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B npownom cemecTpe...
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JluneitHble n KBagpaTuyHble OpMbI

n
PaccmoTpum runsbepToBo NpocTpaHCTBO ®j:1£2. B Takom
MPOCTPaHCTBE MOXXHO 3a4aTb 71 Map OMNEPATOPOB POXAEHUS U
YHUHTOXEHUS Mo hopmMyiam

iV, o Vige o Un) = Vi1, v — 1,0 1),

&;-f|1/1,...,1/¢,...,1/n>:\/ui—|—1|1/1,...,1/i—|—1,...,1/n>,

roe |vi, .. Vi ooy p), v € Zy — 6asuc B @y la.
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JluneitHble n KBagpaTuyHble OpMbI

Takue onepaTopbl yAOBAETBOPAKOT KAHOHNHYECKNM
KOMMYTAUNOHHbIM COOTHOLUEHNAM

[, al) = 655, [as.a,) = [al, al] = 0.
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JluneitHble n KBagpaTuyHble OpMbI

Tak kak Mbl bygem paboTaTh € KBaAPaTUYHBLIMM N JINHEAHBIMY
KOMBUHALMSIMI M3 STUX ONepaTopoB, To HaMm byaeT yaobHo
COCTaBUTL M3 OMNEPATOPOB POXKAEHUS U YHUUTOXKEHUST 2n-MEpPHbIi
BEKTOp 0 = (dl, e ,dn,&];, “ee aL) Torpa BBEgEM
ecTecTBeHHble 0DO3HaYeHUS

ffa=d”f = (fiti+ figna]),  VfeT™

i=1

ol Ka= ZZ ]aza]+Kl+'n]a aj—i_KHJF”a’a’ HHitnjnl Id;)’
i=1 j=1
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JluneitHble n KBagpaTuyHble OpMbI

OTmeTuM, 4TO AaHHOE OmpedesieHne He npeanosiaraer
HOPMaJIbHOrO YMOPSA0HEH NS ONEPATOPOB POXKAEHUS U
YHUYTOXKEHUS, KOTOpPOe Mbl byaem obo3HauyaTb napaMu ABOETOYMIA.
B yactHocTm,

n n

..T L PN AT A AT A AT A

ca Ka:= E E (Ki,jaiaj+Ki+n7ja;raj+Ki7j+najai+Ki+n7j+nai ;f),
i=1 j=1

+

C?*2" Gynem obosHayaTh .

DpmMuUTOBO conpsixxenune matpuy K €
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JluneitHble n KBagpaTuyHble OpMbI

Onpegenum 2n X 2n-mepHble MaTpULbl KaK:

roe I,, — eauHnyHas matpuua 8 C**",
Torpa kaHoHUYeckne KoMMyTaumoHHble cooTHowenus (KKC) B
Takux 0bO3HAYEHUsIX NMPUHUMAIOT BUJ

(fTaalg] = —fTJg, Vg, feC™

OcHoBbl Teopumn oTKpbITbIX KBaHToBbIX cuctem Il. Jlekuns 1 TepeTé€nkoB AnekcaHap



JluneitHble n KBagpaTuyHble OpMbI

OnpepeneHune. ~-CconpsiXeHne BEKTOPOB U MaTpUL, ONpeaensieTcs
dopmynamu:

§=Eg, g C®, K = EKE, K e C*x2n,

rae Yepta cBepxy obosHauvaeT (NMo3/sEMEHTHOE) KOMMIEKCHOE
COMNpsiXKEHME.,
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JluneitHble n KBagpaTuyHble OpMbI

VYnpa>kHeHue. Torga spMrUTOBO COMpPsi>XeHMe AeliCTBYeT no
dopmynam

(gTa)T = gTa, (aTKa)T — an(Ta, Vg € CQn’K c CQnXQn’

g wactHocty, (a7 Ka)' = a”’Ka npu K = K7
3ameuaHue. ~-ConpsixkeHne UHBOMOTUBHO

K=K, g§g=g, VgeC"KeC™?,
N NONYNNHENRHO

(M K1+ K2)™ = M K1+ Ko, VK1, Ky € C*™2" X\, A € C.
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Bynem nucaTtb tr ans cnefa no npocTpaHCTBY ®;?:1€2 n Tr ona

cnega no npoctpaHcTey C27,
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Cnep,

MosicHum BBeAEHHbIE 0BO3HAYeHUsA Ha npumepe. PaccmoTpum
2n X 2n-mMaTpully a a’ p C OnepaTOPHO3HAYHLIMN KOMMOHEHTaMM

a3p e @rdnp @alp - dahp

bde o @2p ity o andl

T _ | Gna1p AnpP  Apap QApQnp
CEP= N e o ala @h2p oo dlale |7

aarp ayanp (a1)°p ayanp

aharp -+ ahanp abalp - (ah)?p
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Torpa

tr(a?p) tr(ayinp) tr(ajalp) tr(aial p)

