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1. Êîíñòðóêòèâíîå íàïðàâëåíèå â ìàòåìàòèêå



1. Êîíñòðóêòèâíîå íàïðàâëåíèå â ìàòåìàòèêå

Òð. ÌÈÀÍ ÑÑÑÐ, 1962, òîì 67, 8�14



Êîíñòðóêòèâíûå âåùåñòâåííûå ÷èñëà

∀ε1ε2 |A(ε1)− A(ε2)| < ε1 + ε2

∀ε |A1(ε)− A2(ε)| < 2ε



Êîíñòðóêòèâíûå ôóíêöèè

(A′
1 = A1 & A′

2 = A2) → F (A′
1,A

′
2) = F (A1,A2)



Êîíñòðóêòèâíûå ôóíêöèè





1. Êîíñòðóêòèâíîå íàïðàâëåíèå â ìàòåìàòèêå

Òåîðåìà. Ñóùåñòâóåò íåïðåðûâíàÿ êîíñòðóêòèâíàÿ ôóíêöèÿ F (x),
îïðåäåë¼ííàÿ íà [0, 1] è òàêàÿ, ÷òî

▶ F (0) < 0,

▶ F (1) > 0,

▶ äëÿ ëþáîãî êîíñòðóêòèâíîãî âåùåñòâåííîãî ÷èñëà x èç [0, 1]

F (x) ̸= 0.



Òð. ÌÈÀÍ ÑÑÑÐ, 1964, òîì 72, 437�461



Â. Ï. Îðåâêîâ, �Î êîíñòðóêòèâíûõ îòîáðàæåíèÿõ êðóãà â
ñåáÿ�. Òð. ÌÈÀÍ ÑÑÑÐ, 1964, òîì 72, 437�461



2. Ïîèñê ëîãè÷åñêîãî âûâîäà

Ãðóïïà ÒÐÝÏËÎ (Òåîðåòè÷åñêîé Ðàçðàáîòêè Ýâðèñòè÷åñêîãî Ïîèñêà
Ëîãè÷åñêîãî Îáîñíîâàíèÿ)

ÀËÏÅÂ (Àëãîðèôì Ëîãè÷åñêîãî Ïîèñêà Åñòåñòâåííîãî Âûâîäà)

https:

//www.calltouch.ru/blog/glossary/iskusstvennyj-intellekt/

pause

https://www.calltouch.ru/blog/glossary/iskusstvennyj-intellekt/
https://www.calltouch.ru/blog/glossary/iskusstvennyj-intellekt/


2. Ïîèñê ëîãè÷åñêîãî âûâîäà

https://libraryno.ru/1-2-razvitie-iskusstvennogo-intellekta-v-rossii-iis/



2. Ïîèñê ëîãè÷åñêîãî âûâîäà

Í.À. Øàíèí, Ã.Â. Äàâûäîâ, Ñ.Þ. Ìàñëîâ, Ã.Å. Ìèíö,
Â.Ï. Îðåâêîâ, À.Î. Ñëèñåíêî
Àëãîðèôì ìàøèííîãî ïîèñêà åñòåñòâåííîãî ëîãè÷å-
ñêîãî âûâîäà â èñ÷èñëåíèè âûñêàçûâàíèé
Ìîñêâà�Ëåíèíãðàä: Íàóêà. Ëåíèíãð. îòäåëåíèå, 1965,
39 ñ.

Áóëåâà ôóíêöèÿ: àðãóìåíòû è çíà÷åíèÿ ÈÑÒÈÍÀ è ËÎÆÜ

Áóëåâà ôîðìóëà: ñòðîèòñÿ èç ïåðåìåííûõ ñ ïîìîùüþ ëîãè÷åñêèõ
ñâÿçîê � È, ÈËÈ, ÍÅ, ÅÑËÈ...ÒÎ

((A&B) ∨ (A =⇒ ¬B)&(B =⇒ A))

