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Îáñóæäåíèå çàäà÷è
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Öèòàòà èç ñòàòüè J. Kallsen, A. N. Shiryaev, �The cumulant process
and Esscher's change of measure�, Finance Stochast., 6 (2002),
397�428.

We consider positive local martingales of the form E(X̃ ) or
equivalently exp(X ), where X denotes the logarithmic transform of

X̃ . They play an important role in statistics and �nance because

they appear as natural candidates for density processes. Since E(X̃ )
is a supermartingale (cf., e.g., Jacod 1979, (5.17)), it converges to

some random variable E(X̃ )∞ with E(E(X̃ )∞) ⩽ 1. To de�ne a

probability measure P′ ∼ P via its density dP′

dP := E(X̃ )∞ is only

possible if E(E(X̃ )∞) = 1, or equivalently, if E(X̃ ) is a uniformly
integrable martingale. This explains why the question of uniform

integrability has received so much attention (cf., the references in

the introduction).
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Öèòàòà èç ïåðâîé ñòàòüè-2

Roughly speaking, one may distinguish two kinds of su�cient

conditions for uniform integrability. Predictable criteria (as e.g.,

Novikov's condition) depend only on the characteristics of X̃ ,
whereas optional conditions (as e.g., Kazamaki's condition) involve

X̃ directly and not only its characteristics. Our conditions below

will be formulated in terms of X while the literature focuses mainly

on X̃ . In the predictable case or for continuous processes, the two

viewpoints lead essentially to the same results. For processes with

jumps, however, we obtain new kinds of optional criteria.
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Íàøà öåëü

Ïóñòü X � íåîòðèöàòåëüíûé ñóïåðìàðòèíãàë, çàäàííûé íà

ñòîõàñòè÷åñêîì áàçèñå (Ω,F ,F,P). Îñíîâíàÿ öåëü äàííîé

ðàáîòû � ïðèâåñòè óñëîâèÿ, ïðè êîòîðûõ X ÿâëÿåòñÿ

ìàðòèíãàëîì èëè ðàâíîìåðíî èíòåãðèðóåìûì ìàðòèíãàëîì.
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Îñîáåííîñòè íàøåé ïîñòàíîâêè

• X ìîæåò îáðàùàòüñÿ â 0;

• ñóïåðìàðòèíãàë X íå îáÿçàòåëüíî ïðåäñòàâèì êàê

ñòîõàñòè÷åñêàÿ ýêñïîíåíòà (îò ëîêàëüíîãî

ìàðòèíãàëà);

• X íå îáÿçàòåëüíî íåïðåðûâåí.

Àëåêñàíäð Ãóùèí Ðàâíîìåðíàÿ èíòåãðèðóåìîñòü ÷åðåç çàìåíó âðåìåíè



Ñóùåñòâîâàíèå ìåðû ñ çàäàííûì ïðîöåññîì ïëîòíîñòè

Õîðîøî èçâåñòíî, ÷òî, åñëè X � ìàðòèíãàë, ÿâëÿþùèéñÿ

ïðîöåññîì ïëîòíîñòè íåêîòîðîé ìåðû P′ îòíîñèòåëüíî P, ãäå P′

ëîêàëüíî àáñîëþòíî íåïðåðûâíà îòíîñèòåëüíî P, òî

ðàâíîìåðíàÿ èíòåãðèðóåìîñòü ìàðòèíãàëà X ýêâèâàëåíòíà

àáñîëþòíîé íåïðåðûâíîñòè P′ îòíîñèòåëüíî P. Åñëè ìû íå

çíàåì, ÿâëÿåòñÿ ëè X ðàâíîìåðíî èíòåãðèðóåìûì

ìàðòèíãàëîì, òî ìåðà P′, äëÿ êîòîðîé X ÿâëÿåòñÿ ïðîöåññîì

ïëîòíîñòè, ìîæåò êàê ñóùåñòâîâàòü è áûòü â ëþáîì îòíîøåíèè

ñ P, òàê è íå ñóùåñòâîâàòü.
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Ñóùåñòâîâàíèå ìåðû ñ çàäàííûì ïðîöåññîì ïëîòíîñòè-2

