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Âåòâÿùèéñÿ ïðîöåññ Ãàëüòîíà-Âàòñîíà

Âåòâÿùèéñÿ ïðîöåññ Ãàëüòîíà-Âàòñîíà:

Z0 = 1, Zn+1 =

Zn∑
j=1

ξ
(n)
j

ξ
(n)
j

d
= ξ íåçàâèñèìû è îäèíàêîâî ðàñïðåäåëåíû.

Ïðîèçâîäÿùàÿ ôóíêöèÿ ÷èñëà ïîòîìêîâ

f(s) := Esξ =

∞∑
k=0

P(ξ = k)sk



A := Eξ = f ′(1) - ìàòåìàòè÷åñêîå îæèäàíèå ÷èñëà ïîòîìêîâ ó îäíîé
÷àñòèöû

logA < 0 - äîêðèòè÷åñêèé,
logA = 0 - êðèòè÷åñêèé,
logA > 0 - íàäêðèòè÷åñêèé.

EZn = An = en logA = en log f ′(1)



Âåòâÿùèéñÿ ïðîöåññ â ñëó÷àéíîé ñðåäå (ÂÏÑÑ)

Ïðîèçâîäÿùèå ôóíêöèè ÷èñåë ïîòîìêîâ Fn(s) := Esξ
(n)

â
ïîêîëåíèÿõ n = 0, 1, ... ÑËÓ×ÀÉÍÛ È ÍÅÇÀÂÈÑÈÌÛ È
ÎÄÈÍÀÊÎÂÎ ÐÀÑÏÐÅÄÅËÅÍÛ.

⇒ F ′n(1) := Eξ(n) � ÍÅÇÀÂÈÑÈÌÛÅ È ÎÄÈÍÀÊÎÂÎ
ÐÀÑÏÐÅÄÅËÅÍÛÅ ñëó÷àéíûå âåëè÷èíû;

Zn+1 =

Zn∑
j=1

ξ
(n)
j .

ξ
(n)
j

d
= ξ(n) ÍÅÇÀÂÈÑÈÌÛ È ÎÄÈÍÀÊÎÂÎ ÐÀÑÏÐÅÄÅËÅÍÛ

ïðè ôèêñàöèè íàáîðà F0, F1, . . .



ÏÐÈÌÅÐ

Fn(s) := Esξ
(n)

=
qn

1− pns
=

∞∑
k=0

qnp
k
ns
k =

∞∑
k=0

P(ξ(n) = k)sk,

ãäå qn + pn = 1, è, íàïðèìåð, pn, n = 0, 1, 2, ... ÍÅÇÀÂÈÑÈÌÛ È

ÐÀÂÍÎÌÅÐÍÎ ÐÀÑÏÐÅÄÅËÅÍÛ íà îòðåçêå [0,1].



Êëàññèôèêàöèÿ âåòâÿùèõñÿ ïðîöåññîâ, ðàçâèâàþùèõñÿ â ñëó÷àéíîé
ñðåäå ñ íåçàâèñèìûìè êîìïîíåíòàìè

E
[
Zn

∣∣∣F0, F1, . . .
]

= EF

[
Zn

]
=

n−1∏
j=0

F ′j(1)

= e
∑n−1

j=0 logF ′j(1) = eSn

ãäå S0 = 0 è ïðè n ≥ 1

Sn = logF ′0(1) + logF ′1(1) + · · ·+ logF ′n−1(1)

= X1 +X2 + · · ·+Xn

ãäå Xi := logF ′i−1(1)



Ïîñëåäîâàòåëüíîñòü

Sn = logF ′0(1) + logF ′1(1) + · · ·+ logF ′n−1(1)

íàçûâàåòñÿ ñîïðîâîæäàþùèì ñëó÷àéíûì áëóæäàíèåì äëÿ
ñîîòâåòñòâóþùåãî âåòâÿùåãîñÿ ïðîöåññà â ñëó÷àéíîé ñðåäå. Èìååì

EF

[
Zn

]
=

n−1∏
j=0

F ′j(1) = eSn .

Êëàññèôèêàöèÿ: ÂÏÑÑ íàçûâàåòñÿ

íàäêðèòè÷åñêèì, åñëè limn→∞ Sn = +∞ ñ âåðîÿòíîñòüþ
åäåèíöà;

äîêðèòè÷åñêèì, åñëè limn→∞ Sn = −∞ ñ âåðîÿòíîñòüþ
åäèíèöà;

êðèòè÷åñêèì, åñëè lim supn→∞ Sn = +∞ è lim infn→∞ Sn = −∞
(îáà ñ âåðîÿòíîñòüþ åäèíèöà);



Çàìîðîæåííàÿ ñðåäà (Quenched approach):

Èçó÷åíèå ïîâåäåíèÿ õàðàêòåðèñòèê ÂÏÑÑ äëÿ òèïè÷íûõ ðåàëèçàöèé
ñðåäû F0, F1, ....
Ïóñòü

T = min{n : Zn = 0}.
Òîãäà

PF (Zn > 0) = PF (T > n) = P(T > n|F0, F1, ...)

