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I) I =10,1]" — n-mepublit ky6, n = 1,2, ...
1" eymmATYIHASA OKPYKHOCTD
C'(I™), C(R™), C'('T") — coorBeTcTBYIONIEE MPOCTPAHCTBO
HEITPEePBIBHBIX (DYHKITII

Teopema (A.H. Kosimoropos,
JHAH CCCP, T. 114, Ne 5 (1957) 953-956)

[Tpu ar000M 1 = 2,3 ... CYHIECTBYIOT TaKUe
HerpepbiBHbIe Ha |0, 1] dyuxmmm
PPi(x), 1<p<n, 1 <qg<2n+1,
970 Kazkjad PYHKIIA 1 nepeMeHusrx f(xq, ..., x,) € C(I™)
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flxq,... Z X4 (Z wp’q(ajp)) ,

p=1

rae X, € C(R), 1 <qg<2n+1.
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Abstract

An improved version of Kolmogorov’s powerful 1957 theorem concerning the representation of

arbitrary continuous functions from the n-dimensional cube to the real numbers in terms of one
dimensional continuous functions is reinterpreted to yield an existence theorem for mapping neural
networks.



1 Introduction

In 1957 Soviet mathematician A.N. Kolmogorov published an astounding theorem concerning the
representation of arbitrary continuous functions from the n-dimensional cube to the real numbers
in terms of one dimensional functions [2]. This theorem intrigued a number of mathematicians and
over the next twenty years several improvements to it were discovered, notably by G. G. Lorentz

[3,9].

The Kolmogorov theorem was discovered during a friendly mathematical duel between Kolmogorov
and fellow Soviet mathematician V. I. Arnol’d in which they each tried to be the first to put to rest
the remaining questions surrounding the 13th problem of Hilbert (a prominent mathematician who,
at the turn of the century, announced a list of difficult problems for 20th century mathematicians
to solve). In a series of papers in the mid to late 1950’s Kolmogorov and Arnol’d fought their

battle, each trying to one-up the other in successive papers. Kolmogorov won. His result was a
mathematical supernova.

Although Kolmogorov’s theorem was both powerful and shocking (many mathematicians do not
believe it can be true when they first see it), it has not been found to be of much utility in terms of
its use in proving other important theorems. In mathematical terms, no one has found a significant
use for it. The point of this paper is that this is net the case in neurocomputing!



3 Kolmogorov’s Theorem

In this section an improved version of Kolmogorov's theorem due to Sprecher is reexpressed as a
result concerning the existence of mapping neural networks. The theorem follows:

Kolmogorov’s Mapping Neural Network Existence Theorem: Given any continuous func-

tion
¢ : I" — R™ | ¢(x) = y, where I is the closed unit interval [0,1] (and therefore I" is the n-

dimensional unit cube), ¢ can be implemented exactly by a three-layer neural network having n
processing elements in the first (x - input) layer, (2n+1) processing elements in the middle layer,
and m processing elements in the top (y - output) layer (see Figure 1).

The processing elements on the bottom layer are fanout units that simply distribute the input
x-vector components to thé processing elements of the second layer.

The processing elements of the second layer implement the following transfer function:

zk:ZAk¢[zj+fk]+k

i=l

where the real constant A and the continuous real monotonic increasing function v are independent
of ¢ (although they do depend on n) and the constant ¢ is a rational number 0 < € < §, where § is
an arbitrarily chosen positive constant. Further, it can be shown that 1 can be chosen to satisfy a

Lipschitz condition |y(z) — ¥(y)| < c|]xz — y|* for any 0 < o < 1.

The m top layer processing elements have the following transfer functions:

Zn+41

vi= Y gilz)

k=1

where the functions g; i = 1,2,..., m are real and continuous (and depend on ¢ and e.
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Teopema (V. Maiorov, A. Pinkus)

CyiecTByeT CUIMOUIHAA, TeACTBUTEILHO-aHAINTIIeCKAS]
byukiug o(x), xr € R,
Takas, ITo 1 Kaxkiaoin f € C(1"),
n=23, ..., Kaxaoro € > (
HailyTcd MOCTOAHHBIE d;, Cij, 05, i
1 BeKTOpBL W% € R™, 1719 KOTOPBIX

6d+3

ZdJ(ZCW ij'x+9ij))+7i

TSI JTI000H TOUKH © = (Xq,...,2,) € 1™,
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Teopema (G. Kozma, A. OlevsKii,
Tpyaet MUAH, T. 319 (2022) 134-181)

s moboit HenrpepwiBHoit byukimn f € C(T)

CYIIeCTBYET aOCOIIOTHO HEITPEePBIBHBIIT TOMEOMOD(MU3M

w: I"— 1" Takoii, pag Pypbe

cynepuosuiuu f (@) CXouuTesd paBHOMEPHO.



