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Ïîñòàíîâêà çàäà÷è

Ïóñòü çàäàíû íåïóñòîå âûïóêëîå îòêðûòîå ìíîæåñòâî G ⊂ Rn,
íåïóñòûå çàìêíóòûå ìíîæåñòâà M0 ⊂ G è M∞ ⊂ Rn, ôóíêöèè

f : [0,∞)× G ×Rm → Rn, f 0 : [0,∞)× G ×Rm → R1, φ : G → R1

è ìíîãîçíà÷íîå îòîáðàæåíèå U : [0,∞) ⇒ Rm.

Çàäà÷à (P):

J(x(·), u(·)) = φ(x(0)) +

∫ ∞

0

f 0(t, x(t), u(t)) dt → max ,

ẋ(t) = f (t, x(t), u(t)),

u(t) ∈ U(t),

x(0) ∈ M0, lim inf
t→∞

ρ(x(t),M∞) = 0.
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Ýêñòðåìàëüíûå çàäà÷è ñ îãðàíè÷åíèÿìè

Ïóñòü çàäàíû íîðìèðîâàííûå ïðîñòðàíñòâà X , Y , îòîáðàæåíèå

F : X → Y ,

è ôóíêöèè
fi : X → R1, i = 0, 1, . . . ,m.

Çàäà÷à (P̃):
f0(x) → max ,

F (x) = 0,

fi (x) ≤ 0, i = 1, . . . ,m.
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Îñíîâíûå îïðåäåëåíèÿ

Èçìåðèìóþ ïî Ëåáåãó ôóíêöèþ u : [0,∞) → Rm: u(t) ∈ U(t) ∀t ≥ 0
áóäåì íàçûâàòü óïðàâëåíèåì.

Òðàåêòîðèÿ x(·) � ëîêàëüíî àáñîëþòíî íåïðåðûâíîå ðåøåíèå
ẋ(t) = f (t, x(t), u(t)), îïðåäåëåííîå â G íà [0, τ), 0 < τ ≤ ∞.

Ïàðó (x(·), u(·)) áóäåì íàçûâàòü ïðîöåññîì, åñëè τ = ∞.

Ïðîöåññ (x(·), u(·)) áóäåì íàçûâàòü äîïóñòèìûì, åñëè âûïîëíÿþòñÿ
êîíöåâûå îãðàíè÷åíèÿ x(0) ∈ M0 è lim inft→∞ ρ(x(t),M∞) = 0, à
ôóíêöèÿ t 7→ f 0(t, x(t), u(t)) ëîêàëüíî èíòåãðèðóåìà íà [0,∞).

Äîïóñòèìûé ïðîöåññ (x∗(·), u∗(·)) áóäåì íàçûâàòü ñëàáî
îáãîíÿþùèì, åñëè äëÿ ëþáîãî äðóãîãî äîïóñòèìîãî ïðîöåññà
(x(·), u(·)) âûïîëíÿåòñÿ íåðàâåíñòâî

φ(x∗(0))− φ(x(0))

+ lim sup
T→∞

[∫ T

0

f 0(t, x∗(t), u∗(t)) dt −
∫ T

0

f 0(t, x(t), u(t)) dt

]
≥ 0.
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Îñíîâíûå ïðåäïîëîæåíèÿ 1/6

Ïóñòü (x∗(·), u∗(·)) � íåêîòîðûé ïðîöåññ.

(A1) Ñóùåñòâóþò òàêèå íåïðåðûâíàÿ ôóíêöèÿ γ : [0,∞) 7→ (0,∞) è
ëîêàëüíî èíòåãðèðóåìàÿ ôóíêöèÿ ν : [0,∞) → R1, ÷òî

{x : ∥x − x∗(t)∥ ≤ γ(t)} ⊂ G äëÿ âñåõ t ≥ 0 è äëÿ ï.â. t ∈ [0,∞)
âûïîëíÿåòñÿ íåðàâåíñòâî

max {x : ∥x−x∗(t)∥≤γ(t)}

{
∥fx(t, x , u∗(t))∥+ ∥f 0x (t, x , u∗(t))∥

}
≤ ν(t).

(A1) ⇒ ïðèìåíèìîñòü ñòàíäàðòíûõ ðåçóëüòàòîâ î ñóùåñòâîâàíèè,
åäèíñòâåííîñòè, íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ x(τ, ξ; ·) çàäà÷è
Êîøè

ẋ(t) = f (t, x(t), u∗(t)), x(τ) = ξ.

