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Crash course on
Riemann Surfaces
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Surfaces: topology

(Bordered) surfaces are spaces with the same local structure as a
(half-) plane.

Theorem
(Moebius). Two compact surfaces are topologicaly equivalent iff
they have the same set of invariants:

» k — number of boundary components;
> O - orientability;
» x =V — E + F — Euler characteristic.

of orientable O = +1 surfaces: ®&gT © kD,

g, k=0,1,.... x=2—-2g — k. (g, k) :=(0,0)
'Sphere’, (1,0) 'Torus', (3,0) 'Brezel’, (0,1) 'Disc’, (0, 2)
"Annulus’, (0,3) 'Pants’, (1,1) 'Handle' ...

of nonorientable O = —1 surfaces: ShRP? & kD,
h—1,k=01,.... y=2—h—k. (h, k) := (1,0)
'Projective Plane’, (2,0) 'Kleinian bottle’, (1,1) 'Moebius Strip’,
(2, k) 'Kleinian saxophone’.



Kleinian saxophone




Surfaces: conformal (complex) structure

Several equivalent ways to determine the complex structure:
1. Patchwork with conformal (holomorphic) glueings
2. Conformal class of metrics

3. Field of operators J, J2 = —/, in tangent space (emulation of
rotation by 7/2)
Keywords: Beltrami differential, Beltrami equation, Liouville
equation, hyperbolic geometry

Riemann’s computation: space of complex structures has
FINITE real dimension 6g — 6 + 3k.



Function theory on surfaces

Several objects which locally may be presented as

#(2) meromorphic

¢(z)dz meromorphic

#(z)(dz)®>  meromorphic

qﬁ(z)\/d? meromorphic
Latter depends on 'spin-structure’, the choice of signs in the gluing
maps ++/dz/dw. All above may be considered as (meromorphic)
sections of certain line bundles over the surface.

kernel functions like prime

form E(z,w)/Vdz - dw..



Two major computational
approaches for RS:

Riemann theta functions and
Poincare seria.



Cycles, Period matrix

al aZ
X, X X, S X, Xq X
Figure: Two sheeted model of the genus 2 curve and

symplectic homology basis

A reflection J(x,y) := (X, ¥) acts on the curve and in particular,
on just introduces cycles

Jas = as, Jbs = —bs, s=1,2. (1)

We consider the dual basis of holomorphic differentials, which are
"real” and generate purely imaginary period matrix.

/ dUJ = (55], I_Isj ::/ du_]i S7.j - 1727
as s



Another surface with reflection: cycles

Mirror




Jacobian and Abel-Jacobi mapping

I in turn generates a full rank in C&:

L(M) =NZ& +78 = / du, du = (duy, duy, ..., dug)t,
Hi(X,Z)

its factor is a 2g-torus Jac(X) := C&/L() a.k.a. the of
the curve X.



Jacobian and Abel-Jacobi mapping

I in turn generates a full rank in C&:

L(M) =NZ& +78 = / du, du = (duy, duy, ..., dug)t,

H1(X,Z)
its factor is a 2g-torus Jac(X) := C&/L() a.k.a. the of
the curve X.
The natural of the curve to its Jacobian

p
u(p) ::/ du mod L(N), du:= (dui,duy,...,dug)",
p



Riemann thetas

Principal function theoretic objects can be expressed in terms of
of jacobian coordinates

O(u,N) = Z exp(2rim‘u + 7im‘Mm).
mecZ&

here u € C& and N € C&*¢€ is a Riemann matrix, i.e. 1 =TI and
Im 1> 0.



Riemann thetas

Principal function theoretic objects can be expressed in terms of
of jacobian coordinates

O(u,N) = Z exp(2rim‘u + 7im‘Mm).
mecZ&

here u € C& and N € C&*¢€ is a Riemann matrix, i.e. 1 =TI and
Im T1>0.
In terms of this function it is possible to

>
>



Riemann thetas on a surface

Many constructive formulas follow from the Riemann theorem
about function
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Riemann thetas on a surface

Many constructive formulas follow from the Riemann theorem

about function

1 The X is shifted @ divisor (Riemann)
0[35](u) = 0 when g =2

2 The 2:1 of X to the sphere (x,y) — x with

normalization x(ps) := 0; x(p;) := oo takes the appearance

62[35sk](u)

m, u, =u(p), k #s,l.

x(u) := Const



Riemann thetas on a surface

Many constructive formulas follow from the Riemann theorem

about function
1 The X is shifted @ divisor (Riemann)
0[35](u) = 0 when g =2
2 The 2:1 of X to the sphere (x,y) — x with
normalization x(ps) := 0; x(p;) := oo takes the appearance
62[35sk](u)
= Const————~ = u(ps), k # s, 1.
x(u) ons B35 (u)’ u. =u(ps),k#s
3 Normalized (a building block for the whole

function theory) is represented by an explicit formula

~1og OLN(u(t) — u(p))
Npq(u) = log 0[..)(u(t) — u(q))




Computation of Riemann theta

: sum up large elements
first. Fix a small threshold e for the absolute value of the theta
series terms. Then you get a condition: the lattice Z& elements lie
inside an ellipsoid with semiaxes defined by Im I1 and €. An apriori
error estimate for this summation rule is available.

. differentiate with respect to period matrix
entries, which serve as the local coordinates in the moduli space
(Rauch formulas).

. sophisticated moduli description, notorious
Schottky problem.
. excellent convergence (even in the worst case!); excellent
parallelizability
: use modular transformations.
: e.g. MAPLE, Wolfram Math.



