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Problem

Suppose we have a finite discrete space of objects X’ with a black-box
non-negative reward function R(x) given for every x € X.

Goal: Construct and train a model that will sample objects from X from the
probability distribution R(x)/Z proportional to the reward, where Z is an
unknown normalizing constant.

Standard approach: MCMC methods . . .
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MCMC

m What can be done if drawing i.i.d. samples from R(-)/Z is not an
option?

m If we run the (ergodic) Markov chain (Zx)k>o for a long time (started
from anywhere), then for large N the distribution of Zy will be
approximately invariant: Law(Zy) =~ R(-)/Z. We can then set X; = Zy,
and then restart and rerun the Markov chain to obtain X5, Xj, ..

Important question

How to construct P(x, A) such that the distribution of X, converges to
invariant distribution R(-)/Z as quickly as possible for arbitrary initial
distribution £?
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Example: Metropolis-Hastings algorithm

Let Q(x,A) = [, q(x,y)dy be some MK (e.g. Gaussian)
1. Choose Xj.
2. Given Xy, a candidate move Y1 is sampled from Q(Xx, )
3. Xkt+1 = Ykt1 with probability a(Xk, Yk+1), otherwise X1 = Xk, where
acceptance ratio

a(x,y) = min{l7 gg
Example: Random walk MH
Take q(x,y) = g(y — x), where g(x) = g(—x). Then
Yir1 = Xk + Zkv1, Zkr1~q

a(X,y)—min{ gg;}

In this case
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Example: Langevin Dynamics
Langevin Dynamics It6 SDE:
dX, = —VU(X,) dt + V2dW,,
Invariant measure: R(x) = e~Y®) and Law(X;) — R(-)/Z as t — 0.

1. Take R(x)/Z = (27)~Y/2e=%"/2.

2. SDE: dX; = X, dt + v2dW,, X, is independent of W. This is
Ornstein—Uhlenbeck process

3. Apply Ito’s formula to obtain
t
Xy = Xoe ™t 4 ﬁ/ e =) dw,
0

4. Since the It6 integral of deterministic integrand is normally distributed,
we readily have

Law(X:) = N(foe™ 5,1 — e~ %) — N(0,1)
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Example: Langevin Dynamics
It SDE:
dX; = —VU(X;) dt + V2dW;,

Invariant measure: R(x) = e~ Y®)

1. First-order discretization (Unadjusted Langevin Algorithm, ULA):

Yirr = Yk — 'yVU(Yk) 4+ \/2vZky1, d.d.d. Zy ~ N(O, Id)

Equivalently, Yii1 ~ N(Yk — YV U(Y%),2714)
2. Metropolis-adjusted Langevin Algorithm (MALA):
ULA + Metropolis-Hastings correction;

3. Demo: https://chi-feng.github.io/mcmc-demo

4. If we can't calculate VU replace it by its estimate over batch (SGLD,
SGLD-FP, SAGA etc)

5. Mixture of global (importance sampling) and local steps with trainable
proposals (Ex?MCMC), see [Samsonov et al., 2022]
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Problem

Suppose we have a finite discrete space of objects X’ with a black-box
non-negative reward function R(x) given for every x € X.

Goal: Construct and train a model that will sample objects from X from the
probability distribution R(x)/Z proportional to the reward, where Z is an
unknown normalizing constant.

Standard approach: MCMC methods usually suffer from the mixing
problem.

GFlowNet as an alternative: it learns a stochastic policy that starts with
“empty” objects and modifies them until completion. GFlowNet generates
each sample independently and, like RL methods, relies on exploration and
the generalization power of ML to guess and discover new modes of the
reward function (or regions of low energy).

