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lllustrative example: Mackey-Glass equation

Consider the Mackey-Glass equation

&(t) = —10v02(t) + T0bo f(2(t — 1)), (1)

where 79, 8o, 70 > 0 are parameters and for an even integer k the
nonlinearity is given by

fly) = ﬁyyk (2)

It is well-known that the model exhibits chaotic behavior for a range of
parameters.

Problem: How to estimate the dimension of the resulting attractor?
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Operators and delay equations: main space

For some 7 > 0 consider the main Hilbert space
H = Lo([-7,0]; ;s R™), (3)

where p = py, + dp is the sum of the Lebesgue measure on [—7,0] and
the -measure concentrated at 0.
For ¢(-) € H we consider

RV¢ = $(0) € R" and R{V¢:= ¢| __ € Lo(~7,O;R").  (4)
We define an (unbounded) operator A in H = Ly([—7,0]; u; R™) by
- d
Ry)(A9) = Ag and R (A9) = =0, (5)

where A: C([—7,0; R") = R" is a bounded linear operator.
For scalar (n = 1) equations we often have A¢p = a¢(0) + Bo(—T).
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Operators and delay equations: additive symmetrization
of A

Recall that A is given by
~ d
R(Ag) = A and Ry (49) = 220, (6)

For the adjoint A* of A in H = La([—7,0]; ; R™) we have

(1) g* __i
RO(A) =~ )

due to integration by parts. Thus, Rgl)(A + A*)¢ =0, that is the
additive symmetrization A + A* has kernel with finite codimension < n.

As a consequence, the Liouville trace formula (at least in the standard
inner product) cannot be utilized to obtain effective dimension estimates.
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Operators and delay equations: nonautonomous systems

Let us consider a semiflow (P, 7) on a complete metric space P. Let
U :=R" and M := R" be endowed with some (not necessarily
Euclidean) inner products. We consider the class of nonautonomous
delay equations in R™ over (P, 7) given by

i(t) = Az, + BF'(xt(p))Cy, (8)
where A: C([—7,0];R") — R", C': C([—7,0; R") — M are bounded
linear operators; B: U — R™ is a linear operator and F': P — L(M; U)

is a continuous mapping such that for some A > 0 we have

| F"(0) || zoamy < A forall p e P. (9)
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Operators and delay equations: nonautonomous systems
(continuation)

We study the class of delay equations in R™ over (P, 7) given by
i(t) = Az, + BF'(r'(p)) Oy, (10)

System (10) can be treated as an abstract evolution equation in
H = Ly([—7,0]; u; R™) given by

£(t) = AL(t) + BF' (' (p)) CE(t), (11)
where A is the operator associated with A; B: U — H is the boundary
operator such that R(()I)Bn = Bn and Rgl)Bn =0forneUand
C¢:=CRWY¢ for ¢ € H.

It can be shown that (11) generates a cocycle = in H over (P, ). Let
=, be its extension to the m-fold exterior power H"" of H.

Problem: Provide conditions for the uniform exponential stability of =,,.

Our method: consider = (resp. Z,,) as a perturbation of the
Co-semigroup generated by A (resp. its multiplicative extension).
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Operators and delay equations: eventually compact
Co-semigroup G(t) generated by A

Recall A: C(|—7,0]; R") — R" is a bounded linear operator and A is
given by

)(40) = A and R (A9) = o, (12)
The operator A is defined on the domain D(A) given by the embedding
of ¢ € Wh2(—7,0;R") into 1) € H such that R\"y = $(0) and
(1)
1 Y =9.

It can be shown that A generates an eventually compact Cy-semigroup
G = G(t), where t > 0.
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Operators and delay equations: compound operators

We define G®™(t) as the m-fold multiplicative tensor product of G(t).
It can be shown that G®™ = G®™(t), where t > 0, is an eventually
compact Cp-semigroup in the m-fold tensor product H®™ of H.
Analogously, G"™(t) can be defined as the restriction of G®™(¢) to the
m-fold exterior power H\™ of H.