ÿâëÿåòñÿ a ñëó÷àéíîé âåëè÷èíîé íà âåðîÿòíîñòíîì
ïðîñòðàíñòâå âîçìîæíûõ ðåàëèçàöèé ñðåäû F0, F1, ... Íàïðèìåð, äëÿ
ãåîìåòðè÷åñêîãî ðàñïðåäåëåíèÿ ÷èñëà ïîòîìêîâ â êàæäîì ïîêîëåíèè

Sk = log p0/q0 + · · ·+ log pk−1/qk−1

è

PF (Zn > 0) =
1

1 + e−S1 + e−S1 · · ·+ e−Sn



Óñðåäíåíèå ïî ðàñïðåäåëåíèþ êîìïîíåíò ñðåäû (Annealed
approach):

Èçó÷åíèå ïîâåäåíèÿ õàðàêòåðèñòèê ÂÏÑÑ, ïîñëå óñðåäíåíèÿ ïî
âîçìîæíûì ñöåíàðèÿì F0, F1, ... ñëó÷àéíîé ñðåäû:

P(Zn > 0) = E[PF (Zn > 0)]

� ýòî ÷èñëî!



ßñíî, ÷òî

PF (Zn > 0) ≤ min
0≤k≤n

PF (Zk > 0)

≤ min
0≤k≤n

EF [Zk] = min
0≤k≤n

eSk = emin0≤k≤n Sk .

Ñëåäîâàòåëüíî,

P(Zn > 0) = E[PF (Zn > 0)] ≤ Eemin0≤k≤n Sk .



Òåïåðü ìû ïåðå÷èñëèì íàøè îñíîâíûå îãðàíè÷åíèÿ íà ñâîéñòâà
ñëó÷àéíîãî áëóæäàíèÿ.

Óñëîâèå A. Ñëó÷àéíûå âåëè÷èíû Xn, n ∈ N ÿâëÿþòñÿ

íåçàâèñèìûìè âåðîÿòíîñòíûìè êîïèÿìè ñëó÷àéíîé âåëè÷èíû X
ïðèíàäëåæàùåé îáëàñòè ïðèòÿæåíèÿ óñòîé÷èâîãî çàêîíà ñ
ïàðàìåòðàìè 0 < α ≤ 2, |β| < 1. Êðîìå òîãî, ðàñïðåäåëåíèå

ñëó÷àéíîé âåëè÷èíûX ÿâëÿåòñÿ íåðåøåò÷àòûì.

Óñëîâèå B.
Ñóùåñòâóþò ε > 0 è b ∈N òàêèå, ÷òî

E[(log+ γ(b))α+ε] < ∞,

ãäå log+ x = log(max(x, 1)).



Äëÿ ëþáîãî ñîáûòèÿ D, çàâèñÿùåãî òîëüêî îò ñðåäû,

P(Zn > 0;D) = E[PF (Zn > 0);D] ≤ E
[
emin0≤k≤n Sk ;D

]
.

Îêàçûâàåòñÿ, ÷òî äëÿ ìíîãèõ ñîáûòèé D

P(Zn > 0;D) ∼ CDE
[
emin0≤k≤n Sk ;D

]
.



Ñâîäêà ðåçóëüòàòîâ äëÿ ñëó÷àÿ EX2 <∞



(Afanasvev, Geiger, Kersting, V. (2005))

P(Zn > 0) ∼ C√
n
,

ïðè÷åì äëÿ x > 0

P(Zn > 0, Sn ≤ x
√
n) ∼ C(x)P(Zn > 0),

ãäå
C(x) ∈ (0, 1) è C(0) = 0.



(Afanasvev, Geiger, Kersting, V. (2005))

P(Zn > 0) ∼ C√
n
,

ïðè÷åì äëÿ x > 0

P(Zn > 0, Sn ≤ x
√
n) ∼ C(x)P(Zn > 0)

Åñëè ϕ(n) = o(
√
n) è ϕ(n)→ +∞, òî (V.,Dyakonova (2022))

P (Zn > 0, Sn ≤ ϕ(n)) ∼
Cϕ2(n)

n3/2
= o(P(Zn > 0)).

Äëÿ ëþáîé ôèêñèðîâàííîé êîíñòàíòû K (V.,Dyakonova, Dong (2023))

P (Zn > 0, Sn ≤ K) ∼ CK
n3/2

= o(P(Zn > 0)),



Íàéäåíû òàêæå óñëîâíûå ïðåäåëüíûå ðàñïðåäåëåíèÿ âèäà

lim
n→∞

P

(
logZ[nt]√

n
≤ x

∣∣Zn > 0, Sn ≤ ϕ(n)
)
, 0 < t < 1,

è äëÿ m = o(n)

lim
n→∞

P

(
logZn−m√

m
≤ x

∣∣Zn > 0, Sn ≤ ϕ(n)
)



Ðåçóëüòàòû äîêëàäà îòðàæåíû â ñòàòüÿõ
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