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KP hierarchy and its formal solutions

Kadomtsev-Petviashvili (KP) hierarchy is an infinite system of PDE’s

12 1

Fap=Fi3—5F1—5F111,
1

Fos=Fia—Fi1Fo1—¢F2111,

Formal solution as a generating series for the quantities (correlators) fi, . .

F(p1,p2,-..) Z Z fiteo ko Py - -+ Phy-

n>1 '1
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KP hierarchy and its formal solutions

Kadomtsev-Petviashvili (KP) hierarchy is an infinite system of PDE’s

12 1
Fap=Fi3—5F1—5F111,
1
Fos=Fia—Fi1Fo1—¢F2111,

Formal solution as a generating series for the quantities (correlators) fi, . .

F(p1,p2,-..) Z Z fiteo ko Py - -+ Phy-

n>1 '1

Examples:

@ Hurwitz numbers (simple, double, monotone, weighted etc.);
enumeration of maps (hypermaps, fully simple, weighted etc.);
correlators of matrix models;
correlators of CohFT's (GW invariants);

WP volumes, MV volumes, etc.

Maxim Kazarian Global KP integrability



n-point function

n-point functions serve as an alternative way to encode solutions

F +— {Wn}nZI

F(p1,p2, .. )_an Z fkl, ko Phy -+ - Py

n>1 k1

(Xl,.. Xn)— Z ki...kp fk1 s Xlkl_l...Xk"_l, n=12....

n
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KP integrability in terms of n-point functions

Baker-Akhieser kernel

F
o o=k =

K(Xl,Xz): X1 — X

= + (regular series in xq, x2).
X1 — X2

Theorem ([J.Zhou '15])

KP hierarchy is equivalent to the collection of determinantal identities

5n,2

— > 2.
(X]_ _ X2)27 n=

Wa(xa, . xa) = (1)1 > T K x0) —

o€cycl(n) i=1

1
(a —x)?’

Wa(x1, x2,x3) = K(x1, %) K(x2, x3)K(x3,x1) + K(x1, x3) K(x3, X2) K (X2, X1).

Wa(x1,x2) = —K(x1, x2)K(x2,x1) —



KP integrability in terms of n-point functions
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Theorem ([J.Zhou '15])

KP hierarchy is equivalent to the collection of determinantal identities

n
Wo(x1,...,x,) = (=1)"! Z H K (xi, Xo(iy) — 5"7’27 n>2.

_ 2
o€cycl(n) i=1 (Xl X2)

1
(a —x)?’

Wa(x1, x2,x3) = K(x1, %) K(x2, x3)K(x3,x1) + K(x1, x3) K(x3, X2) K (X2, X1).

Wa(x1,x2) = —K(x1, x2)K(x2,x1) —



n-point differentials

wWn(X1, .oy Xn) = Wa(xa, ..., xp)dxy . .. dX,

> vt [ 4
i=1

Kiy..ykn

F +— {w,,},,zl
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n-point differentials

dx 1 dX2

(a1 —x2)?

dxy dxo
Z [ Hd +5n21_7xz)2

.....

wa(Xt, -y Xn) = Wa(xa, ..., Xn)dxa ... dXa+0n2

F +— {w,,},,zl
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n-point differentials

dx 1 dX2

(a1 —x2)?

dxy dxo
Z [ Hd +5n21_7xz)2

.....

wa(Xt, -y Xn) = Wa(xa, ..., Xn)dxa ... dXa+0n2

F +— {w,,},,zl

Determinantal formulas in terms of n-point differentials:

}K(Xl7 X2 Xl, X2)\/ dX1 dX2

Wa(X1s ..oy xn) = (—=1)"71 Z HK(X[,XU(,')), n>2.

o€cycl(n) i=1

Maxim Kazarian Global KP integrability



Genus expansion

_ 2g—2+n (g)
fib = D_HETHEE L,

g20
_ 2g—2+nr(g
F= > h F&)
g20,n>1
282
W, = Zh g +"w$,g)
g20

Determinantal formulas for KP solutions hold with the genus expansion taken into account
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Genus expansion

