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® D.Broadhurst and D.Kreimer conjecture for zig-zag diagrams
® Basso-Dixon diagrams

The whole story was initiated by the works
L.N. Lipatov, Asymptotic behavior of multicolor QCD at high energies in connection
with exactly solvable spin models, JETP Lett. 59 (1994) 596
L.D. Faddeev and G.P. Korchemsky, High-energy QCD as a completely integrable
model, Phys. Lett. B 342 (1995) 311
L.N. Lipatov, Integrability of scattering amplitudes in N = 4 SUSY, J. Phys. A 42
(2009) 304020
The rich source of iterative Feynman diagrams is fishnet conformal field theory
O.Gurdogan, V.Kazakov, New Integrable 4D Quantum Field Theories from Strongly
Deformed Planar N = 4 Supersymmetric Yang-Mills Theory Phys.Rev.Lett. 117
(2016) 20, 201602,e-Print: 1512.06704 [hep-th]
V.Kazakov, E.Olivucci, Biscalar Integrable Conformal Field Theories in Any
Dimension, Phys.Rev.Lett. 121 (2018) 13, 131601 , e-Print: 1801.09844 [hep-th]
N.Gromov, V.Kazakov, G.Korchemsky Exact Correlation Functions in Conformal
Fishnet Theory, JHEP 08 (2019) 123 , e-Print: 1808.02688 [hep-th]
Fishnet
A.B. Zamolodchikov, "Fishing-net" diagrams as a completely integrable system, Phys.
Lett.B 97 (1980) 63.
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Heavily based on quantum inverse scattering method
E.K. Sklyanin, L.D. Faddeev Quantum Mechanical Approach to Completely Integrable
Field Theory Models, Sov.Phys.Dokl. 23 (1978) 902-904, Dokl.Akad.Nauk Ser.Fiz.
243 (1978) 1430-1433
E.K. Sklyanin, L.A. Takhtadzhyan, L.D. Faddeev, Quantum inverse problem method.
I, Theor.Math.Phys. 40 (1979) 2, 688-706, Teor.Mat.Fiz. 40 (1979) 194-220
L. D. Faddeev, Quantum completely integrable models in field theory, Sov. Sci. Rev.,
Sect. C, 1 (1980), 107-155
L. D. Faddeev, How the algebraic Bethe ansatz works for integrable models, Symetries
quantiques, North-Holland, Amsterdam, 1998, 149-219 , arXiv: hep-th/9605187
and the representation of separated variables
E.K. Sklyanin, The Quantum Toda Chain, Lect.Notes Phys. 226 (1985) 196-233
E.K. Sklyanin, Separation of variables - new trends, Prog.Theor.Phys.Suppl. 118
(1995) 35-60 , e-Print: solv-int/9504001 [nlin.SI]



Distinguished class of diagramms
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Reduction to two-point function
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Iterative structure and graph-building operator
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Even number of loops M = 2N

X1 V1
...... = f d*xidys

*2 y2

(x1,%|Q|y1, y2)
(x1 — x2)?

Odd number of loops M =2N + 1

X1 y2

(x1, % | @M y1, yo)

= [ d*xd*
f X1d'y2 (X1—X2)2

X Y1

The two-point function, which is represented by the M-loop zig-zag diagram,
has the general form

7(2/\//
Ga(x2, 1) = Go—n) Z(M+1)

The M-loop zig-zag diagram gives the (M+1)-loop contribution to the
B-function.



D.Broadhurst and D.Kreimer conjecture

The first nontrivial terms Z(3) = 6¢3 and Z(4) = 20(s were analytically
evaluated in
K. G. Chetyrkin, A. L. Kataev, F. V. Tkachov, New Approach to Evaluation of
Multiloop Feynman Integrals: The Gegenbauer Polynomial x Space Technique, Nucl.
Phys. B 174 (1980) 345-377
K. G. Chetyrkin, F. V. Tkachov, Integration by Parts: The Algorithm to Calculate
beta Functions in 4 Loops, Nucl. Phys. B 192 (1981) 159-204
The constant Z(5) = 4418(; calculated by D.Kazakov in 1983
D. I. Kazakov, The method of uniqueness, a new powerful technique for multiloop
calculation, Phys. Lett. B 133 (1983) 406-410
D. I. Kazakov, Multiloop Calculations: Method of Uniqueness and Functional
Equations, Teor. Mat. Fiz. 62 (1984) 127-135
The 5-loop contribution Z(6) = 168¢y to the S-function (in 6-loop order) was
found by D.Broadhurst in 1985
D. J. Broadhurst, Massless scalar feynman diagrams: five loops and beyond, Report
of The Open University, Milton Keynes, England (UK), 1985, OUT-4102-18 ,
arXiv:1604.08027 (2016).



