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Lax operator due to Krichever: geometrical data

Genus g Riemann surface Σ

Marked points of two kinds:
P1, . . . ,PN ∈ Σ and
γ1, . . . , γK ∈ Σ

Vectors α1, . . . , αK ∈ Cn

associated with γ’s.
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Pairs γ, α are referred to as Tyurin parameters, due to the

THEOREM (A.N.Tyurin): Let g = genus Σ, n ∈ Z+. Then there
is a 1–1 correspondence between the pairs of sets

γ1, . . . , γng ∈ Σ; α1, . . . , αng ∈ CPn−1 ,
and the equivalence classes of the semi-stable holomorphic
rank n vector bundles on Σ.

Lax equations are overdetermined without the Tyurin parameters.



Lax equations on Riemann surfaces

L,M : Σ→ gl(n) – meromorphic functions, with the pole divisor
D = m1P1 + . . .+ mNPN + γ1 + . . .+ γK .

L(z) =
L−1,s

(z − zs)
+L0,s+O((z−zs)), M =

M−1,s

z − zs
+M0,s+O((z−zs))

L−1,s = βsα
T
s , βT

s αs = 0, αT
s L0,s = αT

s κs, M−1,s = µsα
T
s

(αs, βs, µs ∈ Cn, κs ∈ C, z – local coord., zs = z(γs))

Lax equation is defined as

L̇ = [M,L]

Evolution equations of Tyurin data:

żs = −µT
s αs, α̇s = −M0,sαs + ksαs.



Hierarchy of commuting flows

THEOREM (KRICHEVER): Given a generic L, there is a family
of M-operators Ma = Ma(L) (a = (Pi , k ,m), k > 0, m > −mi )
uniquely defined up to normalization, such that outside the
γ-points Ma has pole at the point Pi only, and in the
neighborhood of Pi

Ma(wi) = w−m
i Lk (wi) + O(1),

The equations
∂aL = [Ma,L], ∂a = ∂/∂ta (1)

define a family of commuting flows on an open set of LD.

(g = gl(n)) — Krichever, 2001; SO(2n) — Sh., 2008 , for
SO(2n) k is odd).



Hamiltonian theory

Assume, ∃ω ∈ Γ0(T ∗Σ), s.t.
∑N

i=1 miPi ≥ (ω).

For a = (i , k ,m) let

Ha =
1

k + 1
resPi w−m

i tr L(wi)
k+1ω.

THEOREM (KRICHEVER): The ∂a is a Hamiltonian vect. field
w.r.t. the Krichever–Phong symplectic structure, with the
Hamiltonian Ha.

Krichever–Phong 2-form:

Ω(L) =
∑

res tr (Ψ−1dL ∧ dΨ−Ψ−1dΨ ∧ dK )

where L = ΨK Ψ−1, K is diagonal.



Finite gap integration after Krichever

Consider the eigenvalue problem

(L(q, t)− λ)ψ(Q, t) = 0, q ∈ Σ, Q = (q, λ). (2)

Define the spectral curve Σ̂ of L by the equation

det(L(q, t)− λ) = 0, q ∈ Σ. (3)

Normalize ψ by the condition

n∑
i=1

ψi = 1. (4)

Then ψ(Q) becomes a meromorphic function on Σ̂. Its pole
divisor plays a special role and is referred to as a dynamical
divisor of the problem. It depends on time. We denote it by D(t).



Important step: to get rid of dynamical divisor !

ψ is L-eigenvector =⇒ ψ is (∂a −Ma)-eigenvector:

(∂a −Ma(q, t))ψ(Q, t) = fa(Q, t)ψ(Q, t)

where fa(Q, t) is scalar. The vector-function

ψ̂(Q, t) = φ(Q, t)ψ(Q, t); φ(Q, t) = exp

(
−
∫ ta

0
fa(Q, τ)dτ

)
satisfies the equations

L(q, t)ψ̂(Q, t) = λ(Q, t)ψ̂(Q, t); (∂a −Ma(Q, t))ψ̂(Q, t) = 0.

Under transform ψ 7→ ψ̂ the pole divisor D(t) gets transformed
to a time-independent divisor D of poles of ψ̂ (the explanation
will follow). The time dependence of ψ̂ gets encoded in its

essential singularities acquired at the constant poles of fa.



Baker–Akhieser function and complition of integration

ψ̂ is what is called a vector-valued Baker–Akhieser function. It is
parameterized by its pole divisor and its essential singularities.

Essential singularities are located at preimages of P1, . . . ,PN .
For the exponent at (wi , λj) ∼ P(j)

i we have

exp (
∑

m≥−mi , n>0

t(i,m,n)w
−m
i λn

j ).

Given a vector-valued Baker–Akhieser function ψ̂ on Σ̂ we push
it forward to Σ as a matrix-valued function Ψ̂. Then

L = Ψ̂ΛΨ̂−1, Ma = ∂aΨ̂ · Ψ̂−1

where Λ(q, t) is the diagonal form of L(q, t).



Lax operator: so(2n) case

L(z) =
L−1

(z − zγ)
+ L0 + O(z − zγ) ∈ so(2n)

L−1 = βαT − αβT , βTα = 0, αT L0 = αTκ, αTα = 0

Example: SO(4). αT = (1, i,0,0), βT = (β1, iβ1, β3, β4)

L(z) =


0 κ δ − β3

z γ − β4
z

−κ 0 i(δ − β3
z ) i(γ − β4

z )
β3
z − δ i(β3

z − δ) 0 σ
β4
z − γ i(β4

z − γ) −σ 0

+ O(z).