Let A[®™] be the generator of G®™ called the m-fold additive
compound of A. lts restriction A" to H/™ is the generator of G\
and it is called the m-fold antisymmetric additive compound of A.
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|
Spectra of Al®™ and A"

We have spec(AN™) C spec(Al®™) and

spec(Al®M) = {Z Aj | Aj € spec(A) forany j € {1,.. ,m}} . (13)

7=1

Moreover, any \g € spec(A[®m]) is an isolated spectral point and there
exist finitely many, say N, distinct m-tuples ()\’f, e )\ﬁ@) € C™ for
1 <k < N such that

Ao = Z )\? and )\? € spec(A4). (14)
j=1
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Spectra of Al®™ and A"l (continuation)

In addition, each )\f is an isolated spectral point of A and for the
corresponding spectral subspaces L yem (o) and L A(/\;?) we have

L siem (Mo) = @@LA AF). (15)
k=1j=1

Moreover, \g € spec(A"™) if and only if TI)\ L yiwm (Xo) # {0}. In this
case the spectral subspace of A"™ w.r.t. \g is given by

L atam (M0) = I L gemi (Ao) = Ligtem (Ag) NH ™. (16))
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Operators and delay equations: description of H®™

Recall p = pr, + 9.

For the space H = Lo([—,0]; u; R™), the mapping

¢1®®¢m'_> (¢1®®¢m)(917a9m) :¢1(91)®®¢m(‘9m)
(17)
induces a natural isometric isomorphism between H®™ and

Ly = Lo([=7, 0™ ™5 (R)™). (18)

In particular, its restriction to H\™ gives an isometric isomorphism onto
the subspace L) of antisymmetric functions®.

?Such functions satisfy for each permutation o € S,

D01y, -5 00(m)) = (—1)T,-1P(01,...,0m). (19)

u®™-almost everywhere on [—7,0]™; T, is the transposition operator in (R™)®™

v
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Operators and delay equations: k-faces of [—7,0]™ w.r.t.
M@m

Now let us choose 1 < k < m integers 1 < j; < ... < jr <m and
define the set B;, _j, (a k-face of [—7,0]™ w.r.t. u®™) as

Bj, . = {011 x (=7,0) x {0}27! x (=7,0).... (20)

We also put By := {0} denoting the set corresponding to the unique
O-face w.r.t. u®™ and consider it as Bj,..j,, for k=0.

From the definition of u = puz, + &y we have that u®™ can be
decomposed into the orthogonal sum given by

=" 3" Wi (B ), (21)
k=041

where MIE(le...jk) denotes the k-dimensional Lebesgue measure on
Bj,. . and 1Y (Bo) denotes the §-measure concentrated at By = {0}™.
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Operators and delay equations: restriction operators

We define the restriction operator Ryln) j, s

£ 3@ R, &=,

- J1---Jk

€ La((—7,0)% (RM®™)  (22)

Let 9}, ;L% denote the subspace of L& where all the restriction
operators except possibly Rg:n)]k vanish. We call le,_,jkﬁ;‘% the
boundary subspace on Bj, ;. Clearly, the space L decomposes into

the orthogonal inner sum as
m
® _
Ly, = @ @ 1 in L2, (23)
k=0 j1..-Jk
where each boundary subspace 8j1_._jk£$% is naturally isomorphic to the

space Lo((—,0)%; (R™)®™) via the restriction operator Rj(:n)jk
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Operators and delay equations: example m =2, n=1

)
R1® Ro®
-7 0 91

Ri2® Ry®

Figure: A representation of an element ® from Ly ([—7,0]%; u®2; R) via its four
restrictions Ry®, R1®, Ro® and R129P.
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Operators and delay equations: action of A[®™

Let W2 ((—7,0)"; (R®)™) be the space of ® € La((—7,0)¥; (R")™) with
Lo-summable diagonal derivative Y5, a%lq).

For the m-fold additive compound Al®™ of A and any ® € D(A®™ we
have R;, . ;,® € W3((—T,0)%; (R")™) and?

le---jk( ®m]q)> Zae J1-- ]kq)+ Z A( )( )RJJ1 ]k¢' (24)
&L Tk )

forany0 <k<m,1<j1<jos<...<jr<m.