D.Broadhurst and D.Kreimer conjecture
D.Broadhurst and D.Kreimer in 1995
D. J. Broadhurst, D. Kreimer, Knots and numbers in ¢* theory to 7 loops and
beyond, Int. J. Mod. Phys. C 6 (1995) 519-524
evaluated Z(n) numerically up to n = (M + 1) = 10 loops and based on these
data they formulated a remarkable conjecture that the constant Z(M + 1) is
given by the following expression

(p 1)(M+1)

Z(M+1) =4Cy Z(IT:

4CM<2M—1 for M=2N+1,
4Cy (1 —220=M) oy for M =2N,

where M is the number of loops in the zig-zag diagrams and Cy = (M1+1) (2M)
is the Catalan number.
The proof of the Broadhurst-Kreimer conjecture was found by F. Brown and O.
Schnetz in 2012
F. Brown, O. Schnetz, Single-valued polylogarithms and a proof of the zig-zag

conjecture, J. Number Theory 148 (2015) 478-506 , e-Print: arXiv:1208.1890
Alternative proof was found in

S. Derkachov, A.P. Isaev, L. Shumilov, Conformal triangles and zig-zag diagrams,
Phys.Lett.B 830 (2022) 137150 , e-Print: 2201.12232 [hep-th]



Q-operator

1. 30) = 4 4 54(X1—y2) _
Q) () = [ ity u(n

4 1
/ 7Y oGy )

Conformal transformations

® translations X -+ X' =X+ 3
® rotations X — X' = AX

e dilatations X — X' = \X

® inversion X — X' = X%

Representation of conformal group in the space of functions

Dx'|* /
[Ta¥] (x) = ]DXX W(x)
Tensor product of two representations
A B8y
Dxq Dxj|*
[Tan,0,V] (31, %) = Dixi sz W(x1, x3)

Operator Q is conformal invariant A1 =2, A, =1
QTayn,=Tan, Q



Q-operator

4 1
[QV] (x1, %) —/d me(%xl)

Inversion X' = XX% i QR=RQ

~(3) ¢ e =g e (303)

The simplest scalar eigenfunction Wy (xi,x2) = (x1 — x2)~2*

Dx’
Dx

1 1 2 1

— 4 —
[Q\Uz\] (X17X2) — /d y(Xl — y)2(X2 — y)z (y — X1)2)‘ - )\(1 — )\) (Xl — X2)2>‘
Scalar chain rule (¢ =1,8=1+ )

/d4z 1 _ T2 =a)l(2=A)(a+p-2) 1
(27 (e —y )2 @A —a=F)  (x—yPes>



Q-operator

I 1 ™
Q¥ () = [ d'y W)

The tensor eigenfunction WA #"(x; , x2) = (a—xp)HL B

(a—x)??
1 (y_Xl)Nl-»-Mn
WHLBn] (o %) = d* =
[Q A ]( 1 2) / y(xl —y)2(X2 _y)z (y _ x1)2>‘
_ (71)n 71_2 (Xl _ X2)M1»~-Hn

)\(1 — )\ + n) (X1 — X2)2>‘

Tensor chainrule (a =1,8=1+X)  xMi#n =xM...xI — traces

[t
R
FTR2—a)F =B+ mMlMa+B—2) (x—y)rrhn
T (B B+ (xypeo




Q-operator
Conformal invariance

H1---Hn

X _ X

x1 — Xz)p,lu.y,n 1 1 (x2 x2)

wul.“un(xl X2) — ( — 1 2 —
A ’ (a —x)? P () (= x)?