îò íà÷àëüíûõ äàííûõ (τ, ξ) è äèôôåðåíöèðóåìîñòè ïî íà÷àëüíîìó
ñîñòîÿíèþ ξ íà ëþáîì êîíå÷íîì èíòåðâàëå [0,T ], T > 0.
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Îñíîâíûå ïðåäïîëîæåíèÿ 2/6

Åñëè ïðîöåññ (x∗(·), u∗(·)) óäîâëåòâîðÿåò (A1), òî äëÿ ëþáûõ
0 ≤ τ < s è ëþáîãî ξ èç íåêîòîðîé îêðåñòíîñòè V(x∗(τ)) ⊂ G òî÷êè
x∗(τ) åäèíñòâåííîå ðåøåíèå x(τ, ξ; ·) çàäà÷è Êîøè
ẋ(t) = f (t, x(t), u∗(t)), x(τ) = ξ, îïðåäåëåíî íà [0, s].

Äëÿ ëþáîãî t ≥ 0 ôóíêöèÿ x(τ, ·; t) : V(x∗(τ)) → Rn íåïðåðûâíî
äèôôåðåíöèðóåìà è

xξ(τ, x∗(τ); s) = Y∗(s)Y
−1
∗ (τ) =

[
Z∗(τ) [Z∗(s)]

−1
]∗
.

Çäåñü Y∗(·) è Z∗(·) � ìàòðè÷íûå ðåøåíèÿ ñèñòåì

ẏ(t) = fx(t, x∗(t), u∗(t))y(t)

è
ż(t) = − [fx(t, x∗(t), u∗(t))]

∗ z(t)

ñ íà÷àëüíûìè óñëîâèÿìè Y∗(0) = I è Z∗(0) = I .
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Îñíîâíûå ïðåäïîëîæåíèÿ 3/6

Ïóñòü (x∗(·), u∗(·)) � íåêîòîðûé ïðîöåññ.

(A2) Ñóùåñòâóþò òàêèå ÷èñëî β > 0 è èíòåãðèðóåìàÿ ôóíêöèÿ

λ : [0,∞) 7→ R1, ÷òî äëÿ ëþáîãî ζ ∈ G , ∥ζ − x∗(0)∥ < β ðåøåíèå

x(ζ; ·) çàäà÷è Êîøè ẋ(t) = f (t, x(t), u∗(t)), x(0) = ζ, ñóùåñòâóåò â G
íà [0,∞) è

max θ∈[x(ζ;t),x∗(t)]

∣∣∣⟨f 0x (t, θ, u∗(t)), x(ζ; t)− x∗(t)⟩
∣∣∣ ï.â.

≤ ∥ζ − x∗(0)∥λ(t).

Ëåììà 1. Ïóñòü ïðîöåññ (x∗(·), u∗(·)) óäîâëåòâîðÿåò óñëîâèÿì (A1)
è (A2). Òîãäà∥∥∥ [Z∗(t)]

−1 f 0x (t, x∗(t), u∗(t))
∥∥∥ ≤

√
nλ(t) ï.â. t ≥ 0.
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Îñíîâíûå ïðåäïîëîæåíèÿ 4/6

Ïóñòü (x∗(·), u∗(·)) � íåêîòîðûé ïðîöåññ.

(A2′) Ñóùåñòâóþò òàêèå ÷èñëî β > 0 è èíòåãðèðóåìàÿ ôóíêöèÿ

λ : [0,∞) 7→ R1, ÷òî äëÿ ëþáîãî ζ ∈ G , ∥ζ − x∗(0)∥ < β ðåøåíèå

x(ζ; ·) çàäà÷è Êîøè ẋ(t) = f (t, x(t), u∗(t)), x(0) = ζ, ñóùåñòâóåò â G
íà [0,∞) è äëÿ ëþáûõ ∥ζi − x∗(0)∥ < β, i = 1, 2, èìååì

max θ∈[x(ζ1;t),x(ζ2;t)]

∣∣∣⟨f 0x (t, θ, u∗(t)), x(ζ1; t)−x(ζ2; t)⟩
∣∣∣ ï.â.

≤ ∥ζ1−ζ2∥λ(t).

