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The Gaussian multiplicative chaos for the sine-process
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Grigori Olshanski [Ols11] posed the problem of deciding when two
determinantal measures are mutually absolutely continuous and of find-
ing the corresponding Radon—Nikodym derivative.

Olshanski proved that the determinantal point process on Z gov-
erned by the Gamma-kernel is quasi-invariant under the group of finite
permutations of Z and computed the Radon—Nikodym derivative, a
multiplicative functional given by a generalized Euler product.

In development of Olshanski’s programme it has been shown ([Buf18],
Sept. 2014) that determinantal point processes governed by integrable
kernels satisfying a regularity condition are quasi-invariant under the
group of finite permutations in the discrete case and under the group of
diffeomorphisms with compact support in the continuous case.

The Radon—Nikodym derivative is found explicitly as a regular-
ized multiplicative functional over pairs of particles of our configura-
tion. The key point is the equivalence of reduced Palm measures of the
same order for our processes (that are rigid in the sense of Ghosh and
Peres [GP17]): in this case the Radon—Nikodym derivative is given by
a regularized multiplicative functional over particles of our process, in
other words, a random Euler product. In the particular case of the sine-
process the square root of the Radon—Nikodym derivative coincides,
up to a linear multiple, with the “stochastic zeta-function” studied by
Chhaibi, Najnudel, Nikeghbali [CNN17].

Recall now that the Gaussian multplicative chaos is a random mea-
sure introduced by Mandelbrot, Peyriere and Kahane in development of
the 1941 theory of the local structure of turbulence by Andrei Niko-
laevich Kolmogorov [Kol41]. Since the work of Yan Fyodorov and
his collaborators [FHK12, FK14, FKS16, FS16] the convergence to
the Gaussian multiplicative chaos for characteristic polynomials of ran-
dom matrices has been a subject of intense research (see, e.g., [Berl7,
BWW, LN, Webl5], and references therein).

The random Euler product obtained as the square root of the Radon—
Nikodym derivative of Palm measures of a determinantal point process
naturally arises in the problem of minimality of realizations of our pro-
cess in the Hilbert space that governs it.

In joint work with Yangi Qiu and Alexander Shamov [BQS21] it is
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proved that almost every realization of a determinantal point process
governed by an orthogonal projection is a complete set for the underly-
ing reproducing kernel Hilbert space. The result had been conjectured
by Lyons and Peres; in the case of the discrete space, it had been proved
by Lyons; in the rigid case and, in particular, for the sine process, by
Ghosh [Ghol5].

Our complete set is however not minimal: indeed, almost every
realization of the sine process has excess 1 for the Paley—Wiener space,
that is, the configuration stays complete and becomes minimal after one
particle is removed [Buf]. The reason for the excess one is that the
suitably rescaled random Euler product converges in distribution to the
Gaussian multiplicative chaos.
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