Ñóùåñòâîâàíèå òàêîé ìåðû çàâèñèò îò âîçìîæíîñòè

ïðîäîëæåíèÿ êîíå÷íî-àääèòèâíîé ôóíêöèè ìíîæåñòâ µ,
êîððåêòíî çàäàííîé (áëàãîäàðÿ ìàðòèíãàëüíîñòè X ) íà àëãåáðå⋃

t⩾0 Ft ðàâåíñòâîì

µ(B) =

∫
B
Xt dP, B ∈ Ft ,

äî ñ÷åòíî-àääèòèâíîé ìåðû P′ íà σ-àëãåáðå, ïîðîæäåííîé ýòîé

àëãåáðîé. Ñëåäóåò îòìåòèòü, ÷òî ñóùåñòâîâàíèå òàêîé ìåðû

ïðåäîñòàâëÿåò äîïîëíèòåëüíûå âîçìîæíîñòè ïðè èññëåäîâàíèè

âîïðîñà î ðàâíîìåðíîé èíòåãðèðóåìîñòè X , òàê êàê îòâåò
ìîæíî äàòü â òåðìèíàõ ýòîé ìåðû P′. Ìû óâèäèì, ÷òî íà

êàíîíè÷åñêîì ïðîñòðàíñòâå òàêàÿ ìåðà P′ ñóùåñòâóåò âñåãäà.
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Ïðèìåð

Ïðèìåð

Ïóñòü Ω = (0,∞) èëè Ω = (0,∞], F ñîñòîèò èç áîðåëåâñêèõ

ïîäìíîæåñòâ Ω, P åñòü ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ

ïëîòíîñòüþ e−t , Ft ñîñòîèò èç áîðåëåâñêèõ ïîäìíîæåñòâ

èíòåðâàëà Ω = (0, t] è àòîìà Bt := Ω \ (0, t] = {ω ∈ Ω: ω > t},
Xt(ω) = et1{t<ω}. Ìåðà íà Ft ñ ïëîòíîñòüþ Xt îòíîñèòåëüíî

ñóæåíèÿ P íà Ft ïðèïèñûâàåò åäèíè÷íóþ ìåðó àòîìó Bt . Ëåãêî

âèäåòü, ÷òî ýòî ñåìåéñòâî ìåð ñîãëàñîâàíî ïðè ðàçëè÷íûõ t è,
ñëåäîâàòåëüíî, (Xt) � ìàðòèíãàë, ÷òî ìîæíî ïðîâåðèòü è

íåïîñðåäñòâåííî. Ñóùåñòâîâàíèå ìåðû P′ c ïðîöåññîì
ïëîòíîñòè X çàâèñèò îò òîãî, ÿâëÿåòñÿ ëè ïóñòûì ìíîæåñòâîì⋂

t Bt èëè íåò. Âòîðàÿ âîçìîæíîñòü îòâå÷àåò ñëó÷àþ ∞ ∈ Ω, è
òîãäà P′ åñòü åäèíè÷íàÿ ìàññà â òî÷êå ∞, è ìåðû P è P′

ñèíãóëÿðíû.
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Êàíîíè÷åñêàÿ ïîñòàíîâêà
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Ïðîñòðàíñòâà òðàåêòîðèé

Îáîçíà÷èì (C,C ) ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé íà R+

ñî çíà÷åíèÿìè â R+ ñ áîðåëåâñêîé σ-àëãåáðîé. Êàíîíè÷åñêèé
ïðîöåññ íà ýòîì ïðîñòðàíñòâå îáîçíà÷àåòñÿ Y = (Yt)t⩾0.
Çàäàäèì ôèëüòðàöèþ C = (Ct)t⩾0, ïîðîæäåííóþ Y .