_ 2g—2+n (g)
fib = D_HETHEE L,

g20
_ 2g—2+nr(g
F= > h F&)
g20,n>1
282
W, = Zh g +"w$,g)
g20

Determinantal formulas for KP solutions hold with the genus expansion taken into account

Example (Hurwitz numbers)

d=>" ki, m=2g—2+n+d,

Aut(k 1) 7;€5(d) a transposition
fk(lg) k. — M#{( lg oo ,Tm) ’ 2) T0---0Ty, has cyclic type (ki,...,kn) }
e m!d! 3) connectness condition
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Rationality

Consider a system of multidifferentials W, g >0, n> 1 such that W& — g’oén,g% is

non-singular.

Definition

We say that {w,(,g)} possesses a rational spectral curve if there is a change of coordinates
x = x(z), x; = x(z;) such that w8 becomes rational in z-coordinates.
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Rationality

Consider a system of multidifferentials W, g >0, n> 1 such that W& — 2,00n.2 (flxj‘)’f)z is

non-singular.

We say that {w,(,g)} possesses a rational spectral curve if there is a change of coordinates
x = x(z), x; = x(z;) such that w8 becomes rational in z-coordinates.
v
Example (Hurwitz numbers)
w(o) —_ dz dz,
x(z)=ze* ?O) (z—=z)>
2 — dz; d22d23
-2y RO I e Ky ey
2 (1) _ (4—21)21
Wi = ag(a-g) 921 )
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Spectral curve

¥ = CP? spectral curve.

o ¥ = CP!, global coordinate z

local coordinate x

w'8) is global meromorphic on .

The potential F is associated with the power expansion of w,(,g)'s at a given point 0 € ¥ in a
given local coordinate x.

(0,x) ~ F = Fox
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Spectral curve

¥ = CP? spectral curve.

o ¥ = CP!, global coordinate z

local coordinate x

w'8) is global meromorphic on .

The potential F is associated with the power expansion of w,(,g)'s at a given point 0 € ¥ in a
given local coordinate x.

(0,x) ~ F = Fox

A different choice of the expansion point o and a local coordinate x leads to a different
potential

(8,%) ~ F = Fs4

)
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Global KP integrability

Consider a system of symmetric meromorphic multidifferentials {w,(f)}gzo,,,zl such that

(g ) _ dz dz

wn =) is regular at a generic point of the diagonal.

6g,06m,2

Theorem ([ABDKS '23])

KP integrability is an internal property of a system of differentials: if F = F,  is a KP solution
for some choice of o and x, then the same is true for any other choice.
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Global KP integrability

Consider a system of symmetric meromorphic multidifferentials {w,(f)}gzo,,,zl such that

(&) dzdz

wr’ — 0g.00m, Y P is regular at a generic point of the diagonal.

Theorem ([ABDKS '23])

KP integrability is an internal property of a system of differentials: if F = F,  is a KP solution
for some choice of o and x, then the same is true for any other choice.

Proof. The differential K extends as a meromorphic differential on X2 and the determinant
identities extend to an equality of global meromorphic differentials

wp(z1y...,20) = Z HK Zi, Zo(i))-

o€cycl(n

Moreover, K has a universal invariant meaning: it is independent of a choice of the expansion
point and a local coordinate. O
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Topological recursion: an overview

Topological recursion is an inductive procedure to compute wf,g) in a closed form

inductively in g and n
Chekhov-Eynard-Orantin '06
Eynard-Orantin '07
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Topological recursion: an overview

Topological recursion is an inductive procedure to compute wf,g) in a closed form
inductively in g and n

Chekhov-Eynard-Orantin '06

Eynard-Orantin '07

Basic properties:
()