“Here Rj,...;, ® is considered as a function of 61, ...,0; and Al J( N is an operator

associated with A.

v
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Compound delay equations: structural Cauchy formula

For T'> 0 let ®,(-) be a mild solution on [0, 7] to
b(t) = (AE™ + v D)®(t) + n(1), (25)

where n(-) € Ly (0, T; LZ™). Put p,(t) := et

Foreveryl <k <mand1l<j <...<jir <m there exist functions
X =Xji .4 € LQ(C%; (R™)®™) and

Y = Y}l---jk S LQ(O, T, LQ((—T, O)k; (Rn)@)m)) such that le...jkq)u is
given by the sum of the p,-adornment of X and p,-twisting of Y

le...jkq)(t) = (I)X,pl, (t) + \I’Y,pu (t) for all t € [O,T]. (26)

v
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Structural Cauchy formula: adorned functions

For T' > 0 define the set

cr= U (0" +1), (27)
te[0,7)

where t = (¢,...,t) € R™.
For simplicity, let p(t) = p,(t) = €’ and fix a Hilbert space F. Then for
each X € Lo(C";TF) we define a function ®(t) for ¢t € [0,T] as

P(t) = Px p(t) ;== p(t)X(E+1,...,t+m) € La2((—7,0)";F). (28)

In this case we say that ® is a p-adornment of X or that ¢ is
p-adorned) over Cy'. It is clear that @ determines X uniquely.
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Structural Cauchy formula: spaces of adorned functions

We define the space yg(O,T; Ly(—7,0;F)) of all p-adorned over C7
functions ®(-) and endow it with the norm given by
Hq’(')||yg(0,T;L2(—T,o;IF)) =

o T B 1/2
- (/(_Tmm x@)| d0+j§:1/83 dej(e)/o ‘p(t)X(@-ﬁ-t)‘;dt) ,
(29)

where dgj is the (m — 1)-dimensional Lebesgue measure on the
(m — 1)-face 83 = Bl...j‘...m'
In the case T' = oo we additionally require that the norm in (29) is finite.
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Structural Cauchy formula: twisted functions

Now let T,,,(t), where t > 0, be the diagonal translation semigroup in
Lo((—7,0)™; F), i.e.

(30)

(T, (1)) (0) = {¢’(9+t), ifo+te (—7,0)m,

0, otherwise .

Here 0 = (01,...,0,,) € [-7,0™ and t = (¢,...,t) € R™.
For a given T' > 0 let ¥(-) be a function on [0, 7] taking values in
Lo((—7,0)™; F) such that

U(t) = Wy, (t) :== p(t) /Ot Tm(t —s)Y (s)ds for all t € [0,T]  (31)
for some Y (+) € Lo(0,T; Lo((—7,0)™; F)). We say that ¥ is a

p-twisting of Y or simply that ¥ is p-twisted. It can be shown that ¥
determines Y uniquely.
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Structural Cauchy formula: spaces of twisted functions

We consider the space 7;2(0,T; La((—7,0)™; F)) of p-twisted functions
and endow it with the norm
T 1/2
) Irzi0 7 —ryman = ( / ||p<t>Y<t>||%2«T,ow;mdt) .

(32)
For T' = oo we require the value in (32) to be finite.
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Structural Cauchy formula: uniqueness

It turns out that the spaces Y%(0,T; Ly(—,0;F)) and
T2(0,T; Ly((—7,0)™;F)) are linearly independent, i.e.

Px ,(t) + Uy, (t) =0 for all t € [0,T]
if and only if (33)
Px ,(t) = Uy, (t) =0 for all t € [0,T].
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Compound delay equations: structural Cauchy formula
(continuation)

For T'> 0 let ®,(-) be a mild solution on [0, 7] to
b(t) = (AP +0)@(t) + (1), (34)

where 7(+) € L2(0,T; L&™). Put p,(t) := et

..such that R, ., ®, is given by the sum of the p,-adornment of X and
py-twisting of Y

le...jkq)(t) = CI)XJJV (t) + \IlY,pu (t) for allt € [O,T]. (35)

Moreover, the norms of ®x ,, in yg(o, T; Ly(—T,0; (R™)®™)) and Ty,
in 7;?((), T; Ly((—7,0)™; (R™)®™))) can be estimated in terms of
[®,,(0)[zom, H(I)V(’)HLQ(O,T;D@"L) and Hn(‘)HLz(O,T;L@’m) with some
uniform in T' constant.

—————————— = ~7

—
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Measurement operators

For given Hilbert spaces F and M., let v(#) € L(F;M.,) be an
operator-valued function of bounded variation on 6 € [—7,0].