Characteristic polynomial: λ4 + pλ2 + q2,
p = κ2 + σ2 − 2a13β3 − 2ia23β3 − 2a14β4 − 2ia24β4 + O(z),
q = κσ − ia14β3 + a24β3 + ia13β4 − a23β4 + O(z), aij come from L1.
Corollary: Eigenvalues are holomorphic. Important !!!



LEMMA: In the leading term, any eigenfunction is collinear to α:

ψ(z − zs) = X (z − zs)m + O(z − zs)m+1, X = να, ν ∈ C.

Proof (for SO(4)). X T = (x1, x2, x3, x4).
λx1 + κx2 + (δ − β3/z)x3 + (γ − β4/z)x4 = O(z)

−κx1 + λx2 + i(δ − β3/z)x3 + i(γ − β4/z)x4 = O(z)

(β3/z − δ)x1 + i(β3/z − δ)x2 + λx3 + σx4 = O(z)

(β4/z − γ)x1 + i(β4/z − γ)x2 − σx3 + λx4 = O(z)

(Eq.1+i∗Eq.2)=⇒ x1 + ix2 = 0. Then x1 and x2 disappear in
Eqs. 3,4, and λx3 + σx4 = −σx3 + λx4 = 0. But from Eq.1
β3x3 + β4x4 = 0 (by holomorphy of λ), hence generically
x3 = x4 = 0, and

X T = (x1, ix1,0,0) = x1α
T .



To get rid of the dynamical divisor – 1

(
∂a −

µsα
T
s − αsµ

T
s

z − zs
+ . . .

)
︸ ︷︷ ︸

(∂a−Ma)

ψ︷ ︸︸ ︷
(αs(z − zs)m + . . .) = fa (αs(z−zs)m+. . .)

The left hand side is O(z − zs)m−1 while the right hand side is
O(z − zs)m. Hence fa =

f−1
z−zs

+ O(1), and we find out
f−1 = −(m + 1)(∂azs) (using −∂azs = µT

s αs). Hence

fa(z) = (m + 1)
−∂azs

z − zs
+ O(1) = (m + 1)∂a log(z − zs) + O(1) =⇒

e
−

ta∫
0

fadt
= O

(
(z − zs)−(m+1)

)
=⇒ ψ̂ =e

−
ta∫
0

fadt
ψ=

αs

z − zs
+ O(1)

So far we failed: ψ̂ still has a pole at zs.



To get rid of the dynamical divisor – 2

It is the term µT
s αs/(z − zs) which is responsible for this failure.

Let φ(P) be a function having the poles µT
s αs/(z − zs) at zs ’s,

and an order g pole at some Pφ. Define fa from the equation

(∂a −Ma − φE)ψ = faψ.

Then
f−1 = m(−∂azs)

Hence e
−

ta∫
0

fadt
= O(z − zs)−m, and ψ̂ is holomorphic at zs.

To encode φ, we require that the Baker–Akhiezer funct. has the
exponent exp(w−g) at P(j)

φ , ∀j .



To get rid of the dynamical divisor – 3

The corresponding matrix Ψ̂ satisfies

(∂a −Ma − φE)Ψ̂ = 0,

hence
Ma = ∂aΨ̂ · Ψ̂−1 − φE .

After we prove that ∂aΨ̂ · Ψ̂−1 is the sum of a skew-symmetric
matrix, and a scalar matrix, we are able to retrieve φ as

φ =
1
n
· tr (∂aΨ̂ · Ψ̂−1),

since tr Ma = 0.



Spectral data for SO(2n) Hitchin system

Hitchin system:
∑

miPi = (ω), ω ∈ Ωhol(Σ)

Description of spectral curves:

Σ̂ : λ2n +
n−1∑
j=1

λ2(n−j)rj + r2
n = 0,

rj ∈ O(2j(ω),Σ), (j < n), rn ∈ O(n(ω),Σ). σ : λ→ −λ –
involution on Σ̂. Singular points: λ = 0. Normalization map:
π : Σ̂n → Σ̂. Normalization point P0 ∈ Σ.

Divisor: deg Dh = dim Prym(Σ̂n) (= h) s.t. ∃(!) Prym
differential Ω with zeroes on Dh and simple poles
Q1,Qσ

1 ∈ π−1(P0). Let (Ω) = D + Dσ −Q1 −Qσ
1 , deg D = ĝ,

D > Dh.



Skew-symmetry of L from spectral data

Let ψ,ψ+ be the pair of dual Baker–Akhieser functions on Σ̂

with pole divisors D + Q2 + Q3 + . . .+ Q2n, Dσ + Q1 + Q3 + . . .

. . .+ Q2n where Q2 = Qσ
1 , resp. Let exponents of ψ,ψ+ be

±
∑

m tmλ2m−1. Let Ψ̂, Ψ̂+ be the corresponding matrices. Then

Ψ̂+Ψ̂ = ξ where ξ is diagonal..

ψ̂+ = (ψ̂σ)T by uniqueness of the Baker–Akhieser funct., and

(ψ̂σ)T = (sψ̂)T where s =

(
0 E
E 0

)
, hence Ψ̂+ = sΨ̂T s. We

plug Ψ̂−1 = ξ−1sΨ̂T s into L = Ψ̂ΛΨ̂−1 where Λ comes from the
spectral curve. By s2 = E , sΛs = −Λ, sξs = ξ we obtain

L = Ψ̂Λξ−1sΨ̂T s, LT =sΨsΛξ−1Ψ̂T = −sLs−1.



Thank you!