Schottky model of surface

Consider g pairs of disjoint discs Ds, D% in the complex plane. Fix
Sj: Int Dj — Ext Dj. Classical Schottky

group G is a free group with S;.
Su—a  u—a
Su—p3 . 154

where o and [ the attractive and the repulsive fixed point, |u| <1
is a dilation coefficient. The exterior of all discs is the fundamental
domain R of the group.



Schottky model of surface, 2

Mirror symmetry may be taken into account:

—O- OO0 0O0O—O0O0O0—0O0O—

Figure: Schottky group & with oriented factor of genus 1 and 3 ovals

with weights from PGLy(R): orientability
= generators are in PSLy(R); Euler characteristics = 2 — 2rk&,
number of ovals = combinatorics of the diagram.
for a handle and a hole



Function theory: Differentials

Abelian differential with z,z' (H.Poincare, 1882).
1 1
d7722’(u) T Z {SU — 7 - Sy — Z/} dS(U) -
S5e6
1 1
Z{ & = 5,}du. z,Z € R.
lu=52 u-5z

. place poles z, z’ in the previous formula
into the same orbit and consider the 'telescopic’ sum:

dgj(u) :==dns;z = Z{ (u—SS;z)~ —(u—Sz)_l}du:
S5e6

Z {(u—Sa;) ™t —(u—SB)) '} du=

Se6|(S;))
Z {(Su—aj)™t —(Su—pB))"t dS(u), j=1,...,g.
5)16

a;j and B are the attractive/ repulsive fixed points of S;(u).



Differentials Il

Differential of the 2nd kind (with poles of higher orders) may be
obtained by taking derivatives with respect to the location of the
simple pole:

dwmz(u) == D dnzy(u) = m! > (Su—z) " dS(u), m=1,2,..
5e6

Thus obtained differentials will automatically have the
normalization with respect to the boundary circles of the
fundamental domain:

/ dTlZZI = Ox / dme - O, / dC_] - 27Ti55j, S,j — ].7 . e 7g.

provided the poles z, z’ are contained in the fundamental domain.



Constructive function theory

The following two functions with their arguments belonging to the
discontinuity domain of the Schottky group were introduced by
F.Schottky in 1887. Later W.Burnside in 1892 related those
functions to Poincare series.

u

u—Sz -5z
(u,u;z,7) = exp/dnzz/ :SI;EBU—SZ’ U —SZ (2)

u
u— Sa; .
Ej(v) izeXP/de: H u—isﬁj-’ j=1....8
%0 See|(s;) /

Schottky functions are subjected to the obvious transformations
under the permutations of their arguments and the substitutions
from the group 6.



Transformations of Schottky functions

(u,;2,2)= (2,2 u,d)=1/(J,u;2,2) = 1/(Z, z; u, )

(Sju,';z,2') = (u,u'; 2, 2')E;(2) JE;(Z'), j=1,....8,
E/(Sju) = E/(U)E/j, /,_j = 1,. - 8,

where the constants Ej; := exp(fff” d¢;) (exp of the periods)
admit the following representation

Sa;—a; SB; — .
Ei=Ey= J e lLj=1,...,g.
lj -jl H Saj_,B/ 5,8_]_/8/7 yJ ) , 8
Se(SnIel(s))

Here the product is taken over the two-sided cosets of the group &
and the factor 0/co corresponding to S = 1 when j = [ is replaced
by the dilatation coefficient A, := S/(cy).



Representation of automorphic functions

Let F(u) = F(S(u)), S € &. Then

deg F

dF /F = Z dNzpe + Z m;d¢;

j=1
where zi, px represent zeros, poles in fundamental domain Rg and

integer m; := log(F)|c,/(2mi). Hence,

deg F g

F(u) = const H (*, u;zk,pk)HEj(u)mj
k=1 j=1

and its automorphicity is equivalent to Abel's criterion for the
divisor (F).



Logistics of summation over Schottky group

Example. Computation of 3rd kind abelian differential:

1 1
dnzz(U) = > {u . Sz/} du.

Se6

Summation over infinite vocabulary. Keep the values Sz, Sz’ in
each node S of Caley graph to use them for the computation of
the term in all immediate descendants SJ-lLlS.




Logistics of summation over Schottky group

Cut off threshold
is the value of |Sz — SZ’|. A posteriori estimate of the error is
available. Lexicographic go-round of a tree.

/|-

. (sometimes) poor convergence;

: Comprehensive moduli description; excellent
parallelizability



Variational formulae

Let & be the Schottky group with generators 51, So, ..., 5S¢
represented in the matrix form:

__caiu+tcz & . €11 C12
Sj(u) = 5:, =
Co1u+ Co €21 C22

Theorem (A.B. 1997) The following variational formulae are valid
for the definite abelian integrals:

5/d77_ (2mi)~ 1Z/dn )dn (u)tr[M(u) -85, - 571 /du+ o,
=1,
Here dn(u) is any of the differentials d7n,,/, d(s, dwm;; the

endpoints v,v' € Rg; and M(u) :=
matrix; 0 := O(3_(dcy)?).

sj
Similar variational formulae exist for the periods of abelian
Aiffarantiale and Schnttin, Klain primme fartor

is the Hejhal

—u
-1



Effective usage: Hejhal formulae

Example The following relative quadratic Poincare seria

Oh(du)? = S R(Su)(dS(u)?,
Se(5)le j=1....g, (3)
R(u) := (u—ozj)_2(u—6j)_2;

represent g holomorphic quadratic differentials on the surface M.
All integrals from right hand sides of the variational formulae may
be computed explicitly for those seria:

/@f VM (u)du = 27 e (Off6>5js. (4)
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Thank you for the patience



