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In the paper [DNT23], time-periodic solutions of a nonlinear system
of shallow water equations in basins with shallow gentle shores local-
ized in the vicinity of the coastline were constructed. In this work,
the construction of such solutions is associated with special trajec-
tories of a two-dimensional Hamiltonian system with a Hamiltonian
H = D(x1, x2)(p21 +p22), where the function D is the depth of the basin.
We denote the coastline Γ = {D = 0} and assume that ∇D|Γ ̸= 0. As
D turns to zero as x → Γ thus suitable solutions of the Hamiltonian
system organize the so-called billiards with semi-rigid walls, woven
from trajectories located between the standard caustics and the “non-
standard” ones Gamma. (see also [BT24]). These billiards implies the
asymptotic eigenfunctions of the linear operator −∇(D(x)∇) for large
eigenvalues and turn mentioned coastal long nonlinear waves. The ex-
istence of these billiards with semi-rigid walls is possible in the case of
integrable Hamiltonian systems with Hamiltonian H, which practically
does not happen in real situations. In this talk, we consider degener-
ate situations where “standard” caustics are very close to the coastline
(“non-standard” caustics). Then “fast and slow” variables appear in the
problem and we can apply the classical and quantum versions of the
adiabatic approximation, the requirement of integrability disappears and
it is always possible to construct effective asymptotic wave solutions
having a small number of oscillations normal to the shore [DMV24]
(which are analogs of Stokes and Ursell waves). The corresponding
trajectories are strongly localized in the narrow vicinity of the coast,
while they always enter the coastline and reflect from it at an angle of
90 degrees. Thus, we have asymptotic solutions similar to the “whis-
pering gallery” type solutions known in acoustics, but at the same time
for their existence due to a “degenerate” wall (coastline) the convex-
ity of the two-dimensional region (x : D(x) > 0) in which the pool is
located is not required.
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