Åäèíñòâåííàÿ âåðîÿòíîñòíàÿ ìåðà, ïî êîòîðîé êàíîíè÷åñêèé

ïðîöåññ åñòü ñòîõàñòè÷åñêàÿ ýêñïîíåíòà îò ñòàíäàðòíîãî

âèíåðîâñêîãî ïðîöåññà, ò.å. logYt + t/2 åñòü ñòàíäàðòíûé

âèíåðîâñêèé ïðîöåññ, îáîçíà÷àåòñÿ µ.
Ââåäåì òàêæå ïðîñòðàíñòâî V íåóáûâàþùèõ íåïðåðûâíûõ

ñïðàâà ôóíêöèé íà R+ ñî çíà÷åíèÿìè â [0,∞]. Êàíîíè÷åñêèé
ïðîöåññ íà V îáîçíà÷àåòñÿ A = (At)t⩾0. Ââåäåì σ-àëãåáðû

Vt := σ
({

{As ⩽ u} : s ∈ R+, u ⩽ t
})
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Ïðîñòðàíñòâà òðàåêòîðèé-2

è V :=
∨

t∈R+
Vt . Èç îïðåäåëåíèÿ ÿñíî, ÷òî V := (Vt)t⩾0 åñòü

íàèìåíüøàÿ ôèëüòðàöèÿ, îòíîñèòåëüíî êîòîðîé âñå At

ÿâëÿþòñÿ ìîìåíòàìè îñòàíîâêè, ò.å. êàíîíè÷åñêèé ïðîöåññ A
îòíîñèòåëüíî V åñòü çàìåíà âðåìåíè.

Îòìåòèì, ÷òî V ÿâëÿåòñÿ êîìïàêòíûì ìåòðè÷åñêèì

ïðîñòðàíñòâîì â îáû÷íîé òîïîëîãèè ïîòî÷å÷íîé ñõîäèìîñòè íà

âñþäó ïëîòíîì ìíîæåñòâå. Â ñèëó íåïðåðûâíîñòè ñïðàâà At

áóäåò áîðåëåâñêîé ôóíêöèåé, â ÷àñòíîñòè, V � áîðåëåâñêàÿ

σ-àëãåáðà.
Ââåäåì ïðàâûé îáðàòíûé ê A ïðîöåññ (Tt)t∈R+ ñîîòíîøåíèåì

Tt = inf{s ⩾ 0 : As > t}, t ∈ R+.

Ôèëüòðàöèÿ V ïîðîæäåíà ýòèì ïðîöåññîì.

Îïðåäåëèì Ω∗ := C× V, G∗ := C ⊗ V , è ââåäåì íåïðåðûâíóþ

ñïðàâà ôèëüòðàöèþ (G∗
t ) èç ñîîòíîøåíèÿ

G∗
t =

⋂
s>t

(Cs ⊗ Vs), t ∈ R+.

Áóäåì ñ÷èòàòü ïðîöåññû Y è A çàäàííûìè íà (Ω∗,G∗).
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Êàíîíè÷åñêîå ïðåäñòàâëåíèå ïðîöåññà X

Îïðåäåëèì íàø îñíîâíîé îáúåêò, ïðîöåññ Xt = YAt , êîòîðûé

âûñòóïàåò â êà÷åñòâå êàíîíè÷åñêîãî ïðåäñòàâëåíèÿ

íåîòðèöàòåëüíîãî ñóïåðìàðòèíãàëà. Èçâåñòíî, ñì. Ã. & Óðóñîâ

(2015), ÷òî ëþáîé íåîòðèöàòåëüíûé ñóïåðìàðòèíãàë Z ñ

EZ0 ⩽ 1 ñîâïàäàåò ïî ðàñïðåäåëåíèþ ñ ïðîöåññîì çàìåíû

âðåìåíè â ãåîìåòðè÷åñêîì áðîóíîâñêîì äâèæåíèè.

Ïðåäïîëàãàåòñÿ, ÷òî ãåîìåòðè÷åñêîå áðîóíîâñêîå äâèæåíèå è

çàìåíà âðåìåíè îòíîñÿòñÿ ê îäíîé è òîé æå ôèëüòðàöèè. Ìû

èñïîëüçóåì ýòî óòâåðæäåíèå, íî âûðàçèì åãî äðóãèì îáðàçîì.

