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» Energy, potential
Jw) = 1) +2 [ Q2)du(2),

where
(1) = / Vi(2)du(z), VA(z) = - / log |z — | du(z).

» Extremal measure

ANz)  J) = inf J(u)

neM+
» Equilibrium property
zeR,

>
VA2)+ Q(z) =@
(2)+ ){:’Yo, z € supp()) := Sy
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Acumnroruka OM

» Orthogonal Polynomials  Pp(2) := Hf:1 (z—2n):

/P,,(z) 25 exp{nQ(z) + Qo(2)} 0z =0, k=0,....n—1.

» Weight on [—1,1]; Hermite weight; "varying" weight.
8 g

» Zero counting measure:
n
1 x
VPn:BZ(S(z_Zk,H)—)? n — oo.
k=1

» Theorem |Gonchar-Rakhmanov, Equilibrium measure and
the distribution of zeros of extremal polynomials, Mat. Sb.,
1984, 125(167), 117-127]:

*

1
ve, A, lim ~log|Pn(2)] = ~VMz2), zeC\S,
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» X — mass of measure:
M¢ ={u} & pn>0, S(p)CR, /dM:X

» Family of equilibrium measures:

Q(z) = {Mdxso o J(A) = inf J(p)

peMy
» Asymptotics G-R (n/N — x) =
1 n
(2) = 5 S0z =z, () — s M(2)

i—1 n/N—x
= N—oo
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CewmeiicTBO HOCHTEJEHi pAaBHOBECHBIX Mep S(X)

» V. S. Buyarov, E. A. Rakhmanov, Families of equilibrium
measures in an external field on the real axis, Sb. Math.
190 (1999), 791-802

» The family of supports {Sx}x>0 : Sx := S(7x)

>
Sy € Sy, x' < x.

X
Ax(Z):/O wexy(2) dx’,

here wy,(Z) is density of the Roben distribution of the
compact S(x).



S(x) <—> Q(2)



S(x) +— M2 +— Q(2)

> X — space variable and z — spectral variable !



[Ipsavas samaua: S(x) —> Q(2)

®opmyna Bysaposa - Paxmanosa.

Q(z) = /0 " gspo(2) dx,

Bnech gs(x)(2) bynxiusa puna kommaxra S(X).
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» Oyuknuonas Mamkapa - Cadda

Fax(K) := —xlogcap(K) + / Q(z) dwk(2).

» BapuannoHHBINT TPUHIIAT 17151 PereHnst 00paTHON 3a1a4mn:

FO,X(K) > FQ,X(S(X)) =7Q-
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> X & R+ te R+ :
b(x,0) >0 — b(x,t) : b+ bbx = 0.
» Merom obpaTHOi 33 amn:

1. S(x) := [-b(x,0), b(x,0)] — Q(z,0);
2. Q(z,t) = Q(z,0) + Z°t;

3. Q(z,t) — S(x,t) = [-b(x, 1), b(x, 1)].
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Bapuaruonsblil npuHIiu Jiis runepbosndeckoro PDE

v

Q(z,t) - S(x,t) := [-b(x, 1), b(x,t)] =
®-51 Mamkapa-Cadda Fg x([—b, b])
Aeomonus: Q(z,t) = 22t + Q(z,0) =

v

v

» Bapuanuonusiii npuanun s b(X, ) : bi+bby = 0:
b b? 1 7 Q(z,0
—xln—+—t+ (Z’ ) d/\—>m|n for fixed t, x.
2 ™ b2 — 72

» Jna covm. cem-Ba {[—b(x), b(X)]} 5o d-m1a B-P:

()

b(x) ax.
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PaspoiBubie perenns (YaapHbie BOJHDI)

» Tlpumep : Q(z,0) := 325 —22% + 22 .

» Coornorenus ['foronno na paspsise.