7\ | tr(@anaip) tr(a2p)  tr(analp) tr(anal p)
tr(aa” p) = At Atr2 f ,

tlifing) - wlalan) (@) o il

(@l - t(@lane) t(@lalp) - te((@l)n)

— 2n X 2n—ManVILI,a C KOMNNEKCHbIMN HYNCNOBbIMW 2N1€EMEHTAMN, a

n

Tr(a a’'p) = Z(&? + (&1)2),0

i=1

— onepaTop B ®§?:1€2.
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Bbluncnexnns c KBaAPATUHHBIMWU W JINHEVHBIMU CbOpMaMI/I

Nemma. (Cummetpusaumns dopm) Mycts K € C2"*27 torpa:

1 1 1 1
a'Ka= aTi(K—i—KT)a— 5T KTJ= aTi(K—i—KT)a—i—i Tr K J.
Chayvana BbIMMCAUM

1
a’ fg'a=

1
§(angTa +algfTa) + §[an, g'a] =

1 1
= §aT(ng +gf")a- §fTJg =

Ly . T T 1 T
=30 (fg" +9f )a— §Tr(gf J),
roe 6uinn ucnonssosaHsl KKC. MpounseosibHyo MaTpuLy
2nx2n _x4n? T
KeC MOXHO npeacTasutb B Buge X = > " fig,
NO3TOMY MO JIMHERHOCTU Moslydaem Tpebyemyto dpopmyiy. Ol
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Bbluncnexnns c KBaAPATUHHBIMWU W JINHEVHBIMU CbOpMaMI/I

Nemma. (Cummetpusaumns dopm) Mycts K € C2"*27 torpa:

1 1 1 1
a'Ka= aTi(K—i—KT)a— 5T KTJ= aTi(K—i—KT)a—i—i Tr K J.
Chayvana BbIMMCAUM

1
a’ fg'a=

1
§(angTa +algfTa) + §[an, g'a] =

1 1
=50 (fg" +gfNa— [T Jg=
Ly . T T 1 T
=30 (fg" +9f )a— §Tr(gf J),
roe 6uinn ucnonssosaHsl KKC. MpounseosibHyo MaTpuLy
2nx2n _x4n? T
KeC MOXHO npeacTasutb B Buge X = > " fig,
NO3TOMY MO JIMHERHOCTU Moslydaem Tpebyemyto dpopmyiy. Ol
DTa feMMa BaXKHa, KOrga HaM HeODXOANMO MPUPaBHATL ABe

popMbI, Tak KakK NpPUpPaBHUBATL MOXHO TOJIBKO CUMMETPU30BaHHbIE
dbopMbl.
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Bbluncnexnns c KBaAPATUHHBIMWU W JINHEVHBIMU CbOpMaMI/I

Nemma. Mycts K = KT € C?"*2", Torpa HopmMansHo
yNOPsAOYeHHas U HeynopsaoUeHHast (hopMbl CBSI3aHbl hopMyOii

a’'Ka=:a'Ka: —i—% Tr FK.

Vnpaxuenue. (KommyTatop gsyx dopm.) MNyctb
K=K M=MTecC?? g, fecC™, Torpa:

1 1
§aTKa +g7a, QaTMa + fla| =
1
= 5aT(MJK —KJM)a+ (fTIK — gt JM)a— g7 Jf.
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Bbluncnexnns c KBaAPATUHHBIMWU W JINHEVHBIMU CbOpMaMI/I

Nemma. Nycte K = KT M = MT € C?>"*?" u g, f € C*", Torpa:
e%aTKa—i-gTa <1aTMa+ fT0.> e—%aTKa—gTu —
2

1 T —-KJ JK -KJ J

1 7 e K1 T elK T
+(2g JiKJ M+ f i Jg.

T
Jg+e K‘]f> a+
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Bbluncnexnns c KBaAPATUHHBIMWU W JINHEVHBIMU CbOpMaMI/I

dokasatensctBo. O6o3Haunm

a(r) = elz2 KorgTa)r g~ (30" KatgTa)r
Mbl nony4uMm ypasHenusi [eiisenbepra:
é%a(T) = [2aT(1)Ka(r) + gTa(7),a(r)]. C yuétom BbIpaxeHuii
ANS1 KOMMYTaTOPOB Mbl NMEEM:

aaTa(T) = JKa(r)+ Jg, a(0) = a.

