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Extrema problems in geometry

Maximum-minimum problems in geometry played crucial role in
the history of development of mathematical methods Courant,

Chapter VII; Boltyansky et al; Polya, Chapters VIII-XIX. Many

attempts to solve variety of geometry problems for optimization
lead to the develoment of differential and integral calculus and

later to the calculus of variations.
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Philo’s line

XIII. LIMIT OPERATIONS IN GEOMETRY

Pon 04, and S the foot of the perpendicular from P on PT. Then, by
clementary geometry,

OR[VO = SP/OS

or
) #m = x[y.
Again

0T|V0 = V0/0S
or
(2) Jlm = n[y.

From (1) and (2) we now get
£ =mxly, §=mafy.

13.2.9. THE SMITH-MEHMKE PROJECTIVE INVARIANT. The rafio of
the curvatures of two curves in a plane at a point of contact of the two curves with
one another is invariant under projection.

Let plane p be projected from a center of projection ¥ onto a plane
7, and choose rectangular Cartesian coordinate systems in p and  as
guaranteed by Theorem 13.2.8. Letting primes denote differentiation
with respect 0 y and 7, one can then find (we leave it to the reader to
verify this)

i’ [P

Nowlet x = £(3) and x = g(3) be two curves in plane p tangent to cach
other at the point P: (x,,5), and let r denote the ratio of the two
curvatures at P. Then, using familiar formulas for curvature from

calculus,
i M R C1ED) i
(I + [ Gl £ ()
since () = &(3)- Similarly, the ratio of the curvatures of the two
projected curves in plane j is

P =f"(50)18"(Go) = [m*nf"(30) [56°)/[m*ng"( 30) [

and the theorem is proved.

S ()€ (30)s

13.2.70 Derivimion.  The transversal drawn through a given
point within a given angle so that the sides of the angle intercept on
the transversal a segment of minimum length is known as the Philo
(or Philon) line of the point for the given angle.
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13.2 SOME GEOMETRICAL APPLICATIONS OF THE LIMIT CONCEPT

The Philo line is named after Philon of Byzantium, an ancient
Greek writer on mechanical devices, who flourished probably in the
first or second century B.C., and who devised an interesting reduction
of the famous problem of duplicating the cube, in which a special case
of the line plays a cardinal role. Because of this connection with the
duplication problem, and because of its own inherent attractions,
Philo’s line has excited interest over the ages. We shall here, with the
use of the limit concept, obtain an important geometrical character-
ization of the line. The method we shall employ will illustrate a
valuable technique, known as the principle of coincidence of equal values,
often employed in locating ordinary maxima and minima.

13201 Tueorey. Let AB (see Figure 13.2f), with A on CR
and B on CS, be the Philo line of a point P for an angle RCS, and let Q be the
fool of the perpendicular from C on AB. Then AP = QB.

In Figure 13.2f, let 4'B’ and 4"B” be cqually long neighboring
segments passing through P. Let U be the foot of the perpendicular
from A’ on A”B”, and ¥ the foot of the perpendicular from B” on 4'B'.
Take X and ¥ such that PX = PA’ and PY = PB". Then

AX = AU — XU
— A'Ucot CA"B" — A'P(1 — cos A'PA")
— A'Psin A'PA” cot CA"B" — A'P(1 — cos A'PA").
Similarly,
YB = VB — VY
— B'Vcot CB'A’ — PB’(1 — cos A'PA")
— PB’sin A'PA” cot CB'A’ — PB(1 — cos A'PA").

c

Fi. 13.2f
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Shortest line problem
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Fig. 79.

827.] By this method of geometrical limits problems which
present great difficulty if treated by algebra or the differential
caleulus, may be solved with great simplicity. ~For example.

To draw the minimum line through a given point within a given
angle (see fig. 80).