References: [Bengio et al., 2021}, [Bengio et al., 2023] etc.
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Flows Over Directed Acyclic Graphs
DAG: G = (S,€&): Sis a state space, £ C S x S is a set of edges. Fors € S,
A, is the set of actions, i.e. possible next states: s’ € A, & s — s’ € &;
so € S is an initial state ("empty” object) and the set of terminal states
(states with no outgoing edges) directly corresponds to X

Denote T as a set of all complete
trajectories in the graph

=(sp — s1— ... — Sp.), where
n; is the trajectory length,
si — siy1 € &, so is always the initial
state, and s,_ is always a terminal
state, thus s,_ € X

Figure: Directed Acyclic Graphs

action a; ¢

g3
A trajectory flow is any nonnegative -. ¢ co“ o
function F: T — Rxo. = »

.F(S)éZ.F(T)7 209\:

/
Fls—s)= Z F(r). Figure: Molecule synthesis experiment

T3(s—s’)

agent state s,
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Reward Matching Condition

If F is not identically zero, it can be used to introduce a probability
distribution over complete trajectories:

P(r) & 2 F(r), Zr 23 7 F(7).

Then, F(s)/Zz corresponds to the probability that a random trajectory
contains the state s, and F(s — s’)/Zx corresponds to the probability that a
random trajectory contains the edge s — s’. These definitions also imply

Zr = F(s0) = Yopen F():

Denote P(x) as the probability that x is the terminal state of a trajectory
sampled from P(7). If the reward matching constraint is satisfied for all

terminal states x € X:
F(x) = R(x), (1)

P(x) will be equal to R(x)/Z. Thus by sampling trajectories we can
sample the objects from the distribution of interest
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Markovian flow

The trajectory flow F is said to be Markovian if ¥s € S\ X’ there exist
distributions Pr(—|s) over the children of s such that P can be factorized as

P(r=(s0— ... = 5sn)) =111 Pr(st|se—1).

Equivalently, F is Markovian if ¥s € S\ {so} there exist distributions
Pi(—|s) over the parents of s such that Vx € X

P(r=(s0 = ... = sn.)|sn, = x) =112, Pa(st-1lst),
If F is Markovian, then Pr and Pg can be uniquely defined as

F(s—5s")
F(s) 7

F(s—s")

Pe(s'ls) = o 2)

Pa(sls') =

We call Pg and Pg the forward policy and the backward policy
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Trajectory and detailed balance

The detailed balance constraint is a relation between them:
F(s)Pr(s's) = F(s')Pr(s]s). (3)

The trajectory balance constraint states that for any complete trajectory

T15my Pr(selse—1) = T2 17, P (se-lse)- (4)

Thus any Markovian flow can be uniquely determined from Zx and
Pr(—|s) Vs € S\ X or from F(x) Vx € X and Pp(—|s) Vs € S\ {s0}.
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Training GFlowNet

To train GFlowNet we parameterize a Markovian flow by some model and
train it to minimize some objective. If the objective is globally minimized, we
should have F(x) = R(x).

Trajectory Balance (TB): for each complete trajectory
T=(5% =5 ... > S, =X):

Zo T112y Pr(selse—1.0) )2
L ={lo t=1 . 5
00 = (98 T o ©)
Detailed Balance (DB): for each edge s — s’ € &:
Fo(s)Pe(s']s,0) \*
=11 .
Con(s. ) = (1o A =) (©

For terminal states Fy(x) is substituted by R(x) in the objective.
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Reinforcement Learning

State s; Reward r; Action a;

Environment
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Bridging tabular and Deep RL

Tabular setting: S ~ 100; Deep RL setting: S ~ 1007,

Figure: Minigrid environment Figure: Atari Breakout
Is there an algorithm that at the same time

m provably optimal in tabular setting?

m practically good in Deep RL setting?
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Soft Reinforcement learning

Markov Decision Process (MDP): M = (S, A,P,r,v,s), where § and A
are finite state and action space, P is a Markovian transition kernel, r is a
bounded deterministic reward function, v € [0, 1] is a discount factor, and sp
is a fixed initial state. At step t

m state s; € S;

m action a; € A;

m next state s;11 ~ P(:|s, ar);
m reward r(s¢, a;) - known.