Íàñ áóäóò èíòåðåñîâàòü óñëîâèÿ, ïðè êîòîðûõ ïðîöåññ X áóäåò

ñóïåðìàðòèíãàëîì îòíîñèòåëüíî ôèëüòðàöèè F = (Ft)t∈R+ , ãäå

Ft := G∗
At
, t ∈ R+. Îáîçíà÷èì C µ

t ïîïîëíåíèå σ-àëãåáðû Ct ïî

ìåðå µ.
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Íåóïðåæäàþùèå ÿäðà-1

Îïðåäåëåíèå

Ìàðêîâñêîå ÿäðî K (y ,B), y ∈ C, B ∈ V , èç (C,C ) â (V,V )
íàçûâàåòñÿ íåóïðåæäàþùèì, åñëè äëÿ ëþáîãî t ∈ R+ è äëÿ

ëþáîãî B ∈ Vt , ôóíêöèÿ y ⇝ K (y ,B) C µ
t -èçìåðèìà.

Äëÿ íåóïðåæäàþùåãî ìàðêîâñêîãî ÿäðà K îïðåäåëèì ìåðó

P := µ⊗ K íà (Ω∗,G∗) êàê åäèíñòâåííóþ âåðîÿòíîñòíóþ ìåðó,

óäîâëåòâîðÿþùóþ ñîîòíîøåíèþ

P(B × C ) =

∫
B
K (y ,C )µ(dy), B ∈ C , C ∈ V . (1)
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Íåóïðåæäàþùèå ÿäðà-2

Ïðåäëîæåíèå

Ïóñòü P � âåðîÿòíîñòíàÿ ìåðà íà (Ω∗,G∗) ñ ïðîåêöèåé µ íà

ïåðâóþ êîîðäèíàòó. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(i) P � ðàñïðåäåëåíèå íà (Ω∗,G∗) ïàðû ïðîöåññîâ (Z ,T ), ãäå Z
è T � ñîîòâåòñòâåííî ãåîìåòðè÷åñêîå áðîóíîâñêîå äâèæåíèå è

çàìåíà âðåìåíè îòíîñèòåëüíî íåêîòîðîé îáùåé ôèëüòðàöèè.

(ii) P = µ⊗ K , ãäå K � íåóïðåæäàþùåå ìàðêîâñêîå ÿäðî;

(iii) ïî ìåðå P σ-àëãåáðû C è G∗
t óñëîâíî íåçàâèñèìû

îòíîñèòåëüíî σ-àëãåáðû Ct ïðè êàæäîì t ⩾ 0.
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Ìåðà Ô�åëüìåðà
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Ïðåäïîñûëêè ñóùåñòâîâàíèÿ

Ïîñêîëüêó ìû õîòèì èìåòü êðèòåðèè ìàðòèíãàëüíîñòè (â òîì

÷èñëå, â ñî÷åòàíèè ñ ðàâíîìåðíîé èíòåãðèðóåìîñòüþ), à ýòè

ñâîéñòâà îïðåäåëÿþòñÿ ïî êîíå÷íîìåðíûì ðàñïðåäåëåíèÿì,

ïðåäëîæåíèå 1 ïîçâîëÿåò ðàññìàòðèâàòü òîëüêî ïðîöåññû

(YAt ,Ft), ãäå êàíîíè÷åñêèå ïðîöåññû Y è A çàäàíû âûøå íà

êàíîíè÷åñêîì ïðîñòðàíñòâå (Ω∗,G∗,F,P). Íàïîìíèì, ÷òî
σ-àëãåáðû C è Vt óñëîâíî íåçàâèñèìû îòíîñèòåëüíî σ-àëãåáðû
Ct . Â ÷àñòíîñòè, ïðîöåññ (Yt)t∈R+ åñòü ìàðòèíãàë

îòíîñèòåëüíî ïîòîêà (G∗
t ). Çíà÷èò, ìû ìîæåì îïðåäåëèòü äëÿ

êàæäîãî t ∈ R âåðîÿòíîñòíóþ ìåðó Qt íà (Ω∗,G∗
t ) ïîñðåäñòâîì

dQt = Yt dP.

