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Let A1, A2, . . . , Am−1, B1, B2, . . . , Bn, C1, C2, . . . , Cr be closed linear operators in a Banach
space Z with domains DA1 , DA2 , . . . , DAm−1 , DB1 , DB2 , . . . , DBn , DC1 , DC2 , . . . , DCr respec-
tively, m − 1 < α ≤ m ∈ N, n, r, ϱ, q ∈ N ∪ {0}, Z be an open subset in R × Zm+ϱ+q,
B ∈ C(Z;Z). Consider the quasilinear multi-term fractional equation

Dαz(t) =
m−1∑
j=1

AjD
α−m+jz(t) +

n∑
l=1

BlD
αlz(t) +

r∑
s=1

CsJ
βsz(t)+

+F (t,Dα−m−ϱz(t), . . . , Dα−1z(t), Dγ1z(t), Dγ2z(t), . . . , Dγqz(t)).

(1)

Here Dδ
t is the Riemann — Liouville derivative with δ > 0 and the Riemann — Liouville

integral with γ < 0, 0 < α1 < α2 < · · · < αn < α, ml − 1 < αl ≤ ml ∈ Z, αl −ml ̸= α −m,
l = 1, 2, . . . , n, γ1 < γ2 < · · · < γq < α, ni − 1 < γi ≤ ni ∈ Z, γi − ni ̸= α −m, i = 1, 2, . . . , q.
Some γi may be negative. Let us define µ∗ := m∗(α, α1, α2, . . . , αn, γ1 + 1, γ2 + 1, . . . , γq + 1)
(see [1]), µ∗

0 := max{µ∗, 0}, so for solving the Cauchy type problem

Dα−m+kz(t0) = zk, k = 0, 1, . . . ,m− 1, (2)

for equation (1) conditions are met

Dα−m+kz(t0) = 0, k = −r,−r + 1, . . . , µ∗
0 − 1;

Dαl−ml+kz(t0) = 0, k = 0, 1, . . . ,ml − 1, l = 1, 2, . . . , n;

Dγi−ni+kz(t0) = 0, k = 0, 1, . . . , ni, i = 1, 2, . . . , q.

Define by L(Z) the Banach space of all linear bounded operators on Z,

D :=
m−1⋂
j=1

DAj
∩

n⋂
l=1

DBl
∩

r⋂
s=1

DCs , ∥ · ∥D =
m−1∑
j=1

∥ · ∥DAj
+

n∑
l=1

∥ · ∥DBl
+

m−1∑
s=r

∥ · ∥DCs
.

A solution to problem (1), (2) on (t0, t1] is a function z : (t0, t1] → D, such that Jm−αz ∈
Cm((t0, t1];Z) ∩ Cm−1([t0, t1];Z), Dα−m+jz ∈ C((t0, t1];DAj

), j = 1, 2, . . . ,m − 1, Dαlz ∈
C((t0, t1];DBl

), l = 1, 2, . . . , n, Dγiz ∈ C([t0, t1];Z), i = 1, 2, . . . , q, condition (2) are satis-
fied, inclusion (t,Dα−m−ϱz(t), Dα−m−ϱ+1z(t), . . . , Dα−1z(t), Dγ1z(t), Dγ2z(t), . . . , Dγqz(t)) ∈ Z
for t ∈ [t0, t1] and equality (1) for t ∈ (t0, t1] hold.

Definition 1. A tuple of operators (A1, A2, . . . , Am−1, B1, B2, . . . , Bn, C1, C2, . . . , Cr), which
are linear and closed in a Banach space Z, belongs to the class An,r

α (θ0, a0) for some θ0 ∈
(π/2, π), a0 ≥ 0, if

(i) D is dense in Z;
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(ii) for all λ ∈ Sθ0,a0 := {µ ∈ C : | arg(µ− a0)| < θ0}, p = 0, 1, . . . ,m− 1 we have

Rλ ·

(
I −

m−1∑
j=p+1

λj−mAj

)
∈ L(Z);

(iii) for any θ ∈ (π/2, θ0), a > a0, there exists such a K(θ, a), that for all λ ∈ Sθ,a,
p = 0, 1, . . . ,m− 1 we have∥∥∥∥∥Rλ ·

(
I −

m−1∑
j=p+1

λj−mAj

)∥∥∥∥∥
L(Z)

≤ K(θ, a)

|λ− a||λ|α−1
.