An RL agent interacts with MDP by a policy 7 that maps each state s to a
probability distribution over possible actions.
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Entropy-Regularized RL

Performance measure:

oo

Vi(s) = Z r(se, ae) + AH(w(st)))|so = s, (M)

=0

where X is a regularization coefficient, H is a Shannon entropy function,

ar ~ m(st), St+1 ~ P(st, a¢) for all t > 0. In a similar manner we can define
regularized Q-values Qf (s, a) as an expected (discounted) sum of rewards
augmented by Shannon entropy given fixed initial state sy = s and action
dog = a.

Goal: find a regularized optimal policy 7} that maximizes V{(s) for any
initial state s. In the case A =1 we will drop a subscript A for brevity.
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Soft Bellman Equations

Let V} and Q3% be a value and Q-value of an optimal policy 7}
correspondingly. Then for any s € S,a € A;

Qi(s,a) = r(s, a) + 1B wp(s.a) [ V()]

(8)
Vi (5) £ LogSumBxp, (Q5(s, ),

where LogSumExp, = A Iog(Zf’:1 ¢*/2), and an optimal policy is defined
as a A-softmax policy with respect to optimal Q-values

7%(s) = Softmax, (Q5(s, -)), where [Softmaxy(x)]; £ exf/A/(Zf:l e’/ or,
alternatively

mi(als) = exp($(Qi(s. a) — Vi(9)))- (9)

Notice that as A — 0 we recover the well-known Bellman equations.
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Soft Deep Q-Network

The goal of SoftDQN: approximate a solution to soft Bellman equations (8)
using a Q-value parameterized by a neural network.

Let Qy be an online Q-network, it represents the current approximation of
optimal regularized Q-value, and let mp = Softmax(Qp). Then, akin to DQN,
agent interacts with MDP using policy 7y (with an additional e-greedy
exploration or even without it), collect transitions (s:, a¢, rt, Se+1) for

re = r(st, a;) in a replay buffer B.

Then SoftDQN performs stochastic gradient descent on the regression loss
Lsozeoan(B) = Eg[(Qo(st, at) — Ysorenan(re, se+1))?] with a target Q-value

Yeotepan (re; Se41) = re + fyLogSumEXpA(Qg(sH_l, ), (10)

where Qj is a target Q-network with parameters @ that are periodically
copied from parameters of online Q-network 6.
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GFlowNet Training as Soft RL Problem

=

Our main result is the reduction of GFlowNet learning problem to Soft RL:

m Construct a deterministic MDP based on GFlowNet DAG. Add an
absorbing state s and add edges from all terminal states to it.

m For any s we select A; C S as a set of actions in state s in S\ X, and
define A, £ {s¢} for any x € X U {s¢}.

m Deterministic Markov kernel is simple: P(s’|s,a) = 1{s’ = a} since a
corresponds to a next state S given a corresponding action. In the
sequel we will write s’ instead of a to emphasize this connection.

m Reward function

log Pr(s|s’) s& X U{sr},
f(s,5) = {logR(s)  sed, (11)
0 s =sf

m Set y=1.
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GFlowNet Training as Soft RL Problem

Theorem

The optimal policy 7*(s'|s) for a regularized MDP with a coefficient A =1 is
equal to Pr(s'|s) for alls € S\ X,s' € As;

Moreover, Vs # s¢, s’ # s¢ regularized optimal value V*(s) and Q-value
Q*(s, s’) coincide with log F(s) and log F(s — s') respectively, where F is
the Markovian flow defined by Py and the GFlowNet reward R.
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Soft DQN in the realm of GFlowNets

During the interaction, the agent collects transitions (s;, ar, ¢, S¢11) into the
replay buffer B and optimizes a regression loss Lsosepgn Using targets (10)
with rewards r; = log Pg(st|st+1) for any s; € X. For terminal transitions
with s; € X' and s;41 = s the target is equal to log R(s;:).