II) B camom Hayane XX-Beka Jleberom ObLia
co3J/laHa TEOpHs MHTErpaia U BBEACHO
npoCTpaHCTBO L(K) -- QyHKIUM,
3aJaHHBIX Ha HEKOTOPOM MHOXKECTBE K,
MHTETpUPYEMBIX 1O Jleoery.

Cpasy k€ BCTajl BOOpOC 00 OCHOBHBIX
cBoMCTBax psaoB ®ypree GpyHKIMU u3 L(7),
B MIEPBYIO 04epeap 00 X CXOIAUMOCTH.

[Ipu 5TOM UHTEPECHO OTMETHUTD, UTO CIIIEC
B 70-e Troarl XIX Beka OpLIa IIOCTAaBJIEHA 3a/1a4a
O CYILIECTBOBAaHUH TOYEK CXOAUMOCTH PsAAa
Oypbe npon3BoabHON GyHKIMU U3 C(71).



Urak, nycts f € L(T),

% +;akcosk£€+bksmk’$ (1)

— pan Pypbe QyHKINE [,

a(

Sn(fa I) — 9

+Zakcoska:+bksinkx, n=12...
k=1

— YaCTHbIE CYMMBHBI.



JIeGer (1909) mokazau,
qro s aodoit dyakuun f € L(T)

T n—00

- f(2)
g n.s. x € 1.
Xapan (1913): ecin f € L(T'), To

Sp(f,x) =o0(lnn) mmane xel.



[IepBas onybaukoBanHast pabora A.H. Koamoroposa
(pykomuch nomucana apropoM: Mocksa, 2 wionsg 1922 1.)
BHECIa (DYHIAMEHTAJIbHBIN BKJIAT
B TEOPUIO TPUIOHOMETPUIECKUX PAJIOB.

Teopema (A.H. Kosimoropos,
Fundam. Math., 4 (1923) 324-328)

Cymecrsyer dyuximg f € L(1') Takast, a0

lim |S,(f.2)| =00 amams. xe€T.

n—aoo



Baxkable pe3yabTaThl B CBdA3U ¢ TeopeMoil Koamoroposa
obLu osrydensl C.B. Boukapessiv (1975, 2000)
n C.B. Kongrumsim (2000)

Teopema (C.B. Konsirun, 2000)

1/2.
Eciu N\, = o [ 22 ) 1pu n — o0,
log logn -

to cymecrsyer f € L(T') rakast, 910

o S(f. )]
1m

=00 aada 1B, x € 1.
n—0C A n



ﬂH) ConpsizKeHHbIM K psijty (1) HasbIBaeTcs psiji

E —by, cos kx + a;. sin kx (2)
k=1

Psipr (1) n (2) — jgeiictBure/bHasg 1 MHIMAag
JacTH CTEIIeHHOI'O psijia

8

Gh __?bh (3)
k=1



1. 1. [Ipusasos (1918) mokaszaJj, 910 B C/Iydae,
KOIJIa JeiiCTBUTE/IbHAA JacTh Pdajia (3)
Ha T — ectb pyukmus f € L(T),
ero MHIMasl 9aCThb BOCCTAHABINBAETCS Ha 1 MHTEIPATIOM

1 [ Fe+1)

f) = dt 4
q(0) o )y gl (4)

T.C., B YACTHOCTHU, unterpas (4) cymecTByeT (B CMbBICIC
MJIABHOTO 3HAYeHus ) jis m.B. 6 € T.



Teopema (A.H. Koamoropos,
Fundam. Math., 7 (1925) 24-29)

st modoro y > 0

Cll Al
Yy

meas {0 € T: |g(0)]| > y} <

()

13 (5) A. H. Kosmmoropor BeiBest, ato psijsl (1), (2) cxogdarces
B LP('T") npn ynobom p < 1, ecomn f € L(T).