@ wy’ is symmetric and meromorphic on X"
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Basic properties:
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@ wy’ is symmetric and meromorphic on X"

@ possible poles of wf,g) are at z; = g; for a finite distinguished set P = {q1,...,qn}

Maxim Kazarian Global KP integrability



Topological recursion: an overview

Topological recursion is an inductive procedure to compute wf,g) in a closed form
inductively in g and n

Chekhov-Eynard-Orantin '06

Eynard-Orantin '07

Basic properties:
()

@ wy’ is symmetric and meromorphic on X"

@ possible poles of wf,g) are at z; = g; for a finite distinguished set P = {q1,...,qn}

( symmetric polynomial )

in z1,...,2z,

W& —
n N
ITi- Hj:l(zi — qj)¥3e—3+n)+2

n

dzy...dz,, 2g—2+n>0.
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Topological recursion: an overview

Topological recursion is an inductive procedure to compute wf,g) in a closed form
inductively in g and n

Chekhov-Eynard-Orantin '06

Eynard-Orantin '07

Basic properties:
()

@ wy’ is symmetric and meromorphic on X"

@ possible poles of wf,g) are at z; = g; for a finite distinguished set P = {q1,...,qn}

( symmetric polynomial )

in z1,...,2z,

W& —
n N
ITi- Hj:l(zi — qj)¥3e—3+n)+2

n

dzy...dz,, 2g—2+n>0.

@ the recursion studies the behaviour of w,gg) near the poles
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Topological recursion: initial data

Initial data: (X, dx, dy, B, P)
@ ¥ = CP! (generalization: a smooth algebraic complex curve);
e B(z,z) = % (generalization: a bidifferential on Y2 with similar singularity on the
diagonal)
@ dx, dy meromorphic differentials on X
© P={qi,...,qn} a set of simple zeroes of dx such that dy|, # 0

Initial differentials:

wgo)(zl) =y(z1) dx(z1), wgo)(zl, ) = B(z1,22)
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Topological recursion: two step induction

2g—2+n>0: K={2,...,n}, zx = (=2, ..., 2,),
First step: z =~ g; € P, x(z) = x(c(z))

W& (z,0(2),20)+ ) W) (224)0(Z), 1 (0(2),25)

oy
...( ) o 8i,|Jil+ )
0¥ (z,2) = 0@ —y(o(2) dx(2)

Second step:

w)(z, zk) = &'8)(z, zk) + (holomorphic), z—q;, j=1,...,N.
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Topological recursion: two step induction

2g—2+n>0: K={2,...,n}, zx = (=2, ..., 2,),
First step: z =~ g; € P, x(z) = x(c(z))

W& (z,0(2),20)+ ) W) (224)0(Z), 1 (0(2),25)

oy
...( ) o 8i,|Jil+ )
0¥ (z,2) = 0@ —y(o(2) dx(2)

Second step:

w)(z, zk) = &'8)(z, zk) + (holomorphic), z—q;, j=1,...,N.
Equivalently:
N z
w8 (z1,zk) = Z res &f,g)(z,zK)/B(-,zl).
=
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KP vs TR

Theorem (JABDKS '23])

The differentials of topological recursion with any initial data on a rational spectral curve are
KP integrable.
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KP vs TR

Theorem (JABDKS '23])

The differentials of topological recursion with any initial data on a rational spectral curve are
KP integrable.

Remark. TR can be defined as well for the spectral curve of any genus (or even for
non-compact spectral curve). But the KP integrability holds if ¥ = CP* only.
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KP vs TR

Theorem (JABDKS '23])

The differentials of topological recursion with any initial data on a rational spectral curve are
KP integrable.

Remark. TR can be defined as well for the spectral curve of any genus (or even for
non-compact spectral curve). But the KP integrability holds if ¥ = CP* only.

Idea of the proof: variation of the functions x, y of the initial data leads to a variation of the
TR differentials, and one shows that these variations are infinitesimal KP symmetries.
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Thank you!
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