Using an interpretation Qy(s,s’) = log Fy(s — s’) we obtain the following

loss
Fo(st — Se11) ?
o) ] W

where Fj(x) = R(x) Vx € X, and otherwise F5(s) £ 3", Fs(s — s’) and §
are parameters of a target network that is updated with weights 6 from time
to time.

‘CSoftDQN(B) = EB
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Interpretation of Value

For a policy w in a deterministic MDP Mg with all trajectories of length
n, < N we can define induced trajectory distribution as follows

g7 (1) =TI\, m(silsi1) =TI}y m(silsi-1),

where 7 = (sp — ... — sy) with sy = s¢ and s, € X. The last identity
holds since 7(s¢|sf) = m(s¢|x) = 1 for any x € X. Additionally, we defined a
marginal distribution of sampling by policy 7 as d™(x) = P, [s,. = x].

Additionally, for a fixed GFlowNet reward R and a backward policy Pg we
define the corresponding distribution over trajectories with a slight abuse of
notation

Pe(r) = 1771 Pa(sialsi) - 2g=d.

Notice that by trajectory balance constraint (4) Pg(7) is equal to a P(7)
and, by Theorem 1, to q”*(T).

GFlowNets
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Interpretation of Value

Then for any policy 7 its regularized value V™ in the initial state sy is equal to
V7 (sp) = logZ — KL(g"||PB).

Takeaway: Maximization of the value in the prescribed MDP M is
equivalent to minimization the KL-divergence between trajectory distribution
induced by the current policy and by a backward policy.

Moreover, it shows that all near-optimal policies in soft RL-sense introduce a
flow with close trajectory distributions, and, moreover, close marginal
distribution:

V*(s0) — V7 (s0) = KL(q"[|PB) = KL(d™[[R(x)/Z),
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Hypergrid Environment
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Small Molecule Generation
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Bit sequence generation
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Problem

We can interpret chain-of-thought reasoning, a paradigm of reasoning in
language models, as a problem of intractable posterior inference. Given a
question-answer pair (X, Y), we are interested in finding latent chains of
thought — token sequences Z that contribute the most to the conditional
likelihood

p(YIX) =Y pm(ZY[X) =D pim(YIXZ)pem(Z|X),

where p;p denotes the likelihood assigned to a sequence by a language
model and apposition of variables (e.g., XZY') denotes the concatenation of
the token sequences. We are interested in sampling from

pLu(XZY)

P S 2 V)

GFlowNets
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Amortizing intractable inference in large language models

‘She caught and ate a mouse. / She meowed until she was fed. /... ‘ @% ®
‘ The cat was hungry. I—-| Now the cat is sleepy, not hungry. ‘ GFl 0\:VN et
(as fine-tuned LM)
‘ The review expresses a personal opinion. ‘ ‘ eval(3+4)=7,eval(7-8)=-1 | T
qor(ZIX[, Y])
ward
“A deeply moving storyline.” ’——[ Label: Subjective ] | 3+4-8 \——’ Answer: —1 ‘ R(Z,X,Y)

Figure 1: Left: Three problems of reasoning in language — sentence infilling, chain-of-thought reasoning, and
problem-solving with external tool use — can all be seen as instances of the latent variable model at the top left,
where an input (X) generates the output (¥) via a latent variable (Z). Right: We fine-tune an LLM to sample
from the Bayesian posterior over Z, conditioning on X and optionally on Y. If conditioned on Y, the trained
policy can be used to sample diverse latent sequences (e.g., for infilling, §4.2). If not conditioned on Y, the policy
can sample Z, and thus predict ¥, for inputs X not seen during training (e.g., for classification and multi-step
reasoning, §4.3, 4.4). As shown in §4.4, modeling the full diversity of the posterior aids generalization.

Figure: See https://arxiv.org/pdf/2310.04363.pdf
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Thank you!
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