Òàâòîëîãèÿ: òîæäåñòâåííî èñòèííàÿ ôîðìóëà

A ∨ ¬A



Í.À. Øàíèí, Ã.Â. Äàâûäîâ, Ñ.Þ. Ìàñëîâ, Ã.Å. Ìèíö, Â.Ï. Îðåâêîâ,

À.Î. Ñëèñåíêî. Àëãîðèôì ìàøèííîãî ïîèñêà åñòåñòâåííîãî ëîãè÷åñêîãî

âûâîäà â èñ÷èñëåíèè âûñêàçûâàíèé

Çàäà÷à. Äàíà áóëåâà ôîðìóëà φ(A1, . . . ,An). Óçíàòü, ÿâëÿåòñÿ ëè îíà
òàâòîëîãèåé.

Äâîéñòâåííàÿ çàäà÷à (SAT, âûïîëíèìîñòü). Äàíà áóëåâà
ôîðìóëà ψ(A1, . . . ,An). Óçíàòü, ñóùåñòâóþò ëè òàêèå çíà÷åíèÿ
A1, . . . ,An, ïðè êîòîðûõ ýòà ôîðìóëà ïðèíèìàåò çíà÷åíèå ÈÑÒÈÍÀ.

ψ(A1, . . . ,An) = ¬φ(A1, . . . ,An)

Millennium Problem: P
?
=NP



G. Davydov, S. Maslov, G. Mints, V. Orevkov,
N. Shanin, A. Slissenko.

An Algorithm for a Machine Search of a Natural
Logical Deduction in Propositional Calculus.

Automation of Reasoning. 1. Classical papers
on computational logic 1957�1966.

Ed. J. Siekmann, G. Wrightson
Springer Verlag, 1983.

Reprinted in 2012





Îïðåäåëåíèå. Ãðóïïà � ýòî ìíîæåñòâî G , åãî âûäåëåííûé ýëåìåíò e
è äâå îïåðàöèè −1 è ∗ òàêèå, ÷òî
(A) ∀a, b, c ∈ G (a∗b) ∗ c = a ∗ (b ∗ c)
(Bℓ) ∀a ∈ G e ∗ a = a
(Br) ∀a ∈ G a ∗ e = a
(Cℓ) ∀a ∈ G a−1 ∗ a = e
(Cr) ∀a ∈ G a ∗ a−1 = e

Îïðåäåëåíèå. Ëåâàÿ ïðåäãðóïïà � ýòî ìíîæåñòâî G , åãî âûäåëåííûé

ýëåìåíò e è äâå îïåðàöèè −1 è ∗ òàêèå, ÷òî âûïîëíåíû àêñèîìû

(A), (Bℓ) è (Cℓ).

Òåîðåìà. Êàæäàÿ ëåâàÿ ïðåäãðóïïà ÿâëÿåòñÿ ãðóïïîé:

(A) & (Bℓ) & (Cℓ) ⇒ (Br)

(A) & (Bℓ) & (Cℓ) ⇒ (Cr)



S. Yu. Maslov: �An inverse method for
establishing deducibility of nonprenex formulas
of the predicate calculus� (pp. 48-54) [Dokl.
Akad. Nauk SSSR 172, 22-25 (1967)]

G. V. Davydov, S. Yu. Maslov, G. E. Mints,
V. P. Orevkov and A. O. Slisenko: �A computer
algorithm for the determination of deducibility
on the basis of the inverse method� (pp. 531-
541) [Zap. Nauchn. Semin. Leningr. Otd. Mat.
Inst. Steklova 16, 8-19];

S. Yu. Maslov: �Relationship between tactics of
the inverse method and the resolution method�
(pp. 264-272) [Zap. Nauchn. Semin. Leningr.
Otd. Mat. Inst. Steklova 16, 137-146]



3. Òåîðèÿ àëãîðèôìîâ è îáùàÿ òåîðèÿ äåäóêòèâíûõ
ñèñòåì

Ôóíêöèÿ F (n) âû÷èñëèìà, åñëè ñóùåñòâóåò àëãîðèôì, êîòîðûé ïî
çíà÷åíèþ àðãóìåíòà íàõîäèò çíà÷åíèå ýòîé ôóíêöèè.