T.et BAC be the given angle, O the given point, and BOC the
‘minimum straight line. Draw the perpendicular AD from A to BC,
and through O draw the line 50¢ indefinitely near to the line BOC,
meeting the sides of the given angle in the points ¢, 5. Then
as BOC is the minimum line through O, 20¢ which is indefinitely
near to it, is therefore equal to it. With O as centre draw the
circles whose radii are OC, OB cutting the lines bc and BC in the

oints m, n. Then as OC=Om, and Ob=On, en—Bn. Let @

Pe ‘the infinitesimal anglo between the minimum Imes. Then
Bn=bncot B, and In=0B.w. Thereforc Bni—OB. w. cot B.
Tn like manner em=0C . @ . cot C. Therefore as Bu=cm,

0C_tan C
0OC tan B=OBtan C ; hence gr=rore.
AD AD

But tan C=, and tan B=p;




Shortest line problem

Bubmeotexa
«MaTemMaTHIeCKO® NPOCBRLLeHHE »
Bumycx 31

B. KO. Mportacoe

MAKCHMYMbI
U MMHAMYMbI
B FEOMETPHH

Wanarenserao MOCKOBEKOTO LeHTRA

‘Mocksa = 2005

now {7, Tam obpazon, f(x)=a. JLia AOCTATONHO MANMIX mpHpame-
muii h Qymemes f(x-+-h) npuGnmxéumo pasma ammeiimofi dymRim
f(x)+-ah, npuué wes mennme h, Tem oTo npuBmIDKemIe TowHee.

54. Uepes FANEYIO TOYKY BHYTPH VI POBECTH OTPEIOK © KOH-
o e eropomax s, sorom e oy

uto ata wHCTO sajata me mMeeT
s innrmon st et sl spiue i v
KOPOTKHE ©f DEIIEHNA HCTIONLIYIOT MPOMSEOANYIO. HmTepecmo ® To,
4T0 MHOTHE HoXoxcHE HA Heé 3a7atU-BAIMEIH, KOTOpHE, HA MepERL
BATNAN, Mae CHOKHEE 6F, FMMCIOT TIPOCTHE TEOMETDIECKHE Deme-
s, Hanpusep, npoBect: oTpesok uepes AaHHYIO TOWKY BHYTPH yraa,
it or yraa il TIOMANN HMAH MH-
umMaisHOro nepumerpa (sazaun 56, 57).

Pemenue. Ofoamawi xpasaiimmii otpesox wepes AB, a gan-
Y0 (HKCHPOBAHRYIO Touky ERyTpH yraa — wuepes M. Ipomeadu
uepes M apyroii otpesox A’'B' ¢ sepmmmmanm ma
& — yroa mexay A'B’ n AB. ®yuxuus f(5)=.
Mummyma 8 Touxe 5=0, nostony [/(0)=0. Hpmemin Teopeny cu-
Hycon & Tpeyromemkan MBE u MAA', noaywmy

sin § o
ME sin(g+2)" A MAsm(a w
caeponatentuo,
fB)—F(0)=A'B'—AB=MB'+MA'—MB—MA—=
J 7Y (LY - Lsnas ) -
7MB[smw ) lHM’llsu-(a 3 1}
26in 5 eos |J | 7I 2sm§ cos g}
sm(,a T8 Sin(a §
Hrax,
é 3 8
(1) “‘"31, gl | e(e))
5 5 Sin(51-5) sinfa—a) )
2sin g
Toexomsxy —1 mpu 50, & npx oToNM

e[+3) cosfe
sin(3+2) e A sin(a—a)
noywaeM oxomaTeNBIO

f(0)=—MB ctg p+MA ctg a.

g a,



Sir . Newton's example

PM

f——

44 The Metbod of Fruxions,

Then by Prob, 1. x=
Now fince , it is plin, that

ough the Quantities x and = be not of the fame Iengm that
they flow alike in refpeet of 7, and that they have cqual contem-
Why therefore may I not fepreient by the fame
Quantities that agree in_their Rate of Flowing; and to de-
Cees Differences, why may mot I ufe

ftead of y =
6a. J..nn, it appears plainly in what manner the contemporary
o ey oot b e pint ko Fblners Horwing ey
Thus if y=1 + ¥ be the Equation, when v==12, then y— 1
But when x== 3, then Thodbe: wHi = St Boid
210 3, y will Bow from So that the parts deferibed in
this tme are 3 —2=1, an\l 2
1. This Foundation beiny
now praceed to more particular Problems.

rermine
F=—xy+

for what follows, 1 fhall

o Soimpions Tinlons Wpplicokin P R O B TIL
T 1Hpe, To determine the Maxima and Minima of Quantitics.

