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KAWASAKI-GANTON PROJECTION OPERATOR
The projection operator acts on an arbitrary matrix A according to the formula

P(t)A = ρrel(t) TrA +
∑

m

{
Tr(APm)− (TrA)⟨Pm⟩t} ∂ρrel(t)

∂⟨Pm⟩t , (1)

where ρrel(t) is the quasi-equilibrium density matrix with which we approximate the exact one.

PROJECTED EVOLUTION EQUATION

The Kawasaki-Gunton projection operator has the following properties

P(t)P(t ′) = P(t),

P(t)
∂ρ(t)
∂t

=
∂ρrel(t)

∂t
.
.

Using these properties we apply this projector to the Liouville-von
Neumann equation

∂

∂t
ρ(t) = L(t)ρ(t), (2)

where L(t) is an arbitrary generator.
The resulting dynamics equation has the following form

∂

∂t
P(t)ρ(t) = P(t)L(t)P(t)ρ(t) + P(t)L(t)U(t , t0)Q(t0)ρ(t0)+

+P(t)L(t)
t∫

t0
U(t , s)Q(s)L(s)P(s)ρ(s)ds,

(3)

TWO-LEVEL SYSTEM IN AN EXTERNAL FIELD

The evolution equation for a two-level system in an external field has the
following form

∂

∂t
ρ(t) =

iΩ
2
[σ+ + σ−, ρ(t)] + γ0(N + 1)(σ−ρ(t)σ+ − 1

2
{σ+σ−, ρ(t)})+

+γ0N(σ+ρ(t)σ− − 1
2
{σ−σ+, ρ(t)}).

(4)

The act of the generator L(t) can be represented in the following form

L :

(
TrA

v⃗

)
→

(
0 0⃗ T

b⃗ G

)(
TrA

v⃗

)
, (5)

where v⃗ are the coordinates of the density matrix in the basis of the Pauli

matrices, G =


−γ

2
0 0

0 −γ

2
Ω

0 −Ω −γ

 , b⃗ =

 0
0

−γ0

2

 .

JAYNES PRINCIPLE AND THE FORM OF ρrel

In order to get the ρrel form, the Jaynes principle is used. The considered
entropies are the Gibbs entropy S = −Tr ρ(t) ln(ρ(t))

ρG
rel(t) =

1
ZG

exp

−
∑

i

Fi(t)Pi

 , (6)

where ZG = Tr exp(−
∑

i
Fi(t)Pi).

and the Renyi entropy SR
q =

1
1 − q

ln (Tr ρ(t)q).

ρR
rel =

1
ZR

(
1 +

q − 1
q

∑
m

Fm

(
⟨Pm⟩t − Pm

)) 1
q−1

, (7)

where ZR = Tr

(
1 +

q − 1
q

∑
m

Fm

(
⟨Pm⟩t − Pm

))1/(q−1)

.

THE EVOLUTION EQUATION

If we take as the parameter set {Pm} the set {σ1, σ3}, then the evolution equation (3) will take the form

∂

∂ t


Tr(ρrel)
⟨σ1(t)⟩

0
⟨σ3(t)⟩

 =


0

−⟨σ1(t)⟩
γ

2
0

−⟨σ3(t)⟩ γ − γ0

2
Tr(ρrel)

 +

t∫
t0

ds


0
0
0

−Ω2e
1
2(s−t)γ ⟨σ3(s)⟩

 . (8)

If we separate the small parameter λ: Ω → λΩ and substitute ⟨σ3(t)⟩ = e−γt ⟨σ′
3(t)⟩ −

γ0

2γ
we get the equation

∂

∂t
⟨σ′

3(t)⟩ = −λ2

t∫
t0

Ω2 exp
[γ
2
(t − s)

]
⟨σ′

3(s)⟩ds + λ2

t∫
t0

Ω2 exp
[γ
2
(t + s)

]γ0

2γ
ds.

DISSIPATIVE WICK ROTATION

As can be seen in the exponent is a positive value. Suppose that γ < 0,
then the kernel of the integral converges to the delta function in the
Bogolubov-van Hove scaling t → λ−2t . The solution is the function

⟨σ3(t)⟩ = e(− γ

λ2+
Ω2
γ )t
(
⟨σ3(0)⟩ +

γ0

2γ

)
− γ0

2γ

In the result, we get the evolution of the averages
Tr(ρrel)(t) = 1,
⟨σ1(t)⟩ = ⟨σ1(0)⟩e−γ

2t,

⟨σ3(t)⟩ = e(− γ

λ2+
2Ω2
γ )t ⟨σ3(0)⟩ −

γ0

2γ

(
1 − e(− γ

λ2+
2Ω2
γ )t
)
.

(9)

CONCLUSION
In this work, quasi-equilibrium density matrices have been obtained (6)-(7) based on the principle of maximum entropy. A two-level system in an
external field was considered with the usage of projective operators.