H1-e-tin
X=X _ X=X
((Xl —x0)?  (e—x)? )

(X1 - XO)Z(Z*A)(X2 - Xo)z(lfk) (X1 - X2)2A

WAL (xa, xe) =

Rich set of eigenfunctions

2
QWHHn — ™ B1eeefn

A L,x0 (71) )\(1 A+ n) \U)\ X0

(@, (1) Pn, () PR (x0)) =
( X0—X1_ _ _Xg—X2 )N1~~'Hn
(x0—x1)? (0—x)?
(x1 — x0)B1H82 =840 (g — x1)B1HA—Bo=n(x — x;)B2tA—B1—n

A.M. Polyakov, Conformal symmetry of critical fluctuations, JETP Lett. 12 (1970)
381-383, Pisma Zh.Eksp.Teor.Fiz. 12 (1970) 538-541.
A.M. Polyakov, Nonhamiltonian approach to conformal quantum field theory,
Zh.Eksp.Teor.Fiz. 66 (1974) 23-42, Sov.Phys. JETP 39 (1974) 9-18.



Scalar product
With respect to the standard scalar product

(\Ulcb) = / d4X1d4X2 \U*(Xl7 Xz) ¢(X1, X2)
the operator @ is Hermitian up to the equivalence transformation:
Qt=vuQu™t . U= (x1— Xz)_2 P2 ;i Prd(x,x) = ®(x, x1)

We modify the scalar product
V*(x1, %) P(x2, x1)

(x1 = x2)?

(V]d) = (V|U|D) = /d4x1d4><2

and with respect to this scalar product the operator Q is Hermitian.
Finally, the orthogonal system of eigenfunctions of the operator Q is given by

A=4"_jy veR
H1---Hn
X —xg_ =X
( (a—x)*  (e—x)? )

2
X1 — X2)1+n72i1/(X1 _ X0)37n+2iu(X2 _ X0)17n+2iu

WEL (s, %) = (

~1)"(2n)?
WLk ( YHL - Hn
Q v ,Xp (1—|—n)2+4y2 v ,Xp



Orthogonality and completeness
Orthogonality relation v, A > 0

v,

A¥o

WL ) = C(, 1) bom (v — A) 6 (x0 — yo) PLLLY
0 1 n

PLL:[n is the projector on the symmetric traceless tensors

Vn

° . _ (=1)"(2n)’
)= w7 T = e

Completeness relation

< 7 dv
/:Z/C )/dxo|w”0 MY (WELE U,

n=0

5 (X1fy1)5 (x2—y2) Z/ C(n ” /d4xo s (X1(,y>1<2)_\|1:;§) "(y2,y1)

V.K. Dobrev, G. Mack, V.B. Petkova, S.G. Petrova, |.T. Todorov, Harmonic analysis
on the n-dimensional Lorentz group and its application to conformal quantum field
theory, Lect.Notes Phys. 63 (1977) pp. 294.



Back to diagrams

2M

- — | gy, 2l @y1 o)
Gienn) = gy 2+ 1) = [ et T

(x1, 52| QY |y1, y2) =

Z/C(n v) /d4X°<X1’X2|Q Wk Wik ™ Ulyis y2) =

Z/W 1) [ g QOB NV )
ny)

— (y1 - }/2)2
> / Ly T / g Yot O ) Wi ™ (2, )
- C(n,v) (1 = y2)?



Back to diagrams

71_2M
G2(X2,_y1) = m Z(M+ 1) =

1 pin

M U] X1, x2) WHL H (o
E dy T 1 (v, n) d*xidys d*xg —22 (a, %) Wil ™ (12, 1) =
- C(n,v)
n=0 7

(x1 = x2)2(y1 — y2)?

1 (WD) [ (w0
(Xz—}’l)z; 2n /du C(n,v)

0

where we use the integral

(a —x)2(y1 — y2)? B 2n (2 — n1)?

/ dxad'ys d'x WEL (a3 WELH (v2, 1) (=1)"(n+1) 73(v, n)
1 2 0

E.S. Fradkin, M.Y. Palchik, Recent developments in conformal invariant quantum
field theory, Physics Reports, 44(5) (1978) 249-349.