Ñ.Ì. Àñååâ Îòäåë äèôôåðåíöèàëüíûõ óðàâíåíèé ÌÈÀÍ Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñ àñèìïòîòè÷åñêèì êîíöåâûì îãðàíè÷åíèåì



Îñíîâíûå ïðåäïîëîæåíèÿ 5/6

Ïóñòü ∀ (x(ζ; ·), u∗(·)): ∥ζ − x∗(0)∥ < β âûïîëíÿåòñÿ óñëîâèå (A1).

Îïðåäåëèì îòêðûòîå ìíîæåñòâî Ω ⊂ [0,∞)× Rn ðàâåíñòâîì

Ω =
⋃

ζ : ∥ζ−x∗(0)∥<β

{(τ, ξ) ∈ Rn+1 : ξ = x(ζ; τ) : τ ≥ 0}.

Ëåììà 2. Ïóñòü äëÿ ïðîöåññà (x∗(·), u∗(·)) âûïîëíÿåòñÿ óñëîâèå

(A2′) è äëÿ ëþáîãî ïðîöåññà (x(ζ; ·), u∗(·)), ∥x(ζ; 0)− x∗(0)∥ < β,
âûïîëíÿåòñÿ óñëîâèå (A1). Òîãäà äëÿ ëþáîé òî÷êè (τ, ξ) ∈ Ω èìååì∥∥∥ [Z (τ, ξ; t)]−1 f 0x (t, x(τ, ξ; t), u∗(t))

∥∥∥ ≤
√
nλ(t) ïðè ï.â. t ≥ 0.

Çäåñü Z (τ, ξ; ·) � ìàòðè÷íîå ðåøåíèå ëèíåéíîé ñèñòåìû

ż(t) = − [fx(t, x(τ, ξ; t), u∗(t))]
∗ z(t),

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ Z (τ, ξ; 0) = I .
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Îñíîâíûå ïðåäïîëîæåíèÿ 6/6

Ïóñòü (x∗(·), u∗(·)) � äîïóñòèìûé ïðîöåññ, u(·) � íåêîòîðîå
óïðàâëåíèå è τ > 0.

Îïðåäåëèì ñîñòàâíîå óïðàâëåíèå uτ∗ (·) ðàâåíñòâîì

uτ∗ (t) =

{
u(t), t ∈ [0, τ),

u∗(t), t ∈ [τ,∞).

(A3) Ñóùåñòâóåò òàêîå ε > 0, ÷òî åñëè äëÿ äîïóñòèìîãî ïðîöåññà

(x∗(·), u∗(·)) â ìîìåíò τ ≥ 0 âûïîëíÿåòñÿ íåðàâåíñòâî

ρ(x∗(τ),M∞) ≤ ε, òî ñóùåñòâóåò òàêîå δ(τ, x∗(τ)) > 0, ÷òî äëÿ ëþáîé

òðàåêòîðèè x(·), ñîîòâåòñòâóþùåãî óïðàâëåíèþ u(·) íà èíòåðâàëå
[0, τ ] â G ñ íà÷àëüíûì ñîñòîÿíèåì x(0) ∈ M0 è óäîâëåòâîðÿþùåãî

íåðàâåíñòâàì ∥x(τ)− x∗(τ)∥ ≤ δ(τ, x∗(τ)) è
ρ(x(τ),M∞) ≤ ρ(x∗(τ),M∞), ïàðà (xτ∗ (·), uτ∗ (·)) � äîïóñòèìûé

ïðîöåññ. Çäåñü, uτ∗ (·) � ñîñòàâíîå óïðàâëåíèå, ñîîòâåòñòâóþùåå u(·),
u∗(·) è τ , à xτ∗ (·) � ñîîòâåòñòâóþùàÿ òðàåêòîðèÿ.
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Ôóíêöèÿ ìåæâðåìåííîé ïîëåçíîñòè

Ïóñòü (x∗(·), u∗(·)) � íåêîòîðûé ïðîöåññ è âûïîëíÿåòñÿ (A2′).

Ïóñòü ∀ (x(ζ; ·), u∗(·)): ∥ζ − x∗(0)∥ < β âûïîëíÿåòñÿ óñëîâèå (A1).

Ïóñòü 0 ≤ τ < s è (τ, ξ) ∈ Ω

Îïðåäåëèì ôóíêöèþ ìåæâðåìåííîé ïîëåçíîñòè π(τ, ·, s) íà
ìíîæåñòâå

Gτ = {x ∈ G : (τ, x) ∈ Ω}

ðàâåíñòâîì

π(τ, ξ, s) = f 0(s, x(τ, ξ; s), u∗(s)), ξ ∈ Gτ .
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Ôóíêöèÿ óñëîâíîé ñòîèìîñòè

Ïóñòü ïðîöåññ (x∗(·), u∗(·)) óäîâëåòâîðÿåò (A2′) è J(x∗(·), u∗(·)) <∞.