When 2 Quantity is the greatel or the leaft that it ean be,
5 Sttt e B e i
flows forwards, or increafes, that proves it was.Icfs, and will p
fently be greater than it is. And the contrary if it flows backwards,
or decreafes.  Whercfore fod its Fluxion, by Prob. 1. and fuppofe
it t0 be nothing.

2. Exase. 1. 1f in the Equation —othe
greateft Value of « be required; find ll\L Relation uf the Fluxions
of x and 5, and you will Bave 3aws — 2axx + aity — 37)* + ey
==, Then making ¥=o, there will remain — 357* - ayx==o,
or 3¢ =ax. By the help of th :
or 3 out of the primary Equation, and by the refulting Equas
may- determinc the other, and then both of them by — 35 +
ax=
. This Operation is the fame, as if you had muldiplyd the
Terme of the propofed Equation by the number of the Dimenfions
of the other flowing Quantity y. From whence we may derive the

famous

ree

2

and INFINITE SERiES. 45

famous Rule of Hisddenius, that, in order 1o obiain the greateft or
lcaft Relate Quantity, the Equation muit be dllpoﬁ:d z(conlmg to
the Dimenfions of the Correlate Quanti then the Terms are
to be multiply'd by any Arithmetical ng - Dot st i
this Rule, nor any other that I know yet puhlnhcd extends to Equa-
tions affeted with furd Quantities, without a_ previous Reduction ;
I full give me following Example for that purpofe.

I% 71F 1hes et Quantity y in the Equation st —
@+ 13, — sr Vit ar==o.be to be dotermin'd, feck dhe
Fluxions of ¥and , and there will arife the Equation jx*— zayy-4-
sobytokys bt g i
R e

. And fince by fuppofition

y'd by 7, (whieh, to fhorten the libour,
‘ight haw e dene bekors, ation,) and divide the refl
by xx,and there will remain When the Re-
dution is made, there will arife 4ay , by help of which
you may exterminate either of the quantitics out of the pro-

k , and then from the refulting pqu-mm, which will
I, yuu may extract the Value of the othe
& Fran M Footien riry! Be Tad 1, Shail

n of thefe fol-

en Cierve, o

ot right Line, which can lic
# n wn poftion. Or, to drawa

a Perpendic e fre 1 Point
T T drawe the greatih or the fm/] right Lines, which pafing,
through a given Point, can lic Bitsseen Feoo otbers, either right Lines

or Curves.
IV. From a given Point scithin a Parolols, fo draw a right
Line, which Juall cue the Parabula more obliguely than any weker.

And 1o do the fme in otber
V.

urves, beir greaich o leaft
g parts cut cach o
beflrelgd oo ieli Al

ibs, the Points in sobich r
To find the Points in Cur
or leafl Curvature.

VIL T find
Ordinates cin e

ot dngle in a givn Elipfe, in which the
i Diameters

VL




Sir . Newton's example in Russian
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Duplication of a cube

B.B.IMPACO.IOB

TPHU
KJIACCUYECKUE
3ATAYN

HA TIOCTPOEHUE

xy r£u+|v) n r’+2xu+.\"=y‘+21)'4:r’, nosyuaem
xp=ab w X(x+b)=y(y+a). Crerosarensuo,

a_y_aty
x E

a
x

HukoMen B kKauecTBe HCKOMBIX OTPE3KOB yKa3ajl OTPe3kH
K n MA; on, no-summmomy, He 3ametun, uto MA=FH.