. Audbdbeperuupys no 7,
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Bbluncnexnns c KBaAPATUHHBIMWU W JINHEVHBIMU CbOpMaMI/I

70 nuHeiinoe anddpepeHunansHoe ypaBHEHNE C NOCTOSIHHLIMY

— JK e K1
koacbcpuumenTamu, ero pewenne a(7) = e’*7a + “5—=Jg. Ansa
KBagpaTUYHbLIX U NHENHbIX hOPM NMeeM:

(a7 KatgTa)r <;aTMa T fTa> o (baT Katga)r

= 2o () Ma(r) + fTa(r) =

1 JKT I T JKT I
= = (ejKTCl-i- ng) M <6JKTCL+ ng) +

2 JK JK
JKT_I
+ fT <€JKTG+ eﬂ.{Jg> .

Mpn 7 = 1, cobupast YieHbl Npn KaXk4ol CTeneHn a, noay4ymnm
[lOKa3bIBaeMyto popmyy.
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Bbluncnexnns c KBaAPATUHHBIMWU W JINHEVHBIMU CbOpMaMI/I

Nemma. (MpounseoaHas skcnoHenTsl.) Mycts K = K € C?x2n
Torpa:

—e2

< d LaT Kiatgl atce e—%aTKta—g?a—ct —
dt

1 d d (e -1
= —qle K] Z et j=1g 4 T K — <egt> +

2 dt at \ K,J
+1 TJe_KtJ—Ii et 1 n
2N TR T at\ K

d (1, 1 1
E 2T T (sh(K,J) — K,J) —— .
T (2“” TR, (sh(KpJ) — KiJ) KthtJrct)

VYnpaxxHeHue. e

*KtJ%eKtJJ*1 — CMMMeTpUYHA.
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Bbluncnexnns c KBaAPATUHHBIMWU W JINHEVHBIMU CbOpMaMI/I

Npes pokasaTenbcTBa npefbigyLueii nemMmmbil:
JNlemma. ®Popmyna PeiiHmaHa-Bunkokca

1
e_RtieRt = / ds e 5F <th> sttt
dt 0 dt

1
<deRt> e — / ds eSht (th> e~ skt
dt ) dt
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Bbluncnexnns c KBaAPATUHHBIMWU W JINHEVHBIMU CbOpMaMI/I

dokasatensctBo. O6o3HaunMm

0 d "
gaFi(s) = g (Ree”™) =
d

d sR sR, d sRy
= <dth> e’ 4 Rt% (™) = (dth> e + Ry Fy(s)

0 d
% (eithFt(S)> = estt <dth> GSRt

1
e‘RtieRt = / ds et (th> esh
dt . dt
E]
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Bbluncnexnns c KBaAPATUHHBIMWU W JINHEVHBIMU CbOpMaMI/I

dokasatensctBo. O6o3HaunMm

0 d "
gaFi(s) = g (Ree”™) =
d

d sR sR, d sRy
= <dth> e’ 4 Rt% (™) = (dth> e + Ry Fy(s)

0 d
% (eithFt(S)> = estt <dth> GSRt

1
e‘RtieRt = / ds et (th> esh
dt . dt
E]

OcHoBbl Teopumn oTKpbITbIX KBaHToBbIX cuctem Il. Jlekuns 1 TepeTé€nkoB AnekcaHap



KBagpaTuyHblli cyneponepaTop

PaccmoTpum KBagpaTuyHblii cyneponepaTtop obuiero supga:
L(p) = a’Tpa+a"Trap + pa’ Tra + pgha + gFap + Ap,

rpe I, T, =11, Tp =T} € C?"*2 g;,gp € C*", X € C.
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KBagpaTuyHblli cyneponepaTop

Onpegenum L*

n Lt

VYnpaxkHeHue.

L¥(p) = a’T" pa+ a’Trap + pa’ Tra+ pgla+ Grap + Ap,

LX) =aTTXa+ a’TraX + XalTra + Xgha + gLaX + XX,
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KBagpaTuyHblli cyneponepaTop

Onpegenum L*

n Lt

VYnpaxkHeHue.