Òîãäà ∀ (τ, ξ) ∈ Ω èíòåãðàë

W (τ, ξ) =

∫ ∞

τ

π(τ, ξ, s) ds

ñõîäèòñÿ è ôóíêöèþ W (·, ·) áóäåì íàçûâàòü ôóíêöèåé óñëîâíîé
ñòîèìîñòè.

Ëåììà 3. Ïóñòü äëÿ ïðîöåññà (x∗(·), u∗(·)) âûïîëíÿåòñÿ (A2′),
çíà÷åíèå J(x∗(·), u∗(·)) êîíå÷íî è äëÿ ëþáîãî ïðîöåññà (x(ζ; ·), u∗(·)):
∥ζ − x∗(0)∥ < β âûïîëíÿåòñÿ (A1). Òîãäà äëÿ ëþáîãî τ ≥ 0 ôóíêöèÿ

ξ 7→ W (τ, ξ) íåïðåðûâíî äèôôåðåíöèðóåìà íà Gτ è

Wξ(τ, ξ) =

∫ ∞

τ

πξ(τ, ξ, s) ds

= Z (τ, ξ; τ)

∫ ∞

τ

[Z (τ, ξ; s)]−1f 0x (s, x(τ, ξ; s), u∗(s)) ds.
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Îñíîâíîé ðåçóëüòàò 1/3
Ïóñòü (x∗(·), u∗(·)) � ñëàáî îáãîíÿþùèé ïðîöåññ, çíà÷åíèå
J(x∗(·), u∗(·)) êîíå÷íî è âûïîëíÿþòñÿ óñëîâèÿ (A2′) è (A3). Ïóñòü
∀ζ ∈ M0: ∥ζ − x∗(0)∥ < β, äëÿ (x(ζ; ·), u∗(·)) âûïîëíÿåòñÿ (A1).
Äëÿ k = 1, 2, . . . ïîëîæèì

Mk = {x ∈ Rn : ρ(x ,M∞) ≤ ρ(x∗(Tk),M∞), ∥x−x∗(Tk)∥ ≤ δ(Tk , x∗(Tk))}.

Çàäà÷à (Pk):

Jk(x(·), u(·)) = φ(x(0)) +Wk(x(Tk)) +

∫ Tk

0

f 0(t, x(t), u(t)) dt → max ,

ẋ(t) = f (t, x(t), u(t)),

x(0) ∈ M0, x(Tk) ∈ Mk ,

u(t) ∈ U(t).

Ôóíêöèÿ Wk(·) : = W (·,Tk) íåïðåðûâíî äèôôåðåíöèðóåìà íà GTk
.

[7] Clarke F., Functional analysis, calculus of variations and optimal
control. Graduate Texts in Mathematics, 264 (2013), London:
Springer-Verlag.
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Îñíîâíîé ðåçóëüòàò 2/3
Òåîðåìà 1. Ïóñòü (x∗(·), u∗(·)) � ñëàáî îáãîíÿþùèé ïðîöåññ â (P),
çíà÷åíèå J(x∗(·), u∗(·)) êîíå÷íî è âûïîëíÿþòñÿ óñëîâèÿ (A2′) è (A3).
Ïóñòü ∀ζ ∈ M0: ∥ζ − x∗(0)∥ < β, äëÿ (x(ζ; ·), u∗(·)) âûïîëíÿåòñÿ (A1).
Òîãäà ñóùåñòâóþò òàêàÿ íåíóëåâàÿ ïàðà ψ0 ≥ 0, ξ ∈ Rn, ÷òî

(i) Ôóíêöèÿ ψ : [0,∞) → Rn, îïðåäåëåííàÿ ðàâåíñòâîì

ψ(t) = −Z∗(t)ξ+ψ
0Z∗(t)

∫ ∞

t

[Z∗(s)]
−1f 0x (s, x∗(s), u∗(s)) ds, t ≥ 0,

ïðèíàäëåæèò ACloc [0,∞) è óäîâëåòâîðÿåò ñîîòíîøåíèÿì Ï.Ì.Ï.:

ψ̇(t) = −Hx(t, x∗(t), u∗(t), ψ
0, ψ(t)),

H(t, x∗(t), u∗(t), ψ
0, ψ(t))

ï.â.