For given 1 < .J < k we consider the operator C'} from C([—,0]*"!;F)
to C([—,0]¥; M) given by

180, = [ dv6,)80n, ... 001), (36)

-7

A

where gj = (91,...,9J,...,9k+1).

For example, for k =1 and dy = §_, we have (C]®)(6) = ®(—7,6) and
(C3@)(0) = (0, —).
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Pointwise measurement operators

We want to interpret the operator IC} acting on ®(-) from
L3(0,T; La((—7,0)*1;F)) by pointwise measurement of C7, i.e.

(T ®)(t) = CJ0(1) (37)

It turns out that it is possible to interpret IC} as a bounded operator if
we restrict ourselves with

o(t) = (I)X,p(t) + \I’Y,p(t)v (38)

where ®x , € Y2(0,T; Ly(—7,0;F)) and Wy, € T2(0,T; Ly(—, 0; FF)).
We call call such functions as in (38) p-agalmanated.
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Nonautonomous systems in abstract form

Recall the class of nonautonomous delay equations in R™ over a semiflow
(P, ) given by N B
@(t) = Az, + BF'(r*(p))Cxy, (39)

and that system (39) can be treated as an abstract evolution equation in
H = La([~,0]; u; R™) given by

£(t) = AL(t) + BF' (' (p) CE(1). (40)

where B: U — H is the boundary operator such that Rél)Bn = En and
RYBn=0forneUand Cp:=CRY ¢ for ¢ € H.
Recall that (40) generates a cocycle Z in H.

Mikhail Anikushin (SPbU) Compound cocycles and delay equations February 27-March 3, 2023 25 /52



Compound delay equations: infinitesimal description of

—
—

—m

For any m solutions &1(t), . ..,&m(t) of (40) with &1(0), ..,

&m(0) € D(A), the function ®(t) = &1(t) @ ... @ &n(t) fort >0 is a
C'-differentiable L2 -valued mapping such that ®(t) € D(Al®™]),
d(t) € C([—7,0]™; (R™)®™) continuously depend ont > 0 and®

b(t) = Ao+ 3 S BIRE (R (9)CF ) Rigy 5, O(0),
J1eJk 5E{I15- 0k}
(41)
where the sum taken over all 1 < j; < ... < jr < m with
0<k<m-—1.

®Here J(j) = J(j;J1---jk) denotes an integer J such that j is the J-th element
of the set {j,71,...,jx} arranged by increasing

W
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Compound delay equations: definition of C](k])

For each operator C': C([—7,0];R™) — M = R" there exists a
(rg x n)-matrix of bounded variation ¢(f) such that

Co= ’ dc(0)p(0) for all ¢ € C([—7,0];R™). (42)

—T

Then for j € {1,...,m}, we put () to be the linear operator from
F:= (R")®™ to M, := (R")®/~1 @ M@ (R")™ 7 such that

T1®..0%Q..0Tn —T1Q...0c0)r;®...Tn. (43)

Then v;(0) € L(F;M;) and we put ](kj) := C'} with v =, and
M., = M;.
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-
Compound delay equations: definition of Ej’(p)

We define F;(p) as an operator form M; = (RM)®I~t oM@ (R")™ to
Uj =R 1 @Ue (R")"™ by

T1®...0TQ ... Ty =T Q... QF (p)r; ...y, (44)
We use the same notation to denote the operator between spaces of

functions taking values in M; and U; respectively where F]’(p) is applied
pointwisely.
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Compound delay equations: definition of le"‘jk

Recall U; = (R")®~! @ U ® (R")™.
For 0 < k < m — 1 we define a linear bounded operator B](-Jl"'”“) which

takes an element @y from Lo((—7,0)*; U;) to an element from
Dj,..j L2 defined for (61, ...,0) € Bj,._ ;. as

(Bl ®y) (01, 0m) := (Idm, ; ®B&1dg, )Py (0, -, 0j,), (45)

where Ry := (R")®U~1) and Ry ; := (R")®(m=7),
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Compound delay equations: associated control system in
L

Let us consider the control space given by the outer orthogonal sum

U% = @ @ LQ((_Tﬂ O)k;Uj)v (46)

Jre-Jk GE{G1- gk}

where the indices ji...jr and jaresuchthat 1 < j1 <...<jpr <m

with 0 <k <m—1and je€{l,...,m}. We define a control operator
B® € L(U%; L) as (see (45))