Cronm petennem HukoMe ovens ropamics u cuutan,
HTO OHO roOpa3fo Jydiie NOCTpoenus Dpatochena, KOTOPoe
OH BbICMCHBATT KAK HENPAKINYHOE M HEreOMETpHHECKoe.

erko ut0 3anaeTcs
ueTBepToif_cremenn. B cavom nete, w3 puc. 13 muano,
wto xPhytiy=ri(y-a) e (x'+32)(y-a)—
—rp2Xg,

Tlann  Anekcanapuiicknii mokasaj, uTo «BCTaBieHHe»
O1pe3ka MEKIY HPAMBIMH MOKIO CBECTH K HAXOKICHMIO
TOUKH Tiepece: M T Ho naw
pacckas o cnocobe yKe
NIOITOMY Mbl OTJI0KHM 00CYXIeHHE HTOr0 10 pasroBopa
© TpuceKkuuu yriaa (em. c. 37). Tem Gonee uto u cam [Mann

cnocoba K nep
TUNEPGOTb H OKPYKHOCTH HMEITHO B CBSI3H C TPHCEKLHeH yria.

Pewenus Anoanonus, ®unona Busautuiickoro
u Tepona

Tpu JPEBHOCTH. i (11 B. 10
#.9), ®uton Busantuiickwit (111 ». 10 1. 5.) u Tepon
(I B. H. 9) B pasHoe Bpems MNPEUIOKAIH akThyeckn
OIHO H TO K€ PElIeHHE 3a7a4d yiaBoenus Kyba. Ho omm
HE YKA3AJH. C TOMOWBIO KAKAX MHCTPYMEHTOB MOXHO
GLIT0 Gbi OCYNIECTBHTL TAKOE MOCTPOCHHE.

Paccmotpum npsmoyronbink ABDC, rae AB w AC —
JaHEbic oTpesku. [lycTs E—Touka mepecevemds amaro-
Haned 3TOro mpsMoyronbHAKa. Jlis pemenus 3ajzaun
YABOCHHS Kyba 10CTATOMHO BHINOJIHHTL Jt0GOE M3 Ciiemy-
TOUMX SKBHBAJICHTHBIX NOCTpOCHHii (puc. 14):

1) MpoBecTH OKPYKHOCTH ¢ UEHTPOM E Tak, 4ToGbI TOUKa
D nexana Ha OTPE3Ke. COCAMHSIOMWIEM TOWKH MNepecevenns
IOl OKpyxHOCTH ¢ aydamu AB # AC (Anomiommii);

2) npoBectH sepe3 Touky D mpsMyio Tak, H4TOOBI
ONHCAHIIZs OKPYAHOCTL IpAMOYTObHKa ABDC W Mpamuie
AB w AC woicekann wa weii pasmbie otpesku GH m DF
(Puson);

21
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Dual Problem

D l E

Aliyev Y.N., Construction of Tangents of Conchoid of Nicomedes

and Limacon of Pascal, and Solution of Extremal Chord Problem

in Ellipse Using Ophiuride Curve, Tr. J. Nature Sci., Vol. 2 No. 2
(2013) 1-6.



Duality of lines and points

Philo’s line problem | Dual problem
Fixed point(s) 1 (D) 2 (Aand B)
Fixed line(s) 2 (BA and BC) 1(/)
Moving point(s) 2 (E and F) 1(C)
Moving line(s) 1 (EF) 2 (CD and CE)

Table: The number of elements in Philo’s line problem and its dual.
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Existence of max/min

L. LUSTERNIK, V. SOBOLEV

PRECIS
ANALYSE
FONCTIONNELLE

EDITIONS MIR MOSCOU

SEMBLES COMPACTS DANS LES

oit / (4) = B et soit {y, ) une suite de points de B. Consi-
dérnus ln ~u1te 1,.1’ formée d'un antécédent au plus de chaque
point y, = ‘ensemble A étant compact, la suite {z,}
posside une vnluur d'adhérence z,. La fonction f étant continue
sur A et en particulier en z,, la valeur f (z) = yo € B est une valeur
d'adhérence de la suite {yn ).