Continuum Limit of the Toda Lattice

Cauchy problem : a(x, t), b(x,t), where (x,t) € RT x R*

oa ob
S =2b5
ob b da

ot 2 ox
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» Three-term recurrence relation

ZPn,N(Z) = Pn+1,N(Z) + an+1,NPn,N(z) + b,277NPn—1,N(Z)7
Pon=1, P_1n =0,

» Varying recurrence coefficients
{an,N7 bn,N}%.;Oa bn,N > 07

» Example : a(x), b(x) x e Rt h:=1

ann == a(nh) = a (%) . by :=b(nh)=b (ﬁ) .
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KO3(D.

» Limit of varying weight
lim Wy(2)'/N = W(z) =: e 93
N—oo

» Limit of varying recurrence coeflicients

lim a,y =: a(x), lim by n =: b(x).
n/N—x n/N—x
N—oo N—oo

» Relation between limits

{pod} o ay.

a(x) = a(x) —2b(x), B(x) = a(x)+2b(x)!
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Continuum Limit of the Toda Lattice

» Cauchy problem : a(x, t), b(x, t), where (x,t) € RT x RT

oa ob
E_zbc‘)ix’
ob _b 0a

ot 2 ox '

» Discretization: (h:= 1N) —apn=al(g.), ban =b(F.)
» The Toda lattice (T := Nt) :

dak N
aT = (bi,N - bl%—‘l,N)’
dbkn  bkn

9T — 2 (Ak+1.N — akN) k=1,2,...

> iMoo k/Nosxf @k N(NE), b n(NE)} = {a(x, B), b(x, 1)}
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Solution of the Toda equations

> {an7N(T)7 bn,N(T) (I)')O:O -

zPp n(2) = Ppy1,n(2) + @np1nPon(2) + biNPn—LN(Z)a
Pon=1,  P_4n=0,

> WO\ T) = W — Awy
> {a(x. 1), b(x, 1)} —

lim Wy(\,0)'/N = WA t) = e 230D (t:=NT)
N—o0

» Q(z,t) =zt + Q(z,0)
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» Jlucniepcuonnas peryiasipusaiiust bioprepca —> KDV yp-e.
Jlaxc-JleBepmop
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> Jluckpermzanus Xomda —> "cxemuas aucmepcus'.



Perynspuzanuu rumnepboniecKux CUCTeM

v

Hucnepcuonnas peryngpusarus Boprepca —> KDV yp-e.
Jlaxc-JleBepmop

v

Huckpernzanus Xomda —> "cxemHas BI3KoCTh'".

v

Huckpermzanus Xonda —> "cxemuas gucmepcus'.

» Acumnroruka OM c "varying'"secammn.
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Muoromepubie 0000IIeHHS

» Cauchy problem : a(x, t), b(x, t), where (x,t) € RT x R

oa ob
a_2b8—x,
ob _b 0a
ot 2 ox '

» 2-d generalizations : a(x, y,t), B(X y,t) € Ry, where
(x,y,t) € R} x R"

oa 5
m—VM

8b1 . b1 oay 8b2 . bg oao
9t 2 ox ot 2 ay
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CosMmecTtno Oproronajbable MHOTOYJICHBI
p

» Multiindex i := (ny,...,ng), [A]:=>n;.
» Multiple Orthogonal Polynomials  P5(z), degP5; = |n| :

/Pﬁ(z) ZK du(z)=0, k=0,...,n—1, j=1,...,d.

» Recurrence relations (d + 2) - order.
(Along multidimensional stepline) —>

bﬁ,jv aﬁJ, j=1,...,d.
» Multidimensional generalization of the Toda lattice:
dpj(z,t) .= exp(—tz)dui(z,0) =

d
; 2 2
aﬁ,k:z(bﬁ,j_bﬁ+ek,j)’ k: 1,...,d,
=1

. bi x
bﬁ,k = %(aﬁ—i-ek,k - aﬁ,k), k=1,...,d.



C obueem!