S.D., A.P. Isaev, L. Shumilov, Ladder and zig-zag Feynman diagrams, operator

formalism and conformal triangles, JHEP 06 (2023) 059 , e-Print: 2302.11238 [hep-th]



Back to diagrams

B 1 N M43y,
sz+nfw2M§: ”+ x/dquf:?::
0
22M+7 > (M+1 ]O
1)" n+1) dv =
Z( (1 + n)? +4y2)"”+2
o~y 1
Cm Z ) (n+ 1)2M-1
n=0
Cv = ﬁ(z,c,/’) is the Catalan number

i Oy UL
0 (42 + (14 n)2)" 0 2+ 1P T(M+2)
MM+ 33 M)«
r(M+2) — 22MMI(M +1)!




Basso-Dixon diagram
B.Basso, L.Dixon, Gluing Ladder Feynman Diagrams into Fishnets,

Phys.Rev.Lett. 119 (2017) no.7, 071601.

x; i
x; xi
X xi

Xo Xg Xo Xy Xo Xg

N horizontal lines (N = 3 here), L vertical lines. Solid lines are the scalar
propagators 1/(x — y)? where x and y are the two endpoints of each segment.
The boundary points are identified into four points (xo, x1, X, X1 )-

) M LS L
xR — ) [2-2] D)

INL(X07X11X67X{) - ( z —

2 2 2 2
X110X10/ _ X111 Xpo! -
= 7120210 =z7 ; v= 7121 200 =(1-2)(1-2),

X2\ X X2\ X
107170/ 107170/



Basso-Dixon formula

Stepone vk ER; 4, =0,1,2,...;k=1,...,N ;

I/:(lll,VQ,...,l/N) 3 32(41,52,...,&\/)

N
dl/1 dl/N
wien= 3 / e O L
o

sty =TT (gt G588 (i e 20

1<i<k<N

Ladder diagramm N=1,L=p



Basso-Dixon formula

N. I. Usyukina and A. |. Davydychev, Exact results for three and four point ladder
diagrams with an arbitrary number of rungs, Phys. Lett. B305, 136 (1993)

i} o= (Y2 =) o
hp(z,2) = Lp(z,2) = ) 72— I (22) (Lizp—j(2) — Lizp—j(2))
; pY'(p —j)!

with Li(z) = 3,5 2 /¢* - the polylogarithm.
Step two

det M
[I (L — N +2k —2)(L — N + 2k — 1)!

/NL(Z, Z) =

where M is a N x N Hankel matrix with jj element
M,'j = (L — N+ i+j— 2)|(L — N+ i+j— 1)' X L[_7N+,'+j71(2,2)

B.Basso, L.Dixon, D.Kosower, A.Krajenbrink, De-liang Zhong, Fishnet four-point
integrals: integrable representations and thermodynamic limits,

JHEP 07 (2021) 168



Plan

® Graph building operator and commuting Q-operators

® Construction of eigenfunctions of the Q-operator
S.D., V.Kazakov, E.Olivucci, Basso-Dixon Correlators in Two-Dimensional
Fishnet CFT, JHEP 1904 (2019) 032
S.D., E.Olivucci, Exactly solvable magnet of conformal spins in four dimensions,
Phys.Rev.Lett. 125 (2020) 3, 031603
S.D., G.Ferrando, E.Olivucci, Mirror channel eigenvectors of the d-dimensional
fishnets, e-Print: 2108.12620 [hep-th]

Based on the previous works S.D., G. Korchemsky, A. Manashov, Noncompact
Heisenberg spin magnets from high-energy QCD, Nucl.Phys. B617 (2001) 375-440

S.D., A.Manashov, [terative construction of eigenfunctions of the monodromy matrix
for SL(2,C) magnet, J.Phys. A47 (2014) 305204
Heavily based on uniqueness method

A. N. Vasiliev, Y. M. Pismak, Y. R. Khonkonen, 1/N Expansion: Calculation of the

exponent eta in the order 1/N3 by the conformal bootstrap method, Theor. Math.
Phys. 50 (1982) 127-134



Two-dimensional Basso-Dixon diagram

Wo

1

wy

n

_ 2wl wy—2]
T 20—2 wy—wy

The propagator in d = 2 is given by the following expression (a — & € Z)