Bin= > Y By forn=(g ,)eUy. (47
Jre--Jk §E{41, 00k}

We associate to the pair (A[®™ B2) a control system as
b(t) = AF™a(t) + Bon(t), (48)

where 7(-) € Lo(0,T;UZ).
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Compound delay equations: subspace £/ : definition

Recall that for H = Lo([—7, 0]; u; R™) the m-fold exterior product H™
is naturally isomorphic to the subspace £, of antisymmetric functions in
L3, = Lo([=7,0]™; p®™; (R7)™).
Recall that such functions satisfy for each permutation o € S,, the
identity

D(0s(1ys -y Oo(m)) = (=1)7T5-1@(01, ..., Om). (49)
pu®m-almost everywhere on [—7,0]™. Here T, is the transposition
operator in (R™)®™ w.rt. o, i.e.

To(11® ... @Tm) = Te(1) @ - .. @ Ty(m)- (50)

Mikhail Anikushin (SPbU) Compound cocycles and delay equations February 27-March 3, 2023 31 /52



Subspace £/\: antisymmetric relations

For each permutation o € S,;, we have the identity
D(0s(1)s -+ s 0o(m)) = (=1)7T5-1®(01, ..., Om). (51)

pu®™-almost everywhere on [—7, 0]™.
This relations induce antisymmetric relations on restrictions to k-faces.
Namely, forany 0 <k <m,any 1 <j1 <...<jm <mand o € S, we
have
(Rj1~~~jkq>)(0j1’ ) ejk) = (71)UTU(RU_I(h)mU_l(jk)q))(93'5(1)’ T ejE(k))’
for almost all (0j,,...,0;,) € (—7,0)%,
(52)

where @ € Sy, is such that o™ (jz1)) < ... < 0™ (Jzk))-
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Subspace £L/: decomposition

Note that the antisymmetric relations (52) link each 9, j, £ with
other boundary subspaces on k-faces. Thus, it is convenient to define for
a given k € {0,...,m} the subspace

OLh = ®¢€ @ Oj,. i L2 | ® satisfies (52) ¢ , (53)

Ji---Jk

where the sum is taken over all 1 < j; < ... < jr < m. We say that k is
improper if Oy L)), is zero. Otherwise we say that k is proper. For
example, when n =1, gives that any k£ < m — 2 is improper and only
k=m —1 and k = m are proper.

Clearly, £}, decomposes into the orthogonal sum of all 9;L), as

L), =P oLy, (54)
k=0
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|
Definition of U/,

Consider n = (njln_jk) € UY satisfying for all k € {0,...,m — 1},
1<ji<...<jr<m,jé¢{j,...,jx} and any o € S, the relations

j _ o a(j) . .
ngl...jk (Hjl’ R ij) = (_1) TU_lng'(j;(l)).ng(j;(k))(9]3(1)7 s ejg(k))’
for almost all (0;,,...,6;,) € (—,0)F,
(55)

where @ € Sy, is such that o (jz1)) < ... < o(Jzm))-
Now we define U}, as

Ul = {n= (ngl i) € U5 | n satisfies (55) and
Ik . (56)
1,..;, = 0 for improper k}.
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Compound delay equations: associated control system in

E/\

Recall the system just considered in the antisymmetric case

b(t) = Ao+ Y Y BIRE @ e)CE) Ry (),
J1eJk §E{d1,- 9k}
(57)

We associate to (57) the linear system in £, as

&(t) = AV e (1) + BAn(t), (58)

where 7)(-) € L2(0,T;U2.,) and B} is defined on U/, by the restriction of
B® from UZ to U),.
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Compound delay equations: Lipschitz quadratic
constraint

Recall

J1--Jk §E{d1, 0k}

(59)
and
b(t) = AN (1) + Bon(t). (60)
Since [|F" ()| cuan) < A, for i, (8) = FJ (' (0)C) ) Ry (1)
we have the quadratic constraint F(®(t),n(t)) > 0 satlsfled where
F(®,n) =
= Z Z (A2HC J(33) JJ1---jk(pH%g((—r,o)k;Mj)_ (61)

J1---Jk 5€{j1,--dk}

j 2
- H77§1_..jk HLQ((—T,O)’“:U]'))’
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-
Extension of C to Ej. ()
We need to consider C7 in a wider context. For this we define the space
E,.(F) of all functions ® € Ly((—7,0)™;F) such that for any

j €{1,...,m} there exists <I>§’- € C([~7,0]; La((—7,0)™ 1; F) such that
we have the identity in Lo((—7,0)™ 1 F) ast

_ &b
q)’83+eej = ®;(0) for almost all 6 € [~7,0]. (62)
Let us endow E,,(F) with the norm

12|, (F) = sup _ sup 15 (0)|l £y ((—r.0)m—1:7) (63)
1<j<m 0e[—7,0]

which makes E,,(IF) a Banach space.
We have that C] can be extended to a bounded operator from Ej1(F)
to Lo((—, O)k; M,y).