En particulier, si ¥ = R, c’est-d-dire que f est une fonctionnelle
définie sur un ensemble compact A d'un espace métrique, alors
£ (A) est un ensemble borné fermé de la droite numérique ot par suite
contient sa borne inféricure o et sa borne supérieure B, i.e. / est bor-
née sur A et atteint ses bornes inférieure et supérieure sur 4.

591 B ESPACES METRIQUES 55

Remarque. Signalons que si une fonction continue f (z) est défi-
nie sur un ensemble M non compact, elle n’atteint pas nécessaire-
ment ses bornes supéricure et inférieure sur cet ensemble.

nsidérons par exemple dans C [0, 1] I'ensemble de toutes les
fonctions z (t) telles que z (0) = 0, 2 (1) = 1 et max |z (&) |< 1
! '
La fonctionnelle f (z) = \ a* (t) dt est continue sur M mais n'at-
teint pas sa borne inféricure sur .
En effet, si z (1) = t", alors f (z) = 1/(2n -+ 1). Donc inf f @ =

! st évident que pour toute courbe contimus =)
joignant les points (0; 0) ot (1; 1) on a / (@) > 0 (de Ia il s'ensuit
en particulier que I'ensemble de courbes envisagé e pas compact,
bien qu'il soit fermé et borné dans C [0, 1]).

Donc avant de se prévaloir du théoréme 2, il faut s'assurer de la
compacité de I'ensemble sur lequel est définie la fonctionnelle conti-
nue. Si 1'on conjecture qu'une fonctionnelle con-
tinue atteint nécessairement ses bornes supé- c
rieure et inférieure sur un ensemble non com-
pact, on risque d’obtenir dﬂs résultats falla-
cieux comme le prouve 'exemple envisagé.
Comme autre exemple & I'appui on se pro-
pose de produire une Tausse du
cinquiéme postulat d'Euclide. On sait que le
cinquidme ~ postulat d'Euclide équivaut a Fig. 1
I'hypothése que la somme des angles d’un i
triangle au moins est égale & . On peut
démontrer de fagon rigoureuse que la somme des angles d'un triangle
ne peut étre supérieure & . Montrons que la somme des angles d'un
triangle est égale & . Soit o la borne inféricure de la somme des
angles de ce triangle et supposons qu'il existe un triangle ABC
(fig. 1) dont la somme des angles atteint sa valeur maximale c.
Relions le sommet C & un point D intérieur & AB. Le segment CD

5 B

partage le triangle ABC en deux triangles ADC et DCB dont la
somme des angles de chacun est<C . D'autre part, la somme des
angles des deux triangles est égale & « -+ 7. Donc a -- x< 2a.
Ora<Cx, donc a = nu. 11 existe par conséquent un tnungle dont la
somme des angles est égale a , ce qui prouve le cinquiéme postulat
d’Euclide.

La faille de cette démonstration est I'hypothése de I'existence
d’un triangle dont la somme des angles atteint sa borne supérieure
(ce qui, on le voit, est équivalent au cinquitme postulat d'Euclide).
En géométrie de Lobatchevski la différence entre = et la somme des
angles d'un triangle est proportionnelle & 1'aire de ce dernmr et si
cette différence tend vers 0, le triangle se réduit & un poi

Le lhéoréme 2 sa génémllse au cas des fonctionnelles cem) conti-
nues. On dit 7 (@) est
(resp. supérieurement) si la condition o, o entraine f (7)<
Lim inf / (@a) (vesp. f (z) > lim sup  (za)-

“On a lo théoréme suivant "pour de telles fonctionnelles.

Théoréme 3. Une 1@
(cesp. supéricurement) et définie sur un ene:mbl: compact est minorée
(vesp. majorée) sur cet ensemble et y atteint sa borne inférieure (resp.
supérieure).

Ce théoréme est largement utilisé en calcul des variations, puisque
les plus importantes classes de fonctionnelles tudides sont des
classes de fonctionnelles semi-continues.

3. Critére de compacité d’ensembles dans un espace métrique.
Donnons un critére général de compacité d'un ensemble d'un espace
métrique. Introduisons 4 cet effet la définition suivante: un ensem-
ble NV d'un espace métrique X s'appelle e-réseau pour un ensemble M
de X si pour tout point z de M il existe un point z, de A tel que

o (%, 2,) < e (M peut en particulier étre confondu avec I'espace X
fou entier).