Ìíîæåñòâî M ïåðå÷èñëèìî, åñëè ñóùåñòâóåò àëãîðèôì, êîòîðûé
(ðàáîòàÿ íåîãðàíè÷åííî äîëãî) "íàïå÷àòàåò" (â êàêîì-òî ïîðÿäêå)
ýëåìåíòû ýòîãî ìíîæåñòâà (è òîëüêî èõ).

Åñëè ôóíêöèÿ F (n) âû÷èñëèìà, òî å¼ ãðàôèê

{⟨0,F (0)⟩, ⟨1,F (1)⟩, . . . , ⟨n,F (n)⟩, . . . }

ïåðå÷èñëèì, è íàîáîðîò.



3. Òåîðèÿ àëãîðèôìîâ è îáùàÿ òåîðèÿ äåäóêòèâíûõ
ñèñòåì





Òð. ÌÈÀÍ ÑÑÑÐ, 1973, òîì 129, 30�202



À. Î. Ñëèñåíêî. Ðàñïîçíàâàíèå ïðåäèêàòà ñèììåòðèè ìíîãîãîëîâ÷àòûìè

ìàøèíàìè Òüþðèíãà ñî âõîäîì. Òð. ÌÈÀÍ ÑÑÑÐ, 1973, òîì 129, 30�202

ÏÎÒÎÏ



À. Î. Ñëèñåíêî. Ðàñïîçíàâàíèå ïðåäèêàòà ñèììåòðèè ìíîãîãîëîâ÷àòûìè

ìàøèíàìè Òüþðèíãà ñî âõîäîì. Òð. ÌÈÀÍ ÑÑÑÐ, 1973, òîì 129, 30�202



À. Î. Ñëèñåíêî. Ðàñïîçíàâàíèå ïðåäèêàòà ñèììåòðèè ìíîãîãîëîâ÷àòûìè

ìàøèíàìè Òüþðèíãà ñî âõîäîì. Òð. ÌÈÀÍ ÑÑÑÐ, 1973, òîì 129, 30�202



À. Î. Ñëèñåíêî. Ðàñïîçíàâàíèå ïðåäèêàòà ñèììåòðèè ìíîãîãîëîâ÷àòûìè

ìàøèíàìè Òüþðèíãà ñî âõîäîì. Òð. ÌÈÀÍ ÑÑÑÐ, 1973, òîì 129, 30�202



À. Î. Ñëèñåíêî. Ðàñïîçíàâàíèå ïðåäèêàòà ñèììåòðèè ìíîãîãîëîâ÷àòûìè

ìàøèíàìè Òüþðèíãà ñî âõîäîì. Òð. ÌÈÀÍ ÑÑÑÐ, 1973, òîì 129, 30�202



Ðàñïîçíàâàíèå âõîæäåíèÿ îäíîãî ñëîâà â äðóãîå



Ðàñïîçíàâàíèå âõîæäåíèÿ îäíîãî ñëîâà â äðóãîå





Äàâèä Ãèëüáåðò, �Ìàòåìàòè÷åñêèå ïðîáëåìû� , [1900]

10. Ðåøåíèå ïðîáëåìû ðàçðåøèìîñòè äëÿ ïðîèçâîëüíîãî
äèîôàíòîâà óðàâíåíèÿ. Ïóñòü äàíî ïðîèçâîëüíîå äèîôàíòîâî
óðàâíåíèå ñ ïðîèçâîëüíûì ÷èñëîì íåèçâåñòíûõ è öåëûìè
ðàöèîíàëüíûìè êîýôôèöèåíòàìè; òðåáóåòñÿ óêàçàòü îáùèé ìåòîä,

ñëåäóÿ êîòîðîìó ìîæíî áûëî áû â êîíå÷íîå ÷èñëî øàãîâ óçíàòü, èìååò

ëè äàííîå óðàâíåíèå ðåøåíèå â öåëûõ ðàöèîíàëüíûõ ÷èñëàõ èëè íåò.