Onenka «ciaadoro Tamay (35) —
IICHTPAJIBHBIU PE3YIBTAT O CXOJAUMOCTH
TPUTOHOMETPUUCCKUX PSIJIOB
B MHTETPAIbHBIX METPHUKAX,
HEMOCPEJICTBEHHO MOBJIMABIINU HA
Pa3BUTHE TCOPUH (PYHKIIHIM
1 (PYHKIIMOHAJIBHOTO aHaJin3a B XX BEKE:
KJIACCHYECKHE TEOPEMEBI 00 omeparopax
C1a00ro TUIIa, UHTEPIOJISIHOHHAS
TeopemMa MapiimHKeBrUYa, TEOPEMBI
dakTopuzanuu (I'porenauk, CTelH,
Hukunmius .. .)



IV) Ilonepeunuk nmo Koamoropony

Ilyery G — smneiiHoe MeTpHYIecKoe IIPOCTPaHCTBO
¢ MeTpukoii p, F— nojamuoxkectso B (.

Onpenenenue (A.H. Koamoropos,
Annals of Math., 37 (1936) 107-110)

g n=0.1,... n-nonepeunuxom muoxKecrsa F B G
Ha3LIBACTCS BeJIMYINHA

d,(F,G) =1infsup p(f.L,).

Ln fep

rie BHelmHuil inf 6epercs 1mo Beem o rpocrpancrsam G
pasMepHOCTH < 7.



[ToHsITHE mONIEpEYHHKA B IIOCIICIHUE
OECATUICTHUS CTAJIO0 OJHUM N3 BAXKHCUIINX B
TEOPUH MPUOJIMKECHUH.

[IprnunHa: pacmupeHrue BO3MOXKHOCTEN
KOMIBIOTEPOB, UTO CJEHAJIO L[EIECCO00pa3HBIM
MCI0Jb30BaHNUE JUHEHHBIX IIOJIPOCTPAHCTB
OOILIEro BHAA B KAYECTBE arapara
IPUOIKCHUSL.

BasxHbIe IIpaKTUYECKUE IIPUI0KECHUS —
«coKaThle U3MEepeHusDy (compressed sensing),
BOCCTAHOBJICHUN (DYHKUMH IO JUCKPETHOM
MH(pOpPMAalLIHH,



B nocnennue roasl BEIICHUIOCH,
YTO PsiJi BAXKHBIX 3a1a4
JTUCKPETHOU MaTEMaTUKH
— 3TO 3a7a491 00 OIleHKaX
IIOIIEPEYHUKOB, B TOM YMCIIE
B IIPOCTPAHCTBAX XEMMHUHTA.



Ipumep

cs-panr N x N marpunp A = {ﬂsj}ij -

rank. = min{r: 38 = {)H}” s rank B <
|bz’.j — a--ij' < &, 1 < ’z‘.-,j < 4\}

Ecmm W = {w;}Y, € RY — nabop crpok
MaTPUIIBI A, TO JIEPKO BHJICTH, 9TO

rank.(A) = min{r: d.(W,IY) < e}.

T,



[Tycrn Ay = {a;;}i;—; TaKoBo, 4o

L. ecmmm 1 < 7.
a—z’j =
0, wmHawe.

sBectHo, 9TO

'y log® N < rank; 3(An) < Oy log® N.

3agaua

Onpeie/inTh Hops/IoK Beimannbl tanky 3(Ay) npu N — oo,



V) «Chaining» Koamoroposa

Pe3ynbrar, coaepxalii OCHOBHYIO
UJICI0 ME€TO/A, ObLII OJYyYCH
A.H. Kosmoropossim B 1934-m rony,
HO ONYOJIMKOBAH, C €r0 COIJIacHs,
E.E. Cinyukum ToJIbKO0 B 1937-M roay

(E. Slutsky, Giorn. Inst. Ital. degli Attuovi,
VIII (1937))



Teopema (A.H. Kosimoropos)

[Iycts y(t) ecTb ciayuaitHas YHKITHS,
onpeeeHHas] B 3aMKHYTOM HHTepBaJe |a, b,
1 IIyCTh JId a < t < b uMeeT MecTO yCJI0BHE

Ely(t) —y(H|™ < Clt —t'| (m >0, a>1).

Torma y(t) croxacTraeckn 3KBUBAIEHTHA
HeKOTOPOil (byHKINN Z (t)
HeIIPEPBIBHOII B TOM »Ke MHTepBaJe |a, ).



IIpocras unaes nokasarenbCTBa 3TOU
TEOPEMBI JICKUT B OCHOBE BAXKHEUIIINX
COBPEMEHHBIX PE3YJIBTATOB 00 OLICHKAX

MaKCUMyMa CJIYYaHhHbIX IIPOILIECCOB.
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