equation is
separable if and only if (i) n = 2N, (ii) all conservations laws are linear, and (jii)
canonical separable metric has block form

T ) x
Slons oo b, (2) =8, (2)h, (z*)

\»

The Hamilton-Jacobi equation is bn“(”WO'[W(; =2F

¢ r
Variables are separated by WO'C =G W(; = Ofp a,
0@,
Conservation laws are  p, =¢,
Qpo 4 :
¢, hyc,p,=a,  -linear



A general case

Energy enters either asa,, =2FE (case 1) or dy .1 yoas =2E (case 2)

Every separable metric belongs to one of the classes: [N,M,n— N — M|,

Theorem. There exists such set of independent parameters and separating
functions, that canonical separable metric belongs to class [N, M ,n—N-M |,
if and only if metric has block form

(_bN+M N+M'uvkz€ 0 byt vama” /2
g . 0 by iy N+MW 0
byt vens 12 0 0 )
where by, yr nant” (152:6) =byps vant ' (¥52)c,
Conservation laws: P, =¢,
b, (Pﬂpv 7 kZ’fCacﬂ) i bii¢P¢ =d;

b EUEp SO e LD, =
H B @

uv-a



A general case (continued)
Case 1: a, =2FE

Theorem. There exists such set of independent parameters and separating
functions, that canonical separable metric belongs to class [N,M,n— N —M |,
if and only metric has block form

(e e LRy )
o 0 ) o 0
aQ
RN e b 0

where b ¥ (y,z,¢)=b,""(y,2)c,,

Conservation laws are p, =c,

b (pup, — ke cp)+b,"p,=d;

v -a il

by “(p 3, —k%¢ cp)+bp,=a,

uv-a

Theorem. Any additional conservation law is some function of n conservation
laws described in previous theorems.
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Four dimensions (ten classes)

2

1) Class  Coordinates and parameters: (x%,y*,z%) > (xl,x ,x3,x4)

[4,0,0] (Cyrdjra,) > (€1,6,,65,¢4)
Canonical separable metric g“ﬂ = n“ﬂ a,p=1,2,3,4

The Hamilton-Jacobi equation n“ﬂWO'[ W,g ="
Variables are separated by WO’C =cC,

Conservation laws: P, =¢,

Classes 2-9: [3,1,0], [2,2,0], [2,0,2], [2,1,1], [2,1,1], [1,3,0], [0,4,0],

3,1,0], The Kasner solution

2,2,0], The Schwarzschild, Reisner-Nordstrom, Kerr solutions

1,3,0], The Friedman solution
11



Four dimensions (ten classes)

10) Class  Coordinates and parameters: (x“,y",z%) (x,yz,y3,z)
11,2,1], (¢y.d;,a,) (¢,d,2E,a)

1 ¢23(y2) ¢24(y2)
Stackel matrix (g,,,") = b, () 1 b,
b/ e ¢(ye e

| Azz A32 A42
(¢iilu,u) :X A23 A33 A43
A24 A34 A44

. ii
where A:=det(¢,, ) )
A ; denotes the cofactor of element D5

Six arbitrary functions
12



Four dimensions (ten classes)

10) CI
[19 29 1]2
| _ g ol 0 A &0 0
Canonical separable metric g™ =—
A 0 0 Ay 0
Ayl 2c 0 0 0

The Hamilton-Jacobi equation

1
X[(—Amkz = Agshky)e” + AWy + A + A43W4'] =2F
Variables are separated by Wz’2 =d + 2¢23E e ¢24a + k202

W = b sd R E Db, i

Conservation laws: Wy =(Psd +2¢3E+a)/ c

_Azz (P22 - kzcz) + Az, (p32 = k3c2) - A42]94] =d

_A23 (PS x kzcz) +As; (Py? e, k3c2) " A43194] =2FE

1
A
1
A
1 L

X_Az4(l9§ _kzcz) "‘A34(l732 _k3cz)"‘A44P4] =da 13



Conclusion

The Stackel problem (1891) is completely solved:
All separable metrics of arbitrary signature in any number 7z of dimensions
are explicitly described. All conservation laws are found.

Separable metrics are divided into equivalence classes denoted by
[N,M,n_N_M]l’z

where N is the number of commuting Killing vector fields, M is the
number of indecomposable quadratic conservation laws, and

n— N —M is the number of coisotropic coordinates. Indices 1,2
denote position of energy. Within each equivalence class, separable
metrics are related by canonical transformations and arbitrary
nondegenerate transformation of parameters.

All separable metrics in two (three classes), three (six classes), and
four (ten classes) dimensions are constructed, as examples.
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