¾Íàãëàÿ¿ Ãèïîòåçà Martin'a Davis'à

Ãèïîòåçà (M. Davis, íà÷àëî 50-õ). Êàæäîå ïåðå÷èñëèìîå ìíîæåñòâî
íàòóðàëüíûõ ÷èñåë ïðåäñòàâèìî êàê ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ

çíà÷åíèé íåêîòîðîãî ìíîãî÷ëåíà ñ öåëûìè êîýôôèöèåíòàìè ïðè

ïðîèçâîëüíûõ öåëî÷èñëåííûõ çíà÷åíèÿõ ïåðåìåííûõ.

Ñëåäñòâèå. Èìååòñÿ ìíîãî÷ëåí P(x1, . . . , xn) ñ öåëûìè

êîýôôèöèåíòàìè òàêîé, ÷òî a ÿâëÿåòñÿ ïðîñòûì ÷èñëîì òîãäà è

òîëüêî òîãäà ñóùåñòâóþò öåëûå ÷èñëà x1, . . . , xn òàêèå, ÷òî

P(x1, . . . , xn) = a.

DPRM-òåîðåìà [1970]. Ïîíÿòèÿ ïåðå÷èñëèìîå ìíîæåñòâî è
äèîôàíòîâî ìíîæåñòâî ñîâïàäàþò.

Martin Davis, Hilary Putnam, Julia Robinson, Þðèé Ìàòèÿñåâè÷







Äîêëàäû ÀÍ ÑÑÑÐ, 1990, òîì 314





A deterministic (2− 2/(k + 1))n algorithm for k-SAT based
on local search

k-SAT: &m
i=1

∨k
j=1

Ci ,j Ci ,j ∈ {A1, . . . ,An,¬A1, . . . ,¬An}
C1,1 ∨ · · · ∨ C1,k

.........................

Cm,1 ∨ · · · ∨ Cm,k

U. Sch�oning, A probabilistic algorithm for k-SAT and constraint

satisfaction problems, Proc. 40th Annu. IEEE Symp. on Foundations of
Computer Science, FOCS'99, 1999, pp. 410�414.

(2− 2/k)n





Êóëèêîâ Àëåêñàíäð Ñåðãååâè÷
Ñõåìíàÿ ñëîæíîñòü ÿâíî çàäàííûõ áóëåâûõ ôóíêöèé





Èç îòçûâà À. À. Ðàçáîðîâà

............................



Êàíòîðîâà íóìåðàöèÿ ïàð

N0 = {0, 1, . . . } C2 : N0 × N0 → N0

(5,0)

(5,1)

(5,2)

(5,3)

(5,4)

(5,5)

(4,0)

(4,1)

(4,2)

(4,3)

(4,4)

(4,5)

(3,0)

(3,1)

(3,2)

(3,3)

(3,4)

(3,5)

(2,0)

(2,1)

(2,2)

(2,3)

(2,4)

(2,5)

(1,0)

(1,1)

(1,2)

(1,3)

(1,4)

(1,5)

(0,0)

(0,1)

(0,2)

(0,3)

(0,4)

(0,5)

C2(m, n) =
1

2
((m + n)2 + 3m + n) C ′

2(m, n) =
1

2
((m + n)2 +m + 3n)



Îáùèé ñëó÷àé

C3 : N3

0 → N0

C3(m1,m2,m3) = C2(C2(m1,m2),m3)

Cd : Nd
0 → N0

Cd(m1, . . . ,md) =

= m1 +

(
m1 +m2 + 1

2

)
+ · · ·+

(
m1 + · · ·+md + d − 1

d

)



Òåîðåìà (R. Fueter, G. P�olya [1923]). Êàíòîðîâû ìíîãî÷ëåíû

C2(m, n) =
1

2
((m + n)2 + 3m + n) è C ′

2(m, n) =
1

2
((m + n)2 +m + 3n)

ÿâëÿþòñÿ åäèíñòâåííûìè ìíîãî÷ëåíàìè âòîðîé ñòåïåíè,

âçàèìíî-îäíîçíà÷íî îòîáðàæàþùèìè N2

0
íà N0.