[z — w]*

_@=wr

12%(20, 21, wo, w1)

(z-w)(z-w)*

|z — w2

a - z()](v—l)N[W1 _ WO](w—l)

[20 — wo]O - DN+AL

N -1y _
(7177 "B (n,7)



Two-dimensional Basso-Dixon diagram

/ _ Z—wi wo—2] _ 2w
n = — N =

/ ] Z)—~Z] wy—wq ] Z0—%21

! wy — 00

I Z1 wy

| Tnpi(nm)

(v=1N (y=1N _
BD [z1 — z0] [wa — wo] -1y _
IL,N(ZO>ZI7 wo, wi) = [z0 — WO](wfl)NML (7] " Brw (n,7)

_ — N2 i—1/— _ —
Biw(n, i) = (2m) Nx " Dt [(109) 1 (7109)" i (n, )]




Two-dimensional Basso-Dixon diagram
Step one

BLN 77 7/) And /DXI - Dxn H[Xk *XJ] H [n]’xk )\N+L( ))

k<j

where

.n - .n
X:V+I§,X=V E /DX_Z/

TI0e =31 = T 100 = )R = %) = [T 0w = x) [T = %)

)2 ) 2
W, £) = H1§i<k§lv ((V" — )’ + (Zl 4£k) ) ((Vi — )’ + (Z'+Z:+2) )
Step two — Determinant representation

J Dxv--Dxw [T, b = x] T, )™ AV () = N! Det M

M= [ Dx xR ] AV (x) = -0 H0n) " [ Dx [ N ()
ik=1,...,N



Basso-Dixon integrals

21 wy

v
1—79
N V < V(z1,22,23|W1, w2, w3)
F I N ™
V4
1—7 1—nv a1 1—7 1—7
Z — ¢ wy =0 21 ‘_r—_r—_r_,‘ wy
) v 7 7
2 ® Py ° wy N 2 o wy
3 Py w3 21 wy
20 EA) Zn 20 Zn 20 20

Figure: The reduction to the Basso-Dixon diagram: amputation of the left lines and
gluing the end points zx — z1, wx — wj. There are three external points z;, w; and
Zp.



Q-operator — graph-building operator

«a 1—n
21 w1 21 ——— W
v B ol
) wy 2 wy
f—0
Qly) < Ve
23 w3 23 w3
20 20

® Commuting family of operators [Q(y), Q(y")] = 0.
The diagram for the Q-operator Q(y)
a=1-s—iy,f=1—-s+iy,y=2s—1.

® Reduction of the diagram for 3 — 0 or, equivalently, iy = s —1



SL(2,C) spin magnet
SL(2,C) spin magnet is a straightforward generalization of the XXX spin
chain. (2s 4 1)-dimensional representations of the SU(2) group — unitary
principal series representations of the SL(2,C) group

Vi = C* 5 Vi = L,(C)

unitary principal series representations of SL(2, C)
a b (s,3)
= . 4 )¢ SL(2,C) ; g— T"(g): L»(C) = L(C)

5,5 = —2s (7 T=) 25 —c+ 7_+__
[1(5)6) 1.8 = (0 ) (3 Be) o (k2 E4E)
i) = [ P2z 02 5 (To | T e)) = (010)
The spins s and 5 are parameterized as follows (ns € Z,vs € R)

1 1-—
s = J;ns+i1/s 5= 2ns

+ ivs
generators
S =-9, , S=z8,+s , S, =272°9,+2sz
S =—08; , §S=z0:+5 , 5 =7°0:4252



SL(2,C) spin magnet

The Hilbert space of the SL(2,C) spin magnet is given by the tensor product of
the unitary principal series representations of the SL(2,C) group

Hy=Vi@V2a®:- - ®Vp, Vi = L(C), k=1,...,N.

The space Hy is the space of functions W(z1,2z1 ..., zn, Zn).