L¥(p) = a’T" pa+ a’Trap + pa’ Tra+ pgla+ Grap + Ap,

LX) =aTTXa+ a’TraX + XalTra + Xgha + gLaX + XX,
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KBagpaTuyHblli cyneponepaTop

Vreepxegtue. MNycte LT = L, £L*(I) = 0, Torga

1 1 1
L(p) = —i [QaTHa + fTa, p] +a’pla — 5aTl“Tap — 3P alTTq,

rge B _ B
'"=r, H=H'"=H, f=7F.
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KBagpaTuyHblli cyneponepaTop

Vreepxegtue. MNycte LT = L, £L*(I) = 0, Torga

1 1 1
L(p) = —i [QaTHa + fTa, p] +a’pla — 5aTl“Tap — 3P alTTq,

rge B _ B
'"=r, H=H'"=H, f=7F.
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[HokasaTtenbcTBo.
1) N3 LT = L, c y4étom dopmynbl U3 ynpaxkHeHusi, Noay4mnm

I"=T, Tr=TL, Jr=gr, A=A\
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[HokasaTtenbcTBo.
1) N3 LT = L, c y4étom dopmynbl U3 ynpaxkHeHusi, Noay4mnm

I"=T, Tr=TL, Jr=gr, A=A\

2) N3 L£*(I) =0, c y4étom hopmynbl U3 ynpakHeHUsi (1 neMMmbl
NpO CUMMETPU3ALMIO), NONYHUM

r+17

- - 1 .
+TL+TR=0, Gr+gr=0, A+ TrlJ=0.
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[ns nuHeiiHbIX YNeHOB nosyyYaem gy, = —§Jr, = Gr = —gR, HTO
3KBUBasEHTHO ycnoeuto f = f, ecnm onpegenuts f = igy.
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[ns nuHeiiHbIX YNeHOB nosyyYaem gy, = —§Jr, = Gr = —gR, HTO
SKBUBAJIEHTHO YC/IOBUIO f = f, ecan onpegenuts f = igy,.
[ns KBappaTUHHbIX YNEHOB NOAYHMM
p+T,=Tr+Tr=—-3T7+1).
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[ns nuHeiiHbIX YNeHOB nosyyYaem gy, = —§Jr, = Gr = —gR, HTO
SKBUBAJIEHTHO YC/IOBUIO f = f, ecan onpegenuts f = igy,.
[ns KBappaTUHHbIX YNEHOB NOAYHMM
Ip+T,=Tr+Tr=—-3T7+T).

Onpepenum H = i(I'y — ') = —i(I'r — I'g), Toraa
Ip=—itH—1IT+7T), Tgp=itH - 1TT+10).
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[ns nuHeiiHbIX YNeHOB nosyyYaem gy, = —§Jr, = Gr = —gR, HTO
SKBUBAJIEHTHO YC/IOBUIO f = f, ecan onpegenuts f = igy,.

[ns KBappaTUHHbIX YNEHOB NOAYHMM
Ip+T,=Tr+Tr=—-3T7+T).

Onpepenum H = i(I'y — ') = —i(I'r — I'g), Toraa
I'p=—igH—3IT+0), I'g= i%H — (" +1).

OTmeTuM, 4TO ecnm IT=Tul= —fTrFJ TO A = —fTrFJ 7]
yCNOBME A = \ BbINOHSAETCS aBTOMATUYECKM.
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[ns nuHeiiHbIX YNeHOB nosyyYaem gy, = —§Jr, = Gr = —gR, HTO
SKBUBAJIEHTHO YC/IOBUIO f = f, ecan onpegenuts f = igy,.

[ns KBappaTUHHbIX YNEHOB NOAYHMM
Ip+T,=Tr+Tr=—-3T7+T).

Onpepenum H = i(I'y — ') = —i(I'r — I'g), Toraa
Ip=—igh —;(I" + 1), Tp=izgH — (I +T).

OTmeTuM, 4TO ecnm I'T=Tu X— —fTrFJ TO A = —fTrFJ 7]
yCNOBME A = \ BbINOHSAETCS aBTOMATUYECKM.

Takum obpasom, nonyyaem

1 1 ,T+17T
L(p) =—1i [2 alHa+ fla, p] +al'pla — 20 al 5 P
1 0+ 1 o
- = ——a—=TrT" Jp.
2pa 2 a 2 r ™ Jp

C y4étom chopMysibl SIeMMbI PO CUMMETPU3ALUIO MOJTyHaeM
Tpebyemyto dhopmyny. O
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KBagpaTuyHblli cyneponepaTop

Vnpaxuenue. Mpu H = Sa”Ha+hTa (H=H" =H, h=h)n
C; = vFa + ¢; renepatop TKCI

1 A1
L(p) = —i[H, p] +Z< CipCl— SC1C;p - 2PC]TC]'>
rIpI/IHI/IMaeT B

1 1 1
L(p) = —i [2 o’ Ha+ fTa, ,0] +alpla — 5aTrTap — 5P a’17q,

roe

P=Yal,  1=Yam  fehi

i
Bonee Toro, BoamoxHocTb Hanucate I' n f B Takom Buge
SKBUBAJIEHTHA YCIOBUSIM

T = oz
=7, TE>0, f=7].
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