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Çàäà÷à Ðàâíîâåñèÿ
I External �eld (semi-continues from below) :

Q : R→ R+; Q 6≡ ∞ on R; lim inf
|z|→∞

Q(z)
log |z|

> 1.

I Energy, potential

J(µ) := I(µ) + 2
∫

Q(z)dµ(z),

where

I(µ) :=
∫

Vµ(z)dµ(z), Vµ(z) := −
∫

log |z − z|dµ(z).

I Extremal measure

λ(z) : J(λ) = inf
µ∈M+

J(µ)

I Equilibrium property

Vλ(z) + Q(z)

{
≥ γQ, z ∈ R,
= γQ, z ∈ supp(λ) := Sλ.
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Àñèìïòîòèêà ÎÌ

I Orthogonal Polynomials Pn(z) :=
∏n

j=1(z − zj,n) :∫
Pn(z) zk exp{n Q(z) + Q0(z)} dz = 0, k = 0, . . . ,n−1.

I Weight on [−1,1]; Hermite weight; "varying" weight.

I Zero counting measure:

νPn =
1
n

n∑
k=1

δ(z − zk ,n)
∗→ ? n→∞.

I Theorem [Gonchar-Rakhmanov, Equilibrium measure and
the distribution of zeros of extremal polynomials, Mat. Sb.,
1984, 125(167), 117�127]:

νPn
∗→ λ, lim

n→∞

1
n

log |Pn(z)| = −Vλ(z), z ∈ C \ S,
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"Ïåðåìåííûå"âåñà è ñåìåéñòâà ðàâíîâåñíûõ ìåð
Family OP

{
Pn,N(z)

}∞
n=0 :∫

Pn,N(z)zkWN(z)dλ = 0, k = 0, . . . ,n−1, WN(z) := e−NQ(z).

I x � mass of measure:

M+
x := {µ} ⇔ µ > 0, S(µ) ⊂ R,

∫
dµ = x

I Family of equilibrium measures:

Q(z) → {λx}x>0 : J(λx) = inf
µ∈M+

x

J(µ)

I Asymptotics G-R (n/N → x) ⇒

νn,N(z) =
1
N

n∑
j=1

δ(z − zj,n,N), νn,N(λ)
∗−−−−→

n/N→x
N→∞

λx(z)
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Cåìåéñòâo íîñèòåëåé ðàâíîâåñíûõ ìåð S(x)

I V. S. Buyarov, E. A. Rakhmanov, Families of equilibrium
measures in an external �eld on the real axis, Sb. Math.
190 (1999), 791�802

I The family of supports {Sx}x>0 : Sx := S(τx)
I

Sx ′ ⊆ Sx , x ′ ≤ x .

I

λx(z) =
∫ x

0
ω′

S(x′)(z)dx ′,

here ω′
S(x)(z) is density of the Roben distribution of the

compact S(x).
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S(x) <��> Q(z)

I

S(x) ←→ λx(z) ←→ Q(z)

I x � space variable and z � spectral variable !
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Ïðÿìàÿ çàäà÷à: S(x) ��> Q(z)

Ôîðìóëà Áóÿðîâà - Ðàõìàíîâà.

Q(z) =
∫ ∞

0
gS(x)(z)dx ,

Çäåñü gS(x)(z) ôóíêöèÿ Ãðèíà êîìïàêòà S(x).



Îáðàòíàÿ çàäà÷à: S(x) <�� Q(z)

I Ôóíêöèîíàë Ìàøêàðà - Ñàôôà

FQ,x(K ) := −x log cap(K ) +

∫
Q(z)dωK (z).

I Âàðèàöèîííûé ïðèíöèï äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è:

FQ,x(K ) > FQ,x(S(x)) = γQ .
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Óðàâíåíèå Õîïôà, Áþððãåðñà(áåç âÿçêîñòè),
Íàâüå-Ñòîêñà (1-D)

I x ∈ R+ t ∈ R+ :

b(x ,0) > 0 −→ b(x , t) : bt + b bx = 0.

I Ìåòîä îáðàòíîé çàäà÷è:

1. S(x) := [−b(x ,0), b(x ,0)] −→ Q(z,0);

2. Q(z, t) = Q(z,0) + z2t ;

3. Q(z, t) −→ S(x , t) := [−b(x , t), b(x , t)].
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Âàðèàöèîííûé ïðèíöèï äëÿ ãèïåðáîëè÷åñêîãî PDE

I Q(z, t) : S(x , t) := [−b(x , t), b(x , t)] ⇒
I Ô-ë Ìàøêàðà-Ñàôôà FQ,x([−b, b])
I Ýâîëþöèÿ: Q(z, t) = z2t + Q(z,0) ⇒
I Âàðèàöèîííûé ïðèíöèï äëÿ b(x , t) : bt + b bx = 0 :

− x ln
b
2
+

b2

2
t +

1
π

b∫
−b

Q(z,0)√
b2 − z2

dλ→ min
b

for �xed t , x .

I Äëÿ ñèìì. ñåì-âà {[−b(x),b(x)]}x>0 ô-ëà Á-Ð:

Q(z) =

∞∫
0

ln

∣∣∣∣∣z +
√
λ2 − b2(x)
b(x)

∣∣∣∣∣dx .
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Ðàçðûâíûå ðåøåíèÿ (Óäàðíûå âîëíû)

I Ïðèìåð : Q(z,0) := 3z6 − 2z4 + z2 .