'Recall that we naturally identify B; + fe; with [—T, 0]™"* by omitting the j-th
coordinate.
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Intermediate Banach spaces E? and E/,

We define the Banach space E® through the outer direct sum as
E, =@ D E(RM®™) (64)
k=071...JK

and endow it with any of standard norms. We embed the space EZ into
L% by naturally sending each element from the j ... jx-th summand in
(64) to 9j,.;, LL. We have that

D(AP™M) c EE ¢ 8, (65)

where all the embeddings are dense and continuous.
Let E/\ be the intersection of E& with £/.. Analogously, we have

D(AN c BN < L), (66)

where all the embeddings are dense and continuous.
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Measurement space M and the operator C%

Consider the measurement space M& given by the outer orthogonal sum

=P P L(-70NMy, (67)

Jr--Jk GEELIL Tk}

where the sum is taken over all k € {0,...,m — 1},
1<p<...<jr<mandje{l,...,m}.

Define C% € L(E2:M2) by

C®(I) - Z Z C(, )( )RJ.71 a® (68)
J1-. Jk]¢{.717 »]k}

where the sum is taken in M%.
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N
Measurement space M and the operator C/)

Let us consider M = (Mj1~--jk) € M, which satisfy for all

ke{0,....m—1} 1<jp<...<jr<m,j¢{j,...,Jx} and any
o € S,, the relations

J . ) — o o(4) . .
Mjl...jk (9117 s 791k) - (_1) o*lMg(jal))_“g(jE(k))(9]3(1)7 s aeja(k))a
for almost all (0j,,...,6;,) € (—7,0)F,
(69)
where @ € Sy, is such that o (jz1)) < ... < o(Jzm))-
We define M/ as
M) = {M = (Mjljk) € M | M satisfies (69) and (70)
j _ .
M ;. =0 for improper k}.

Let C/) be the restriction of C% to E/,. We have C/) € L(E/;M.).
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Lipschitz quadratic constraints via C/)

One can rewrite the quadratic form
F(®,n) =
(k
= Z Z (A2HC )]) g Jk(DHLQ( (—7,0)k;M;) (71)

J1--Jk §E{d1s--0k }
j 2
=731 g N 0y05))

in a compact way using C/} as

F(®,m) = A2 Cp@lligy, — Inlly,- (72)
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General quadratic constraints

One can generalize quadratic constraints as follows. Let G(M,7) be a
bounded quadratic form of M € M/, and 1 € U),. Then we put

F(®,n) :=G(CL®,n) for ® € E, and n € U),. (73)

We say that F is a quadratic constraint if F(®,n) > 0 is satisfied for all
® € EN, any p € P and n € U}, such that

j k
W = FI0)CY) Ry 5, @ for all k€ {0,...,m — 1},
1<j1 < ]k<mand]¢{j1,,jk}
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Resolvent estimates in EZ and [},

For regular (=nonspectral) points p € C of Al®m] e have

H(A[(g)m} - pI)_lug(gg;Eg) < C’1(p) ) H(A[(g)m} _pI)_lug(gg) + C2(p)7
(74)
where the constants C1(p) and C(p) depend on max{1,e~"ReP} in a
monotonically increasing way. Moreover, analogous statement holds for
Al
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Frequency inequalities associated with F

We associate with each F the frequency inequality on the line
Rep = —1p (with 19 € R) avoiding the spectrum of A" as follows.

