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Extrema problems in geometry

Maximum-minimum problems in geometry played crucial role in
the history of development of mathematical methods Courant,
Chapter VII; Boltyansky et al; Polya, Chapters VIII-XIX. Many
attempts to solve variety of geometry problems for optimization
lead to the develoment of differential and integral calculus and
later to the calculus of variations.

R. Courant, H.E. Robbins, Was ist Mathematik?, Springer-Verlag,
Berlin, 2010.
Boltyansky V. G., Yaglom I. M., Geometrical problems on
maximum and minimum, in Encyclopedia of Elementary
Mathematics in Five Volumes. Volume 5. Eds.: P.S. Aleksandrov,
A.I. Markushevich, A.I. Khinchin, Moscow, Nauka, 1966. p.
270-348.
G. Polya Mathematics and Plausible Reasoning, Volume 1:
Induction and Analogy in Mathematics, Princeton University Press,
1990.



Philo’s line



Philo’s line



Shortest line problem



Shortest line problem



Sir I. Newton’s example



Sir I. Newton’s example in Russian



Duplication of a cube



Dual Problem

Aliyev Y.N., Construction of Tangents of Conchoid of Nicomedes
and Limacon of Pascal, and Solution of Extremal Chord Problem
in Ellipse Using Ophiuride Curve, Tr. J. Nature Sci., Vol. 2 No. 2

(2013) 1-6.



Duality of lines and points

Philo’s line problem Dual problem

Fixed point(s) 1 (D) 2 (A and B)
Fixed line(s) 2 (BA and BC ) 1 (l)

Moving point(s) 2 (E and F ) 1 (C )
Moving line(s) 1 (EF ) 2 (CD and CE )

Table: The number of elements in Philo’s line problem and its dual.



Open Problem



Existence of max/min



Hadamard’s geometry book



Geometric extrema problems from Hadamard’s book

Exercise 366. In a given triangle, inscribe a triangle such that the
sum of the squares of its sides is minimal. (Assuming that this
minimum exists, show that it can only be the triangle PQR of the
preceding exercise.)

Exercise 418b. Among all polygons with the same number of sides,
and the same perimeter, the largest is the regular polygon.
(Assuming that a polygon of maximum area exists, use the
preceding exercises and Exercise 331 to show that this polygon
must be regular.)



Analysis and the existence of the extremum



Indirect and direct proofs



Main result



Main result

Theorem
Let CDE be a triangle with acute angles at vertices D and E. Let
CK be the angle bisector of triangle CDE. Drop perpendiculars KL
and KM to sides CD and CE, respectively. Take points A and B
on sides CD and CE, respectively, such that |AC | = |LD|,
|BC | = |ME |. Then for any point C1 different from C, such that
rays C1A and C1B intersect line DE at points D1 and E1,
respectively, inequality |C1D1|+ |C1E1| > |CD|+ |CE | holds true.

Problem
Given A(a, b), B(c , d), with a < c and b ≥ d > 0 find the
minimum of max (|C1D1|, |C1E1|), where C1(x , y) is a point such
that y > b and rays C1A and C1B intersect line y = 0 at points
D1 and E1, respectively.



Proof and Solution

Without loss of generality we can assume that a < c and
b ≥ d > 0. We obtain that

|C1D1|+ |C1E1| =

√
(x − x1)2 + y2 +

√
(x − x2)2 + y2

= y

√( x − a

y − b

)2

+ 1 +

√(
x − c

y − d

)2

+ 1

 =: f (x , y).



Graph of f (x , y)

Figure: Graph of f in cases d − b + d(c−a)√
b2−d2

≤ 0 (left, a = 0.1, b = 0.3,

c = 0.3, d = 0.1) and d − b + d(c−a)√
b2−d2

> 0 (right, a = 0.1, b = 0.3,

c = 0.3, d = 0.2). Black point (a, b, limy→b+ f (a, y)).



Properties of 4CDE



Properties of 4CDE

I |PE | = |QD| = |DE |2
|B0C0|−|A0C0| . In particular, this implies that if

points D, E , and C0 are fixed, and point C moves vertically
along CC0, then lines AB and LM pass though fixed points P
and Q, respectively.

I |DE | = |A0B0|+ [CDE ]
R , where [CDE ] and R are the area and

the circumradius, respectively, of 4CDE .

I |AA0|
|BB0| = |CE |

|CD| .

I |CA|+ |CB| = |DE |2
|CE |+|CD| .

I |PQ| = |DE |3
|CE |2−|CD|2 .

I |CA|
|CB| = |DC0|

|EC0| .



Generalization

It is possible to generalize Problem 1 by asking to find the

minimum of (|C1D1|p + |C1E1|p)
1
p , which can be interpreted as lp

(p ≥ 1) norm. We already solved case p = 1. We can look at case
p =∞. In this case

(|C1D1|p + |C1E1|p)
1
p = max (|C1D1|, |C1E1|)

and the solution is similar.

Problem
Given A(a, b), B(c , d), with a < c and b ≥ d > 0 find the
minimum of max (|C1D1|, |C1E1|), where C1(x , y) is a point such
that y > b and rays C1A and C1B intersect line y = 0 at points
D1 and E1, respectively.

V. Protasov, V. Tikhomirov, Kvant, 2012, no. 2, 2–11.
Zaslavskii A., Kvant, 2013, no. 5-6, 45–47.



Problema 504, La Gaceta de la RSME, Vol. 27 (2024)
Let A and B be points on sides CD and CE , respectively, of

isosceles triangle CDE such that tan∠D = tan∠E =
(
AK+BL

KL

) 1
3 ,

where AK and BL are perpendiculars from points A and B,
respectively, to side DE . Let lines AB and DE intersect at point J.
Prove that if AK > BL, then AJ ≥ CD



Open problem

I leave as an open question to study case p = 2 and other values of
p. In particular, prove that if CK in Theorem is a symedian, then

|C1D1|2 + |C1E1|2 > |CD|2 + |CE |2.

As a problem for further exploration it would also be interesting to
study these questions for more than two points instead of just
points A and B. One can also replace line DE with a plane and
ask the same question for more than two points in space.



Thank you!