To each site k we associate the pair of quantum L-operators with subscript k
acting nontrivially on the k—th space in the tensor product

u+is® is® _ a+isk 5k
Li(u) = - s Li(T) = - » )
«(v) ( ist) - s () iS5 5
U is complex conjugate to u

T(u) = Li(u)Lo(u) ... Ln(u) T(2) = Li(@)La(T) . .. Lu(T)

_( An(u) Bw(v) = [ Awn
T(u) = < Cu(u)  Du(u) ) T(o) = _



R-operator and Q-operator

[Zl _ 22]1725
[W1 _ Zl]lfsfix[w1 _ 22]175+i)<

[R12(X)¢] (217 22) = /d2W1 ¢(W1’22)

x=84v; x=-0+4+v; s=Y" 4y ; 5=15 4y

2

Let us define operator
Q(X) = R12(X) R23(X) e RN71 N(X) RNo(X)

Using the defining relation for Ri2(x) it is possible to prove the following
relations which are characteristic properties of Q-operators

® commutation relation with operator Ay(u) + z0Bn(u)
Q(x) (An(u) + 20Bn(u)) = (An(u) + 20Bn(v)) Q(x)
® mutual commutativity
Q(x) Qy) = Qy) Q(x)
® Baxter relations

(An(u) + 20Bn(u)) Q(u, @) = (u+ is)" Q(u+ i, 1)



Eigenfunctions of operator A(u) + zoB(u)
Operator A(u) + zoB(u) is polynomial in u
[A(u) + 20B(u)] Viy..xp(z1, .o yzn) = (u—x1) - (u—xn) Wiy (21, -+ -, 2ZN)
Spectrum is continuous and simple.

Eigenfunctions are labelled by N zeroes
Xk = Vi + i%“ ik €ER N e€Z ;k=1,...,N of polynomial eigenvalue

Orthogonality relation

N
[ @@ TL 5 = 0700 B %)
1

j=

N
Osym (x — x') - % Z H 5ni"L6(Vi — )

oceSy k=1
Sklyanin measure
p)=Cv J[ le—xl=cv [ =) J] —%)
k<j<N k<j<N k<j<N

(27r)7N777N2

Cn = NI



Completeness

Completeness relation

N
[ Pust v @0 @ =[] - 2)
k=1

I
N
G [ wx [ 1 &)W @) = [[ 92 - 20
k<j k=1
The symbol Dyx stands for
N o] 0o
[oe=T1( X [ aw
k=1 ng=—o0 ¥ T

Alexander N. Manashov, Unitarity of the SoV Transform for SL(2, C) Spin Chains,
SIGMA 19 (2023) 086 , e-Print: 2303.11461 [math-ph]



Iterative construction of eigenfunctions W, . (z1,...,2zn)

® Common eigenfunction of two commuting operators
[AU) + 20B(0)] Wy (2) = (= 30) = (U = x0) Wiy (2)
Qn(u) V.. xy(2) = q(u,x1) - q(u, xw) Wa...xy (2)
® |terative construction
V(2 zn) = AV () - AP () Wy
® Main commutation relation n=2,... , N

Qu(u) A (xa) = q(u, X0) A (xa) Qn—1(u1)

() AV ) AV D (xy_y) - AP () W, =
q(u, xw) A o) Q1 (1) AN D oiva) -+ AP () W =
q(u, xn) q(u, xn-1) AN G ) AP Gev1) Quea(u) -+ AP () Wiy
® Symmetry X; <> Xk
/\(n)(X) /\(nfl)(X') — /\(n)(X') /\(nfl)(x)
® Calculation of the scalar product is based on relation (x # x”)

(N60) N6) = (2 A2 (N0 00)




Basic example N = 1. Diagonalisation of A(u) + zoB(u).
A(u) B(u) \ _.[ s—iu+2z0 -0
C(u) D(u) '\ Zo+2sz —s—iu—2z0
(A(u) + 20 B(u)) Ve x(z,2) = (u+is+i(z — 20)0) Wiz = (u— x) Uz
(A(@) + 20 B(u)) Wix(z,2) = (T4 i5+i(Z — 20)0) Wiz = (1 — X) Wiz
eigenfunctionx:%”—i—y; )'(:—"5"4—1/; S:HT"S—i—iVS ; §:1_—2”5+i1/5
wx,)?(z , 2) _ [Z _ Zo]ixfs _ (Z _ ZO)I’X*S(E _ 20)13?73