Ýòî ñåìåéñòâî ìåð ñîãëàñîâàíî ïðè ðàçëè÷íûõ t è, çíà÷èò,
çàäàåò êîððåêòíî íà àëãåáðå

⋃
t∈R+

G∗
t êîíå÷íî-àääèòèâíóþ

ìåðó Q.
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Òåîðåìà ñóùåñòâîâàíèÿ

Òåîðåìà

(i) Ñåìåéñòâî Qt îäíîçíà÷íî ïðîäîëæàåòñÿ äî

ñ÷åòíî-àääèòèâíîé âåðîÿòíîñòíîé ìåðû Q íà (Ω∗,G∗).

(ii) Ïðîöåññ (W̃t), ãäå W̃t := Wt − t, Wt = logYt + t/2, åñòü
ñòàíäàðòíîå áðîóíîâñêîå äâèæåíèå ïî ìåðå Q îòíîñèòåëüíî

ôèëüòðàöèè (G∗
t ).

Ìåðó Q íîãäà íàçûâàþò ìåðîé Ô�åëüìåðà, àññîöèèðîâàííîé ñ

ñóïåðìàðòèíãàëîì (YAt ,Ft).
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Ïðèìåð

Ïðèìåð (ïðîäîëæåíèå ïðèìåðà 1)

Ðåàëèçóåì ïðåäëîæåííóþ êîíñòðóêöèþ êàíîíè÷åñêîãî

ïðîñòðàíñòâà â ñèòóàöèè ïðèìåðà 1. Ñëó÷àéíàÿ âåëè÷èíà

Xt = YAt äîëæíà ïðèíèìàòü 2 çíà÷åíèÿ, e
t è 0 ñ âåðîÿòíîñòÿìè

e−t è 1− e−t ñîîòâåòñòâåííî. Èìååì {YAt = 0} = {At = ∞} è

{YAt = et} = {At ∈ {s : Ws = t + s/2}}. Ïîëîæèì
At = inf {s : Ws = t + s/2} = inf {s : Ys = et}, ãäå, êàê îáû÷íî,

inf ∅ = ∞. Òîãäà Ys∧At , s ⩾ 0, áóäåò îãðàíè÷åííûì

ìàðòèíãàëîì è, ñëåäîâàòåëüíî 1 = EYAt = etP(At < ∞).
Çíà÷èò, YAt èìååò òðåáóåìûå îäíîìåðíûå ðàñïðåäåëåíèÿ.

Áîëåå òîãî, èìååì, ÷òî YAt = et1{t<T∞}.
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Íåêîòîðûå ðåçóëüòàòû
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Îñíîâíàÿ òåîðåìà

Ìû ïðîäîëæàåì ðàññìàòðèâàòü êàíîíè÷åñêóþ ïîñòàíîâêó èç

ïðåäûäóùåãî ðàçäåëà. Ìåðà Q îïðåäåëÿåòñÿ â òåîðåìå 1 (i).

Íàïîìíèì, ÷òî

Tt = inf{s ⩾ 0 : As > t}, t ∈ R+.

Òåîðåìà

Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(i) X � (F,P)-ìàðòèíãàë (ñîîòâåòñòâåííî, (F,P)-ðàâíîìåðíî
èíòåãðèðóåìûé ìàðòèíãàë);

(ii) Q({At < ∞}) = 1 äëÿ ëþáîãî t ⩾ 0 (ñîîòâåòñòâåííî,

Q({A∞ < ∞}) = 1);

(ii′) Q({T∞ = ∞}) = 1 (ñîîòâåòñòâåííî,

Q({Tt = ∞ äëÿ íåêîòîðîãî t}) = 1.
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Äîêàçàòåëüñòâî

Èìååò ìåñòî ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ:

Q({At < ∞}) =
∞∑
n=0

Q({n ⩽ At < n + 1}) =
∞∑
n=0

∫
{n⩽At<n+1}

Yn+1 dP

=
∞∑
n=0

∫
{n⩽At<n+1}

YAt dP =

∫
{At<∞}

YAt dP

=

∫
Ω∗

YAt dP = EXt .