On dit qu'un ensemble M de X est précompact si pour tout & > 0
il existe un e-réseau fini pour M. 1l est immédiat de s’assurer qu'un
ensemble précompact est borné.

Théoréme 4 (Hausdorff). Pour qu'un ensemble M de X soit relati-
vement compact, il faut, el si X est complet, il suffit que M soit pré-
compact.

[0 Nécessii Supposons que M est relativement compact. Soit z,
un point de 0(, 2,)<e pour tout z € M, on a déja cons-
truit un n—ésean hm Sinon il existe un point z, de M tel que
0 (1,, 2,)= e. Si pour tout point z de M soit p (z, z;) < e.

9 (22, 22) < &, on a déja construit un e-réseau fini. Sinon il eusta
un point z de M tel que p (z,, )= e, p (24, 75)=> e.




Hadamard's geometry book
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Geometric extrema problems from Hadamard's book

Exercise 366. In a given triangle, inscribe a triangle such that the
sum of the squares of its sides is minimal. (Assuming that this
minimum exists, show that it can only be the triangle PQR of the
preceding exercise.)

Exercise 418b. Among all polygons with the same number of sides,
and the same perimeter, the largest is the regular polygon.
(Assuming that a polygon of maximum area exists, use the
preceding exercises and Exercise 331 to show that this polygon
must be regular.)



Analysis and the existence of the extremum

314 TEOMETPHNECKHE SAXAUI HA MAKCHMM 11 MHHINY
4144713 0N) 3aKNIO4ANACH B NOAYUEHHH 1€ 06X 0L HN B X yCAOBIH,
KOTODHN ZIOMKHA YX(OBNETBOPSITS HCKONAS MAKCHMAbHAR (NIHHINAbHAS)
urypa, a Takwe B OTHCKaWuH TOR (UrYpH, KoTOpas STHN HeOGX0-
JUINEM  YCTOBHSM yxopneTBOpReT. Tak, yCTOBHE paBencTsa Ny
NIPOU3BOAHOM (ABASIOLLEECH H € 06X O JLi M b M AL15 TOTO, 4TOGH (yHKLlts
HOCTHTAZA BO BHYTDENNEH ToUKe NAKCHMYMA WA MIHIMYNa) NO3BOMIIO
B 3anauax na crp. 276—278 BHACTHTH € XMHCTBEHHYIO QUYPY,
VAOBAETBODSIOULYIO STOMY YCAOBMIO, T. €. CANHCTBONNYIO QUIYDY,
KOTOpas Mo eT o6nanath TpeGyemun CBOHCTBOM MHHHMANBHOCTH
Wi Makcwanbocts. B saxave Toppuuennn ananus Gwn 6oee cloX-
WG, 10§ B STOM CIy4dE HAM YNANOCH NOKA3ATB, HTO CYULECTBYET
TOALKO OAHA TOUKA, KOTOpaR MOMKeT obnaxath TpeGyeMb
CBOMCTRON NIHNIINAZBHOCTH

ONHAKO OMHIM aHANH3OM pelienne pacCMOTPERHHX 3a/au He Orpa=
HHUHBANOCH, B KAWIOM Clydae Gha €UlC W BTOPAs HACTB peLlewiis,
KOTOPYIO N YCHOBUMCA Wa3hiBATh JOKA34T e/ bCTROM CyuLeCT-
BoBanws. B 5TON uacTW pewenns b yCranaeausaes, 4to Qrypa,
06nanaowas TpeGyemun CBOHCTBOM MAKCHMATBHOCTH WAM MUHUMANL-
HOCTH, HepewerHo 107X Ha cyulectaopath. Hakowen, nocie npose-
Kennsl 0GeNX YKa3anHwX 4acteM PEWeHis b rOBOPWAH, YTO, NOCKOMb=
Ky HNECTCA Aultb 01N (UTYPA, KOTOPAS MO e T 06MaRaTS TpeCyens
CBOMCTBOM MUHNMAZBHOCTH WAH MAKCHMAABHOCTH, & C XpyroH CTOPOHH,
(urypa, o6nanaouas Stum CBOHCTBOM, HENPEMEHHO €Y LiLe C wuyur,
10, CreroBaTennHO, NaMnennas urypa ReHcTBHTEABNO 07 et
Tpebyembin CBOHCTBOM. ITHM pewenne 3amaun Ha M.mclmym W
MIHHNMYN 1t 38BCPUINIOCH.

