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An important problem in the theory of open quantum systems is the description of the
master equations for the reduced dynamics of an open quantum system in various approxima-
tions on the basis of its exact microscopic dynamics at interaction with the environment. A
well-known approximation is the weak coupling limit, at which the intensity of interaction of
the system with the environment is a small quantity [1], and the closely related stochastic limit
[2]. Another approximation is the low-density limit, where the density of surrounding particles
is a small quantity while an interaction between a system and a reservoir is not assumed to be
small. Such a limit describes collisional decoherence [3]. The study of the low-density limit in
the theory of open quantum systems goes back to [4] and was developed in other papers, see
for example [5, 6]. In the low-density limit for open quantum systems, the quantum Langevin
equation [7] and the quantum stochastic differential equation with a quantum Poisson process
[8] were derived. The connection between this approximation and collisional decoherence mod-
els is established in [9]. In the present paper, we consider the low-density limit for a quantum
system interacting with an ideal Fermi gas in thermal equilibrium at non-zero temperature.
The low-density limit is defined as follows

nε = εn0, tε = ε−1t0, ε ↓ 0, (1)

where n, t is the density of gas and time respectively. Let HS be a self-adjoin operator with
dense domain of definition in Hilbert space H S accosted with Hamiltonian of system. By HR

denote the Hamiltonian of ideal Fermi gas be the self-adjoin operator in Fermi-Fock space F .
Then the general Hamiltonian is

HG = HS ⊗ I + I ⊗HR + V, (2)

where V is a operator of interaction. We will consider the operator V of the scattering type,
i.e. the gas particles cannot be absorbed by the system and their number is constant. The
general form of such operator is V =

∑ν
j=1 Qj⊗a† (fj) a (fj) [4, 10], where a†, a are creation and

annihilation operators. Let U S,U R be a some sub-algebra of algebra of system observables
and CAR-algebra for reservoir respectively. The evolution Y → Y (t) = T (t)Y, Y ∈ U S ⊗U R

of the whole system with reservoir generated by the Hamiltonian (2), is given as a solution of
the von Neumann equation

d

dt
Y = i

[
HG, Y

]
. (3)

The initial state of the system is given as a functional ωS : U S → C, ωS (X) = Tr (Xρ)
generated by a density matrix ρ which is trace-class operator ρ ∈ J1

(
H S

)
. We will consider

the reservoir state as a thermal equilibrium associated with the Kubo-Martin-Schwinger func-
tional ωµε : U R → C related with chemical potential µε denoted by nε in limit (1) with fixed
temperature.
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Case dim
(
H S

)
< ∞ is well considered [4], but the obtained results do not apply to the

case of an infinite-dimensional system when the Hamiltonian HS has a continuous spectrum
and the operators Qj are unbounded. The purpose of the paper is to describe the reduced
dynamic in this case. Reduced dynamic ρ → T̃ε (t) ρ implicitly determined by relation

Tr
(
XT̃ε (t) ρ

)
=

[
ωS ⊗ ωµε

] (
T
(
ε−1t

)
X ⊗ I

)
, ε ↓ 0. (4)

We study equation (4) with using of reduced n-particle evolution operators Rε
n(t) which are

denoted like

(g0 ⊗ g1 ⊗ · · · ⊗ gn, R
ε
n(t)f0 ⊗ f1 ⊗ · · · ⊗ fn) =

=
[
ωS ⊗ ωµε

] (
T
(
ε−1t

) (
|f0⟩⟨g0| ⊗ a† (fn) . . . a

† (f1) a (g1) a (gn)
))

.

Rε
n(t) can be considered like quantum analog of BBGKY hierarchy. With evaluating this

method we derive the reduced dynamics in the limit (4) in some special cases. The obtained
equations are considered with the application of scattering theory and Kato-Birman theory
[11]. This paper deals with the existence and completeness of wave operators and their use to
derive the reduced dynamics of the system.
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