Îòñþäà ñëåäóåò ýêâèâàëåíòíîñòü (i) è (ii) â ïåðâîì ñëó÷àå.

Äîêàçàòåëüñòâî â ðàâíîìåðíî èíòåãðèðóåìîì ñëó÷àå ïîâòîðÿåò

ïðåäûäóùåå ðàññóæäåíèå ñ çàìåíîé At íà A∞.

Ýêâèâàëåíòíîñòü (ii) è (ii′) äîêàçûâåòñÿ òðèâèàëüíî.
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Óñëîâèå Íîâèêîâà

Äîêàæåì ñëåäóþùåå îáîáùåíèå êðèòåðèÿ Íîâèêîâà.

Òåîðåìà

Ïðåäïîëîæèì, ÷òî âûïîëíåíî óñëîâèå

E exp
(1
2
A∞

)
< ∞. (2)

Òîãäà X � ðàâíîìåðíî èíòåãðèðóåìûé (F,P)-ìàðòèíãàë.

Ñëåäñòâèå

Ïðåäïîëîæèì, ÷òî äëÿ ëþáîãî t ⩾ 0 âûïîëíåíî óñëîâèå

E exp
(1
2
At

)
< ∞. (3)

Òîãäà X � (F,P)-ìàðòèíãàë.
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Äîêàçàòåëüñòâî-1

Äîêàçàòåëüñòâî: Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî G∗-ìîìåíòû
îñòàíîâêè At êîíå÷íû P-ï.í. Â ÷àñòíîñòè, ñëó÷àéíûå âåëè÷èíû

Xt = YAt = exp(WAt − At/2) ñòðîãî ïîëîæèòåëüíû P-ï.í. Ïî

îïðåäåëåíèþ ìåðû Q îíà ëîêàëüíî àáñîëþòíî íåïðåðûâíà íà

ôèëüòðàöèè G∗ îòíîñèòåëüíî ìåðû P: Q
∣∣
G∗
t
≪ P

∣∣
G∗
t
è

dQ
dP

∣∣
G∗
t
= Yt . Õîðîøî èçâåñòíî, ÷òî â ýòèõ îáñòîÿòåëüñòâàõ

P
∣∣
G∗
At

≪ Q
∣∣
G∗
At

è
dP

dQ

∣∣
G∗
At

= 1{At<∞}/YAt = 1{At<∞}/Xt Q-ï.í.

Çàìåòèì òàêæå, ÷òî ýòè ñîîòíîøåíèÿ ñîõðàíÿòñÿ ïðè çàìåíå At

íà ìåíüøèé G∗-ìîìåíò îñòàíîâêè.
Ïîëîæèì òåïåðü W̃t = Wt − t è Sn := inf {t ⩾ 0 : W̃t < −n}.
Òîãäà Sn åñòü G∗-ìîìåíò îñòàíîâêè, Q(Sn < ∞) = 1, òàê êàê

W̃ åñòü ñòàíäàðòíîå áðîóíîâñêîå äâèæåíèå îòíîñèòåëüíî Q,00

è ìû èìååì ñëåäóþùóþ öåïî÷êó ñîîòíîøåíèé:

Àëåêñàíäð Ãóùèí Ðàâíîìåðíàÿ èíòåãðèðóåìîñòü ÷åðåç çàìåíó âðåìåíè



Äîêàçàòåëüñòâî-2

E exp
(1
2
(At ∧ Sn)

)
=EQ exp

(1
2
(At ∧ Sn)−WAt∧Sn +

1

2
(At ∧ Sn)

)
=EQ exp

(
−W̃At∧Sn

)
⩾EQ exp

(
−W̃Sn

)
1{At=∞} = enQ(At = ∞).

Òàê êàê ëåâàÿ ÷àñòü îãðàíè÷åíà ïî n ïî óñëîâèþ, çàêëþ÷àåì,

÷òî Q(At = ∞) = 0.
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Óñëîâèå Íîâèêîâà äëÿ íåïðåðûâíûõ ëîêàëüíûõ ìàðòèíãàëîâ

Äîêàçàííàÿ òåîðåìà ÿâëÿåòñÿ îäíèì èç îáîáùåíèé òåîðåìû

Íîâèêîâà. Îðèãèíàëüíûé ðåçóëüòàò Íîâèêîâà, ïî ñóùåñòâó,

ïðèâåäåí â ñëåäóþùåì ñëåäñòâèè.