. in in
orthogonality x1 = 3 +v1,x = 22 + 12
2 T o s ixg — 2
/d z[z — z]M=5[z — 20]"*7° = 27" Oy, O(v1 — 12)
completeness x = % + v

+oo
Z/ dv [z1 — z0]>* =5 [z — zo]ix_s = on? (52(2'1 - 2)

neZ v —



Q-operator for N =1

[z — 2]t iny

[Q(U)¢] (Z) = /d w [W _ Z]lfsfiu[w _ 20]175+i” (D(W) U= 7 + vy

Q(u) WX,)?(Zv 2) = q(u,x) \UX#?(ZaE)

U, x(2,2)=[z—2]""" ; q(u,x)=n(=1)"""a(l —s—iu,s + ix, 1+ iv — ix)

Chain relation

) . 1
/d2W =7 (-1)""7a(a, 8,7) m—zop 1

[z1 — w]*[w — 2]?

a(a) = % , ala, B,7v,...)=a(a)a(B)a(v)....

Diagonalization of the operator Q(u) <+ Transition to the representation of
separated variables
E.K. Sklyanin, The Quantum Toda Chain, Lect.Notes Phys. 226 (1985) 196-233
E.K. Sklyanin, Separation of variables - new trends, Prog.Theor.Phys.Suppl. 118
(1995) 35-60 , e-Print: solv-int/9504001 [nlin.SI]



Diagram technique: main rules
a B a+p-1

° =7n(—1)"a(a,B,7) — 5

11—«

Figure: The chain and star—triangle relations, o + 8 + v = 2.

Figure: The cross relation, a + 8 =o' + 3.



Diagram technique: Q-operators and A-operators

2, d a4 L 2,
¥ W, v W, Y
2,7 % 2 % 2
WZ. W,
2, 2, 2,
f Wy |-
JD




Diagram technique: cross relation and commutativity

[e51

wy ol

w3

0
S

20

1 1

Figure: Diagrammatic proof of commutativity.

_ 1
2l %2 ~ le—2]72 P1 [z—2]l 1

ap=1—-s—ix3,fpi=1—s+ix1x,y=25s—1
a=1-s—ix,fo=1—s+ix,y=25—1

Q(x1) Q(x) = Q(x2) Q(x1)



Back to Basso-Dixon integrals

Representation for the kernel of the operator Q(y1) - - Q(yr+1)

[QUy1)---

_ (@m)~ "™

(YL+1)] (z|w) =
N L+1

N _ /DNX H[xk — xj] HH Q1 X)) Vg ooy (2) Wy

k<j k=1 I=1

Wiy (W)



Determinant representation for the Basso-Dixon integrals

Amp [Q(1) - QUyei)] (21 zwlwa ... wn)| oz =

Wy —wq
iy —s—1
([0 — z1] [20 — wa])"EY)
et D [T, (1 AV (x0)) [Tecsbo

where
Axx) = ma(2 — 25,5 + ixk, s — ixg) (—1)"=T% ; n= =
1+ . . in
S= 5= 4 ivs ;XK = 4k

Determinant representation

J Pux T e = %] TTy [l A () = N Det M

lk_fDX XI ].XJ l[n]IX qN+L( ) (7’]6 )I 1(178 k—1 fDX[U]'X )\N+L(X)
ik=1,... N



4-dimensional Basso-Dixon diagram

X X X X X X x

. L+1
Diagram < V),

Vi Y2 Y3 VE]
2+u u-iA
X1 i X2 X3 X4 Xo
Y1 Y2 Y3 Ya
2-iA 2-iA 2-iA 2-iA
iA iA iA iA
X1 X2 X3 Xq Xo

® The diagram for the Q-operator Qu(u): one-parametric family of
commuting operators [Qn(u), Qu(v)] = 0.
® Reduction of the diagram: v — —i) and A\ — —i gives Qn(u) — Vy.



Diagonalization of the operator V) <+ Transition to the representation of
separated variables
® Spectrum of operator Vj is continuous
® FEigenfunctions vx € R, {x, mx € Z4

\Uyl,el,ml,M,UN,ZN,mN(Xl PR 7XN) = |V17£17m1 yoe 7VN7€N7mN> = |V7Z7 m>

VN |1/,£, m) = )\(1/1,61) te )\(IJN,ZN) ‘V,e, m)

One point example
V01 (x—x0) " [ 'y (x =) 00).