Definition 2. Let p ∈ {0, 1, . . . ,m− 1}; a strongly continuous family of operators {Sp(t) ∈
L(Z) : t > 0} is called p-resolving for equation (1), if next conditions are satisfied:

(i) for t > 0 Sp(t)[DAj
] ⊂ DAj

, Sp(t)Ajx = AjSp(t)x for all x ∈ DAj
, j = 1, 2, . . . ,m − 1;

Sp(t)[DBl
] ⊂ DBl

, Sp(t)Blx = BlSp(t)x for all x ∈ DBl
; Sp(t)[DCs ] ⊂ DCs , Sp(t)Csx = CsSp(t)x

for all x ∈ DCs ;
(ii) for every zp ∈ D Sp(t)zp is a solution of linear (B ≡ 0) problem (1), (2) with zl = 0 for

every l ∈ {0, 1, . . . ,m− 1} \ {p}.
A p-resolving family of operators for p ∈ {0, 1, . . . ,m − 1} is called analytic, if it has the

analytic extension to a sector Σψ0 := {t ∈ C : | arg t| < ψ0, t ̸= 0} for some ψ0 ∈ (0, π/2]. An
analytic p-resolving family of operators {Sp(t) ∈ L(Z) : t > 0} has a type (ψ0, a0) for some
ψ0 ∈ (0, π/2], a0 ∈ R, if for all ψ ∈ (0, ψ0), a > a0 there exists such a C(ψ, a), that for all
t ∈ Σψ the inequality ∥Sp(t)∥L(Z) ≤ C(ψ, a)|t|α−m+peaRe t is satisfied.

Theorem 1. Let m − 1 < α ≤ m ∈ N, α1 < α2 < · · · < αn < α, ml − 1 < αl ≤ ml ∈ N,
αl −ml ̸= α−m, m∗ := m∗(α, α1, α2, . . . , αn), β1 > β2 > · · · > βr ≥ 0, Aj, j = 1, 2, . . . ,m− 1,
Bl, l = 1, 2, . . . , n, Cs, s = 1, 2, . . . , r, are linear and closed operators, D dense Z. Then there are
p-resolving families of operators {Sp(t) ∈ L(Z) : t > 0} of the type (θ0, a0) for equation (1) for
all p = m∗,m∗+1, . . . ,m−1, if and only if (A1, A2, . . . , Am−1, B1, B2, . . . , Bn, C1, C2, . . . , Cr) ∈
An,r
α (θ0, a0). Moreover,

Sp(t) = Zp(t) :=
1

2πi

∫
Γ

λm−1−pRλ

(
I −

m−1∑
j=p+1

λj−mAj

)
eλtdλ, p = m∗,m∗ + 1, . . . ,m− 1,

where Γ := Γ+ ∪ Γ− ∪ Γ0, Γ0 := {λ ∈ C : λ = a + r0e
iφ, φ ∈ (−θ, θ)}, Γ± := {λ ∈ C : λ =

a+ r0e
±iθ, r ∈ [r0,∞)}, θ ∈ (π/2, θ0), a > a0, r0 > 0.

Theorem 2. Let m− 1 < α ≤ m ∈ N, 0 < α1 < α2 < · · · < αn < α, ml − 1 < αl ≤ ml ∈ N,
αl−ml ̸= α−m, γ1 < γ2 < · · · < γq < α−1, ni−1 < γi ≤ ni ∈ Z, γi−ni ̸= α−m, i = 1, 2, . . . , q,
(A1, A2, . . . , Am−1, B1, B2, . . . , Bn, C1, C2, . . . , Cr) ∈ An,r

α (θ0, a0), zk ∈ D, k = µ∗
0,µ∗

0 + 1,. . . ,
m−1, Z be open in R×Zm+ϱ+q, (t0, 0, 0, . . . , 0, zµ∗0 , zµ∗0+1, . . . , zm−1, 0, 0, . . . , 0) ∈ Z, the mapping
B ∈ C(Z;D) be locally Lipschitz continuous with respect to the phase variables. Then there
exists t1 > t0, such that problem (1), (2) has a unique solution on (t0, t1].
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