Ñëåäñòâèå

Ïóñòü M � íåïðåðûâíûé ëîêàëüíûé ìàðòèíãàë (íà íåêîòîðîì

ïðîñòðàíñòâå ñ ôèëüòðàöèåé). Åñëè

E exp
(1
2
⟨M⟩∞

)
< ∞, (4)

òî ñòîõàñòè÷åñêàÿ ýêñïîíåíòà E(M) � ðàâíîìåðíî

èíòåãðèðóåìûé ìàðòèíãàë.
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Äîêàçàòåëüñòâî

Äîêàçàòåëüñòâî.

Ïî òåîðåìå Äàìáèñà�Äóáèíñà�Øâàðöà, ðàñøèðÿÿ ïðè

íåîáõîäèìîñòè âåðîÿòíîñòíîå ïðîñòðàíñòâî, ìîæíî ïîñòðîèòü

âèíåðîâñêèé ïðîöåññ W ′ è ôèëüòðàöèþ (Ht), äëÿ êîòîðûõ W ′

åñòü (Ht)-áðîóíîâñêîå äâèæåíèå, ⟨M⟩ åñòü (Ht)-çàìåíà
âðåìåíè è M = W ′

⟨M⟩ ï.í. Îáîçíà÷èì P ñîâìåñòíîå

ðàñïðåäåëåíèå íà (Ω∗,G∗) ïðîöåññîâ exp(W ′
t − t/2) è ⟨M⟩t .

Òîãäà â ñèëó îïðåäåëåíèé ïðîöåññ YAt áóäåò êàíîíè÷åñêèì

ïðåäñòàâëåíèåì ïðîöåññà

exp(W ′
⟨M⟩t − ⟨M⟩t/2) = exp(Mt − 1

2
⟨M⟩t) = E(M)t , êîòîðûé

åñòü íåîòðèöàòåëüíûé ñóïåðìàðòèíãàë (íàïðèìåð,

îòíîñèòåëüíî ôèëüòðàöèè, ñ êîòîðîé îí ñîãëàñîâàí). Óñëîâèå

(2) çàïèøåòñÿ â âèäå (4). Òàêèì îáðàçîì, ïîëó÷àåì òðåáóåìîå

óòâåðæäåíèå èç ïðåäøåñòâóþùåé òåîðåìû.
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Ïðîñòîé ñëó÷àé òåîðåìû Íîâèêîâà

Ñëåäñòâèå

Ïóñòü W è τ � âèíåðîâñêèé ïðîöåññ è ìîìåíò îñòàíîâêè

ñîòâåòñòâåííî îòíîñèòåëüíî îäíîé è òîé æå ôèëüòðàöèè. Åñëè

E exp
(τ
2

)
< ∞, (5)

òî

E exp
(
Wτ −

τ

2

)
= 1.

Ñëåäóåò çàìåòèòü óäèâèòåëüíîå îáñòîÿòåëüñòâî: è òîëüêî ÷òî

ñôîðìóëèðîâàííîå óòâåðæäåíèå î äîñòàòî÷íîñòè óñëîâèÿ

Íîâèêîâà äëÿ íåïðåðûâíûõ ýêñïîíåíöèàëüíûõ ìàðòèíãàëîâ, è

óòâåðæäåíèå âûøåïðèâåäåííîé òåîðåìû ÿâëÿþòñÿ

íåïîñðåäñòâåííûìè ñëåäñòâèÿìè ýòîãî óòâåðæäåíèÿ â ñàìîì

÷àñòíîì è ïðîñòîì ñëó÷àå, ðàññìîòðåííîì â ïîñëåäíåì

ñëåäñòâèè. Äåéñòâèòåëüíî, íàäî âçÿòü τ = A∞ èëè τ = ⟨M⟩∞.
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Ñïàñèáî çà âíèìàíèå!
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