)#1“‘#4 )\( () 7r2
T ) (e d)

Wy om(x) = X0

B (x — o

)2(1+iu+§)

4 XL xPr-Ber / Qi...ap
d X RHe2+i0) 2T =) cedord (V -V ) P, sy

1 xH1---pe yHLpe @ . _ 3
Z aAdVX2(1+Z/2+iV) y2re/2=) FV(x—y) i a= 21 (0 + 1)



Eigenfunctions

VN ‘V Z m) = )\(Vl,gl) (VN7£N) |l/ Z m)

® |terative construction

_ AN (2
Vo e,m ... UNSENSMy (X1 (AR 7XN) = Nunsey,my "7 uz,éz,mzwlfllhml

® Main commutation relation

Vy AV

Un LMy (V’Vve’\’)/\ V-1

VNN, My

Vw AVAND Ay, = A ) AV Vi AVTD APy, =
)\(I/N,ZN) A(Z/N_l,ZN_1) /\(N)/\(Nil) VN_1 s /\(2)

V2,Zz,m2w’/17£1am1 =

® Symmetry +» Faddeev-Zamolodchikov algebra

A /\(N 1) Rnn = )A(N) AN-1)

v,l,m rer m’ - v’ ' n’ "tv.l,n

where R(v — v') — R-matrix, solution of the Yang-Baxter equation



Eigenfunctions

Layer operator A®) and construction of eigenfunction.



Eigenfunctions

x; 2

ai bl asz bz

Sy

@ ©

Interchange relation <+ symmetry of eigenfunctions <+ Faddeev-Zamolodchikov
algebra



Eigenfunctions

d
- A4 ' 7
4,4 2y, d B -
2 2 : ’
ro oY N ‘
\\ fl+Al 'l e dl
X 2 ’ —
cy '
L Ny ,/ da
\ - \\
v -7 dy €27~ 1
. 0

For simplicity xo — 0

(z — wy2 (w32 -1) [C' (% - 7”2)}[1

n'(x2_v2

~| —
x

<

SN—
P

&

d¥zd%v o1 g 412
/ (Z_X)2(i“+7)(z—y)z(lHT)(Z— V)2(d71+ 2

wz("”%’l) ®e ®¢ x o w\®h Y
“ 2(iu+%) 2(m+%2) [Rzlaé’z(“)C L@ 2]. (F B m) ? ()/2 W
X y

1+ ,,-u) 2(17%%:1)
v



Representation of separated variables

® QOrthogonality
(v bmly' €, m') = p (v, £) (v, ", £) Py

nm’ 7 (N—=1) A(N=1)}
A(N)T A(N) _ Rmn’ (V v ) Au,Z,n Au’,E’,n’

v/ m' v lm - ’ ’
m [(u — V)24 (3*4@ )2] [(V — V)24 (d*2+4€+5 )2}

® Completeness

3 / v (v, ) v, €, m) v, £, m| = 1
£,m

wv,£) = H ((Vi - Vk)2 + W) ((1/,- — yk)2 + W)

1<i<k<N

)2 . 2
wy, €) = H1§i<k§N ((V" - Vk)2 + %) ((Vi - Vk)2 + W)

® Spectral decomposition

\/L+1 = Z / dNyu(u,Z) >\L+1(V17£1) e >\L+1(VN7€N) ‘V,—e, m)(u,e, ml
£.m



Spectral representation

VL+1 (X17~" 7XN,X1/7"' 7XI/V) = Z/dNV/’L(V7£) AL+1(V17£1)'")‘L+1(VN7ZN)

X1

X1

X1

£,m
_ ) )
Vo om(Xt,- s xn) Vo oom (Xl R »XN)
X5 X5 Xo X5 X x5 Xt
X3 Y1 W,
i 7% S
i R SE——
S
Xo Xo Xo Xo Xo Xo o
® For the functions Wy, ¢.m (x1,... ,xn) <> amputation of the left vertical

lines and then reduction xx — x1

® For the functions W, ¢ m (x{,...,xy) <> reduction x; — x
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