= H(t, x∗(t), ψ
0, ψ(t)).

(ii) Âûïîëíÿþòñÿ âêëþ÷åíèÿ

ψ(0) ∈ −ψ0∂̂φ(x∗(0)) + N̂M0(x∗(0)),

ξ ∈ Ls t→∞ : ρ(x∗(t),M∞)→0

{
[Z∗(t)]

−1 N∗(t)
}
.

Çäåñü

N∗(t) = {λζ : λ ≥ 0, ζ ∈ ∂̂ρ(x∗(t),M∞ + ρ(x∗(t),M∞))}.
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Îñíîâíîé ðåçóëüòàò 3/3
Òåîðåìà 2. Ïóñòü M∞ = Rn. Ïóñòü (x∗(·), u∗(·)) � ñëàáî
îáãîíÿþùèé ïðîöåññ â (P), çíà÷åíèå J(x∗(·), u∗(·)) êîíå÷íî è
âûïîëíÿåòñÿ óñëîâèå (A2′). Ïóñòü äëÿ ëþáîãî ζ ∈ M0:
∥ζ − x∗(0)∥ < β, äëÿ ïðîöåññà (x(ζ; ·), u∗(·)) âûïîëíÿåòñÿ (A1). Òîãäà
äëÿ ëþáîãî t ≥ 0 ôóíêöèÿ W (t, ·) íåïðåðûâíî äèôôåðåíöèðóåìà íà
ìíîæåñòâå Gt = {x ∈ G : (t, x) ∈ Ω} è âûïîëíÿþòñÿ ñëåäóþùèå
óñëîâèÿ:

(i) Ôóíêöèÿ ψ : [0,∞) → Rn, îïðåäåëåííàÿ ðàâåíñòâîì

ψ(t) = Wx(t, x∗(t)), t ≥ 0,

ëîêàëüíî àáñîëþòíî íåïðåðûâíà è óäîâëåòâîðÿåò îñíîâíûì
ñîîòíîøåíèÿì ïðèíöèïà ìàêñèìóìà ñ ψ0 = 1.

(ii) Âûïîëíÿåòñÿ óñëîâèå òðàíñâåðñàëüíîñòè

ψ(0) ∈ −∂̂φ(x∗(0)) + N̂M0(x∗(0)),

(iii) ×àñòíàÿ ïðîèçâîäíàÿ Wt(t, x∗(t)) ñóùåñòâóåò ïðè ï.â. t ≥ 0 è

Wt(t, x∗(t))+ sup
u∈U(t)

{
⟨Wx(t, x∗(t)), f (t, x∗(t), u)⟩+ f 0(t, x∗(t), u)

}
ï.â.

= 0.
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Ïðèìåð. Ðîëü óñëîâèÿ ðîñòà (A2)

J(x(·), u(·)) =
∫ ∞

0

e−t
[
u(t)− 5x(t)2

]
dt → max ,

ẋ(t) = (u(t) + x(t))ϕ(x(t)), x(0) = 0, G = (−∞,∞),

u(t) ∈ [0, 1].

Çäåñü ϕ : R1 → [0, 1] � òàêàÿ ãëàäêàÿ ôóíêöèÿ, ÷òî ϕ(x) ≡ 1 åñëè
|x | ≤ 1, è ϕ(x) ≡ 0 åñëè |x | ≥ 2.

Â ýòîì ïðèìåðå (x∗(·), u∗(·)), x∗(t) ≡ 0, u∗(t)
ï.â.

= 0, t ≥ 0.
Òàê êàê Z∗(t) = e−t , f 0x (t, x∗(t), u∗(t)) = −10x∗(t)e

−t ≡ 0, t ≥ 0, òî

ψ(t) = Z∗(t)

∫ ∞

t

Z−1
∗ (s)f 0x (s, x∗(s), u∗(s)) ds ≡ 0, t ≥ 0,

Îäíàêî, äëÿ u∗(t) ≡ 0 è ψ(t) ≡ 0, t ≥ 0:

u∗(t)
(
e−t + ψ(t)

)
̸= max u∈[0,1]

[
u
(
e−t + ψ(t)

)]
≡ e−t .

Ï.Ì.Ï. äëÿ (x∗(·), u∗(·)) âûïîëíÿåòñÿ ñ ψ0 = 1, ψ(t) = −e−t , t ≥ 0.
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