(F1) For some 6 > 0 and any p with Rep = —1 we have

FC(—=AM —p)='BAn, ) < =6 W%TUQJC for any n € (Ufn)c.
(75)

Here FC is the Hermitian extension of F.
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Existence of Lyapunov functionals for =,

Suppose for some vy € R the spectrum of A"™ avoids the line

—1g + iR and there are exactly j eigenvalues with Re A > —uy. Let the
frequency inequality w.r.t. F defining a quadratic constraint be satisfied.
Then there exists a bounded self-adjoint operator P € L(L])) such that
for its quadratic form V(®) := (®, P®)., and some dy > 0 for the
cocycle =, in L) corresponding to (40) we have

t
Y (Z,(p, #) = V(@) < by [ 7 [Z5 (0, 0) 2y ds. (76)

foranyt>0,p€P and ® € L),
Moreover, V (-) is positive on the stable subspace L, (vy) and negative
on the unstable subpsace L, (o) of AN™ 4 11

Mikhail Anikushin (SPbU) Compound cocycles and delay equations February 27-March 3, 2023 45 /52



Exponential stability of =,, and gaps in the Sacker-Sell
spectrum

In the case j = 0 and vy > 0, from (76) we have the uniform exponential
stability of the cocycle =, with the exponent vy, i.e. for some
M (vg) > 0 we have

EL(p, ®)|zp < M(vo)e @y forallt >0,peP,®eL). (77)

In the case (P, ) is a flow, from (76) we obtain that —vy is a gap of
rank j in the Sacker-Sell spectrum of Z,,, i.e. the cocycle e"0'=!  admits
uniform exponential dichotomy with the unstable bundle of rank j. To
construct the corresponding bundles, one may use our work [4]. Here it
is important that the cocycle =, is uniformly eventually compact.
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|
Numerical computation of frequency inequalities:

self-adjoint nonlinearities

Suppose M = U and that F’'(p) is a self-adjoint operator satisfying
0 < (F'(p)M, M) < A*>(M, M) for each p € P and M € M. Then for
the quadratic form G(M,n) of M € M), and n € U/, given by

G(M,n) :== MM, n)uy, — (0, M)y, (78)

the associated quadratic form F(®,n) := G(C/ ®,n) of ® € E/ and
n € U)\, defines a quadratic constraint.
Then the frequency inequality associated with F is equivalent to

(Sw (=vo + iw)n, 77)([U7/>1)<C

inf inf > + At >0, (79)
weR ne (U, )T, \n\(UA )€
n#0 "

where Sy (p) := (W (p) + W*(p)) is the additive symmetrization of

_ N Am —1 pA
W(p) = —Cp (AN —pI)~' By,
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Numerical computation of frequency inequalities:
approximation

Recall the frequency inequality associated with F is equivalent to

(Sw(=ro +iw)n,n)wn e

inf inf 5 +A71 >0, (80)
weR ne(U7,)%, ‘77|(UA )C
n#0 "

where Sy (p) := (W (p) + W*(p)) is the additive symmetrization of

W(p) = —Cp (AN —pI) 7' B,

Take an orthogonal basis ej, ez, ... in (UA)C = (MA)®. Let Py be the
orthogonal projector onto Span{ey,...,ex}. Let us put
PNSW —1p + 1w PNn, PN77
an(w):= in ( ( 3 Jwpye (81)
ne(Up,)<, |PN77‘(U/\ )C
n#0 i

Mikhail Anikushin (SPbU) Compound cocycles and delay equations February 27-March 3, 2023 48 /52



Numerical computation of frequency inequalities:
pointwise convergence

Recall
Py Sw(—vy +iw)Pyn, P, A
an(w)im inf NSRBI Pyl g
ne(Up,)C, |PN77‘(U4\H)C

n#0

It can be shown that for each w € R we have ay(w) = a(w) as
N — 00, where

Sw(—vp + iw)n, A
o) = e OWEE D

ne(U°, 1% 3

(83)
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Numerical computation of frequency inequalities:
problems

For each w € R we have ay(w) = a(w) as N — oo, but

1. The convergence depends on w: the wider interval of w we want,
the larger N we should take.

2. Computing ayv(w) requires solving the resolvent equation, that is a
first-order PDE in the qube [—7,0]™ with boundary conditions
containing both partial derivatives and delays, for each basis vector
upto Nth.

3. For large N we deal with highly oscillating functions in the basis
that cause high computational errors.

4. Unlike in the case m = 1, a(w) do not vanish as w — co. But, in
concrete examples, it seems to display an asymptotically as w — oo
periodic (or almost periodic) pattern.
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