I Ñîîòíîøåíèÿ Ãþãîíèî íà ðàçðûâå.
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Continuum Limit of the Toda Lattice

Cauchy problem : a(x , t), b(x , t), where (x , t) ∈ R+ × R+
∂a
∂t

= 2b
∂b
∂x

,

∂b
∂t

=
b
2
∂a
∂x

.



?



"Varying"ðåêóððåíòíûå êîýôôèöèåíòû

I Three-term recurrence relation{
zPn,N(z) = Pn+1,N(z) + an+1,NPn,N(z) + b2

n,NPn−1,N(z),
P0,N = 1, P−1,N = 0,

I Varying recurrence coe�cients

{an,N ,bn,N}∞n=0, bn,N > 0 ,

I Example : a(x), b(x) x ∈ R+ h := 1
N

an,N := a(nh) = a
( n

N

)
, bn,N := b(nh) = b

( n
N

)
.
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I Varying recurrence coe�cients

{an,N ,bn,N}∞n=0, bn,N > 0 ,

I Example : a(x), b(x) x ∈ R+ h := 1
N

an,N := a(nh) = a
( n

N

)
, bn,N := b(nh) = b

( n
N

)
.



Ñîîòíîøåíèå ìåæäó ïðåäåëàìè "Varying"âåñà è ðåê.
êîýô.

I Limit of varying weight

lim
N→∞

WN(z)1/N =: W (z) =: e−Q(z) ,

I Limit of varying recurrence coe�cients

lim
n/N→x
N→∞

an,N =: a(x), lim
n/N→x
N→∞

bn,N =: b(x).

I Relation between limits{
a(x)
b(x)

}
↔ {Q(z)}.

I S(x) = [α(x), β(x)] :

α(x) = a(x)− 2b(x), β(x) = a(x) + 2b(x) !
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Continuum Limit of the Toda Lattice

I Cauchy problem : a(x , t), b(x , t), where (x , t) ∈ R+ × R+
∂a
∂t

= 2b
∂b
∂x

,

∂b
∂t

=
b
2
∂a
∂x

.

I Discretization: (h := 1
N )→ an,N := a

( n
N , ·
)
, bn,N := b

( n
N , ·
)

I The Toda lattice (T := Nt) :
dak ,N

dT
= (b2

k ,N − b2
k−1,N),

dbk ,N

dT
=

bk ,N

2
(ak+1,N − ak ,N), k = 1,2, . . .

I limN→∞,k/N→x{ak ,N(Nt), bk ,N(Nt)} = {a(x , t), b(x , t)}
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Solution of the Toda equations

I {an,N(T ), bn,N(T )}∞n=0 →{
zPn,N(z) = Pn+1,N(z) + an+1,NPn,N(z) + b2

n,NPn−1,N(z),
P0,N = 1, P−1,N = 0,

I WN(λ,T ) : dWN
dT = −λWN

I {a(x , t), b(x , t)} →

lim
N→∞

WN(λ, t)1/N = W (λ, t) =: e−2Q(λ,t), ( t : = NT )

I Q(z, t) = zt + Q(z,0)
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Ðåãóëÿðèçàöèè ãèïåðáîëè÷åñêèõ ñèñòåì

I Äèñïåðñèîííàÿ ðåãóëÿðèçàöèÿ Áþðãåðñà �> KDV óð-å.
Ëàêñ-Ëåâåðìîð

I Äèñêðåòèçàöèÿ Õîïôà �> "ñõåìíàÿ âÿçêîñòü".

I Äèñêðåòèçàöèÿ Õîïôà �> "ñõåìíàÿ äèñïåðñèÿ".

I Àñèìïòîòèêà ÎÌ ñ "varying"âåñàìè.
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Ìíîãîìåðíûå îáîáùåíèÿ

I Cauchy problem : a(x , t), b(x , t), where (x , t) ∈ R+ × R+
∂a
∂t

= 2b
∂b
∂x

,

∂b
∂t

=
b
2
∂a
∂x

.

I 2-d generalizations : ~a(x , y , t), ~b(x , y , t) ∈ R2, where
(x , y , t) ∈ R+

2 × R+


∂~a
∂t

= ∇|~b|2,

∂b1

∂t
=

b1

2
∂a1

∂x
,

∂b2

∂t
=

b2

2
∂a2

∂y
.
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Ñîâìåñòíî Îðòîãîíàëüíûå Ìíîãî÷ëåíû

I Multiindex ~n := (n1, . . . ,nd) , |~n| :=
∑

nj .
I Multiple Orthogonal Polynomials P~n(z) , degP~n = |~n| :∫

P~n(z) zk dµj(z) = 0, k = 0, . . . ,nj − 1, j = 1, . . . ,d .

I Recurrence relations (d + 2) - order.
(Along multidimensional stepline) �->

b~n,j , a~n,j , j = 1, . . . ,d .

I Multidimensional generalization of the Toda lattice:
dµj(z, t) := exp(−tz)dµj(z,0) ⇒

ȧ~n,k =
d∑

j=1

(b2
~n,j − b2

~n+ek ,j
), k = 1, . . . ,d ,

ḃ~n,k =
b~n,k

2
(a~n+ek ,k − a~n,k ), k = 1, . . . ,d .
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ȧ~n,k =
d∑

j=1

(b2
~n,j − b2

~n+ek ,j
), k = 1, . . . ,d ,
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ȧ~n,k =
d∑

j=1

(b2
~n,j − b2

~n+ek ,j
), k = 1, . . . ,d ,
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Ñ þáèëååì!