VITak, uemMo anannsa SBASETCS WaXOKJeHne (UIypM, KOTOam
MOWeT 06nanath Tpeyewmin CROACTBOM MAKCHNATBIOCTH WAH MitHi=
ManbhocTiY). JlOKa3aTeABCTBO CyueCTROBANNS yCTAHAB-
nuBaeT, 4TO QUrypa, o6nananuias TpeGyembn CBOACTBOM, HeNpeMenHo
cymectayer. s Tux aByx uactell (ananms m A0Ka3aTenbCTBO Cymie-
CTDOBANNS) COCTORNO pewienne Kasuoh H3 DPaCCHOTPENHBX BHUIE
sanau. Tlo ToA Xe cxewe GYXeT NOCTPOEHO If peweniie NOCAENYIOULIX
sanas

OCTaHOBHMCA HA BOMPOCE O POAN KAKAOTO 3 XBYX OTMEHEHHHX.
STANOB PEUICHNS 3aiaul HA OTHCKAHHE HAHGOMBWINX M HGHMEHBUINX
snasennit. B GONbWNNCTBE CAYYAEB OCHOBHBIE TPYXHOCTH NpH PelieHHH
3a1au NPEACTABNSET aHaN3; JOKAIATENLCTRO CyUIECTROBAHNS Walle
BCETO BHTEKAET eCTECTRHNBN OGDAIOM K3 XOPOLIO H3BECTHHX OGULIX
Teopen (reopema Boabuano—Befepuitpacca, uasectnas us KypeoB

UMTCH, UTO CYWECTBYET HE OHZ, A HECKOTEKO

oty (1A MaKcdeToB0]
BHAEnCHHH BCRX.

') Pasymeercs, womer
uryp. odaamomix Tpesyeusiu caofcrack Ma
B Takow cnyuse sapaua ANAMls 1o

e Guryp.
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L4 The lsoperimetric Problem 1

the inequality P > F thz area of P can be replacec by the area of the intersection
PK.

Letus now compare this direct proof with the indirect one given before, Generally,
the proof of some extremum property can be regarded as direct if it shows directly,
without calling on some infinite process, thal the corresponding extreme conlfigura-
tion s better than al the other ones in comparison. In this sense we indeed hive to
Tatethe first proof as indirect: first abest palygon is established, and
afterwards it is shown thatevery inregular polygon can be aitered s0 as to get a better
one.

Disregarding aesthetic and cidactic points of view, the indirect method seems to
be more maturul and perhaps also more praciical. If the primary goal is to find astill
unknown extreme figure, one puts the question of existence aside and attacks the
following problem: when and how can a figure be improvec!? However, the indirect
method sketched here is neither completely elementary nor parely geometric, since
by applying the theorem of Wiisestrass it makes vse of the elements of analysis.
Consider now the dircct procf given above, which by its directness alone seems (o

and convincing. of existence is not
at first, but remains apen and is answered automatically in the end. Moreover, in
the above direct proof we use ols from elementary geometry only, while with an
indirect proof this is in principle impossible. Howzver, since a direct proof oflen
requires greater skill, such proofs usually emerge only after a “less clegant” solution
of the problem has already been found.