Òåîðåìà (F. Lindemann [1882]). Åñëè z � àëãåáðàè÷åñêîå ÷èñëî è

z ̸= 0, òî ez òðàíñöåíäåíòíî.

Ñëåäñòâèå. ×èñëî π òðàíñöåíäåíòíî (èáî e2πi = 1).











Ñ÷èòàþùèå êâàíòîðû

E (v1, v2)&E (v1, v3)&¬E (v1, v4)&¬E (v1, v5)&
&E (v2, v3)&¬E (v2, v4)&¬E (v2, v5)&

& E (v3, v4)& E (v3, v5)&

& E (v4, v5)

∃≥nxϕ(x) � ñóùåñòâóåò ïî êðàéíåé ìåðå n îáúåêòîâ x òàêèõ, ÷òî ϕ(x)

∃=nxϕ(x) � ñóùåñòâóåò ðîâíî n îáúåêòîâ x òàêèõ, ÷òî ϕ(x)

∃=5x1(x1 = x1)&∃=1x1∃=4x2
(
E (x1, x2)&∃=2x1E (x1, x2)

)









As an AI language model I don't
have an opinion

As a human being I have an opinion
on everything





Äçåòà-ôóíêöèÿ Ðèìàíà

ζ(s) = 1−s + 2−s + · · ·+ k−s + . . .

Òåîðåìà (Ë. Ýéëåð [1737])

ζ(s) =
∏

p � ïðîñòîå

1

1− p−s

π(x) � êîëè÷åñòâî ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ x

C. Gauss: π(x) ≈ Li(x) =
∫ x
2

1

ln(t)dt

Òåîðåìà (Riemann [1859]).

π(x) = Li(x)− 1

2
Li(x

1

2 ) +
∑

ζ(ρ) = 0

Re(ρ) ̸= 0

Li(xρ) + (ìàëûå ñëàãàåìûå)



Ãèïîòåçà Ðèìàíà (1859)
Ïðîáëåìà Ãèëüáåðòà (1900)
Ïðîáëåìà òûñÿ÷åëåòèÿ (XXI âåê)

Âñå íåâåùåñòâåííûå (íàçûâàåìûå

íåòðèâèàëüíûìè) íóëè ôóíêöèè ζ(s)
ëåæàò íà êðèòè÷åñêîé ïðÿìîé

Re(s) =
1

2



ζ(s) =
∞∑
n=1

n−s η(s) =
∞∑
n=1

(−1)n+1n−s = (1− 2× 2−s)ζ(s)

· · · = ζ(ρ3) = ζ(ρ2) = ζ(ρ1) = 0 = ζ(ρ1) = ζ(ρ2) = ζ(ρ3) = . . .

· · · = η(ρ3) = η(ρ2) = η(ρ1) = 0 = η(ρ1) = η(ρ2) = η(ρ3) = . . .

η2M+1(s) = 1+
2M+1∑
n=2

δ2M+1,nn
−s

η2M+1(ρM) = · · · = η2M+1(ρ1) = 0 = ηN(ρ1) = · · · = η2M+1(ρM)



Kîýôôèöèåíòû δ101,n
(êðàñíûå äëÿ ÷¼òíûõ n, ñèíèå äëÿ íå÷¼òíûõ n)



Kîýôôèöèåíòû δ3101,n
(êðàñíûå äëÿ ÷¼òíûõ n, ñèíèå äëÿ íå÷¼òíûõ n)



Ãðàôèê log10 |δ3101,n − 1|



Ãðàôèê log10 |δ3101,n − 1|



Ãðàôèê log10 |δ3101,n − 1|



Ãðàôèê log10 |δ3101,n − 1|



Ãðàôèê log10 |δ3101,n − 1|



Ãðàôèê log10 |δ3101,n − 1|



Ãðàôèê log10 |δ3101,n − 1| =ðåøåòî Ýðàòîñôåíà