To close, we mention the inequality

g

R x
—zsec— (134)
v n

that holds for the inradius # and circumradius R of an arbitrary convex n-gon. This
rouows directly from the inequality (1.3.1). Furthermore, using the properties of

ty, r* and R? can be replaced in (13.1) by £ and £, where « and E denote
an ellipse contained in, and coataining the a-zon, Tespeciively. Hence, we have the
hat more general inequatity:

L (135)
u

1.4 The Isoperimetric Problem

Among the isoperimetric domains, thal is, among the domains of the same perimeler,
which ane has the greatest area? The solution of his classic, so-called isoperimetric,
problem is the circle. In other words: If L denotes the perimeter of a domain of area
F in the plane, then

-daF 20, aan

and equality holds for the circle anly.






Main result

Theorem

Let CDE be a triangle with acute angles at vertices D and E. Let
CK be the angle bisector of triangle CDE. Drop perpendiculars KL
and KM to sides CD and CE, respectively. Take points A and B
on sides CD and CE, respectively, such that |AC| = |LD|,

|BC| = |ME|. Then for any point Cy different from C, such that
rays C1A and (1B intersect line DE at points Dy and E;,
respectively, inequality |CiD1| + |C1E1| > |CD| + |CE| holds true.

Problem

Given A(a, b), B(c,d), with a < c and b > d > 0 find the
minimum of max (|C1 D1 |, |C1E1]), where Ci(x,y) is a point such
that y > b and rays C1 A and C1 B intersect line y = 0 at points
Dy and E;, respectively.




Proof and Solution

Without loss of generality we can assume that a < ¢ and
b > d > 0. We obtain that

|CiD1| + |G E| = \/(X—X1)2+y2+ \/(X—X2)2—|—y2

=y \/<;:2>2+1+\/<;:2>2+1) =: f(x,y).




Graph of f(x,y)

Figure: Graph of f in cases d — b+ jgcz_—ad)z <0 (left, a=0.1, b= 0.3,

c=03,d=01)and d— b+ H=2 >0 (right, a = 0.1, b= 0.3,
c=0.3, d =0.2). Black point (a, b, lim,_,+ f(a, y)).




PrOPerties of A CDE




Properties of ACDE

DE|? . o .
> |PE] =|QD| = m. In partlc.ular, this implies ‘that if
points D, E, and Cy are fixed, and point C moves vertically

along CCy, then lines AB and LM pass though fixed points P
and @, respectively.
» |DE| = |AoBo| + @, where [CDE] and R are the area and

the circumradius, respectively, of ACDE.

AAo| _ |CE|
p [Adol _ |CE|

[BBo| — [CDJ

|DE|?
> |CAI+CBI = reerrenr
|DEJ?

> 1PQl = g cop
> CAl _ DG

ICB] " [EGl”



Generalization

It is possible to generalize Problem 1 by asking to find the
minimum of (|G D1|P + |C1E1|P)%, which can be interpreted as /,
(p > 1) norm. We already solved case p = 1. We can look at case
p = oo. In this case

1
(|GD1|P + |CLE1|P) P = max (|Cy D1 |, | GLEx])

and the solution is similar.

Problem

Given A(a, b), B(c,d), with a < c and b > d > 0 find the
minimum of max (|C1 Dy |, |C1 Ey|), where Ci(x,y) is a point such
that y > b and rays C1A and C1B intersect line y = 0 at points
Dy and E;, respectively.

V. Protasov, V. Tikhomirov, Kvant, 2012, no. 2, 2-11.
Zaslavskii A., Kvant, 2013, no. 5-6, 45-47.




Problema 504, La Gaceta de la RSME, Vol. 27 (2024)
Let A and B be points on sides CD and CE, respectively, of
1
isosceles triangle CDE such that tan ZD = tan ZE = (AKFEL)3,
where AK and BL are perpendiculars from points A and B,

respectively, to side DE. Let lines AB and DE intersect at point J.
Prove that if AK > BL, then AJ > CD




Open problem

| leave as an open question to study case p = 2 and other values of
p. In particular, prove that if CK in Theorem is a symedian, then

|C1D1 2 + |CLEL|? > |CDJ? + | CEJ%.

As a problem for further exploration it would also be interesting to
study these questions for more than two points instead of just
points A and B. One can also replace line DE with a plane and
ask the same question for more than two points in space.



Thank you!



