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Remarks on quantum channels and master
equations

Quantum channels

are completely positive trace preserving (CPTP) mappings describing
temporal evolution of density operators.

Lindblad-type master equations
@ As a consequence of the Markovian approximation, the evolution
of the system is effectively local in time;
@ A general Markovian superoperator is generated by a Liouvillian
(Lindbladian) as described by the master equation;
@ The form of a Lindblad-type master equation can be inferred using
the Kraus representation of quantum channels.

v
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Intermode couplings in photonic systems

@ quantum polarization modes propagating in an anisotropic
environment such as optical fibers;

@ overlapping modes in open resonators;

@ quantized fields propagating in (evanescently) coupled
waveguides;

@ quantum optical scattering by lossy bianisotropic metasurfaces.

o

General problem

Understanding effects of the environment induced and dynamical
intermode couplings in quantum dynamics of open photonic systems.

Topics to be discussed

@ Mathematical tools for modeling Lindblad dynamics of multimode
systems;
@ Quantum speed limits and speed of evolution of bimodal photonic
systems.
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0 Lindblad master equation approach
@ Algebraic approach
@ Method of characteristic functions

o Speed of evolution
@ Gaussian states
@ Polarization qubit states

06/02/2025 (ITMO) Lindblad dynamics QOART Talk 5/49



0 Lindblad master equation approach
@ Algebraic approach
@ Method of characteristic functions
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Lindblad master equation

Master equation for a multimode bosonic system

N
P a. - ~ A
8[; Lp=—i E Qnm[anamv Al + E (rgm)Démg;p + rg—;?)pé;émp)a
n,m=1 n,m=1

Dap: P Dagd = 2ApB — BAp — pBA = [A, pB] + [Ap, B,

where Q = Q is the frequency matrix,and ., F =r_ — T, > 0 are
the relaxation matrices.
Thermal bath limiting case

r=(nr+1r, FL=e?r_=nil, zr=_—

where nr = (e?7 — 1)~ is the mean number of thermal photons.
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0 Lindblad master equation approach
@ Algebraic approach
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General strategy

[Gaidash et al. arXiv:2412.13890[quant-phys]]

@ Structure of Lindblad superoperator and extending
Jordan—Schwinng-L approach to thg> case of left and right
superoperators (A : p+— Apand A : p— pA are the left-hand and
right-hand action superoperators ).
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General strategy

[Gaidash et al. arXiv:2412.13890[quant-phys]]

@ Structure of Lindblad superoperator and extending
Jordan—SchwinngﬂL approach to thg> case of left and right

superoperators (A : p+— Apand A : p— pA are the left-hand and
right-hand action superoperators ).

© Commutation relations and algebraic identities of the algebra of
bilinear superoperators.

© Eliminating quantum jump terms of the form AjB using the
similarity transformation:

A Ann A = = a A
L= TLT V=L =L+ Ll Logr = —iFesr

@ Solving spectral problems for £5 and £ and deriving formulas for
the superpropagator e-!.
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Algebraic structure of Liouvillian superoperator

£=—if57) +2RD + R + ROy + e,

£ = iNE + 2R + KD + RED) + e,
o = _(r"r + r—)a

N N
A= 3 ol KO = Y TR

n,m=1 n,m=1

e W erralibare:
~f_ NN A ~.(0 A~ ~ A
NS = abam — &ham, KD = 5 ( ham + aman) -

. S a4y
RE) — 85, RG) =54,

where £* is the adjoint of £: Tr{AL(p)} = Tr{£*(A)p}
L—->L=Q——Q Ty —T3)
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Jordan-Schwinger map

Quadratic bosonic operators associated with matrices

N
A — jA = Z Anmé‘,t,ém
n,m=1
and their commutation relations

[Ja, Ja] = Jag)-

Lev=0=T, - é[Q, e V] + %{Fo, eV1+e VT eV =0.
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Algebraic relations

Identities for exponentiated superoperators acting by similarity

K — =i 42 Y RO 4Tr
ae{0,£+}
Q' =Q+i[l_,,B], Ty=To—v{l_,, B},

r,=r_, I =r+ é[Q, B - g{ro, B} + Br_,B.
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Eliminating jumps using 7, _(A,,A_)

Effective Hamiltonian

( 2 P
7~+7—T+ (A, A)=e"re " 71757:_12

= Leff I Zlffv Lt = —iFesr = J;, L= —iQ +T},
Q=Q+i[l,A], Tog=To+{l+,A_} <0.

Equations for the matrices A,

i 1
—ar E[QaA—] + é{r()vA—} + A—r+A— = 07

ot o, Ayl — (M5, A} = 0= [2F, = LA, + AL

06/02/2025 (ITMO) Lindblad dynamics QOART Talk 13/49



Solutions and structure of steady state

Steady state characteristic function and matrix

(e, ) 225 vy () = e (@7 We),

sz/ PO PI(1)dt, P(1) = e,

0

WoW=W"+n"=> 2rp+w+wh=0-
- 1

-y — é[Q, Wil + §{ro, Wi} + Wir_W; =0

= |pgx e, eV =W =W

A_=I|=|L=—-iIQ-T|= A =-W.
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Eliminating jumps using 7_.(B_, B,)

2 o £ )
T_+=T_4+(B_,By)=¢€ 5 €5+

i 1
My + 5[97 Bi]- §{r0, B:}+ BBy =0,
L'B.+B L+2r_ =0

B.=-W,, B = 2/ P(t)I _P(t)at.
0

Thermal bath limit

AL = ayl, ar =-—-nt, a_=1,
B:l::ﬁ:tla IB+:_e_ZT, p-=nr+1 EZ?
17:-— = %—i——(_nTv 1), lfd—-f- = 7\:+(Za _e_ZT)
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Spectral problem

Lor=Apr, Loy =26y, ﬁdﬁ&‘” =2t e =6,
a A A —1 A(d ~(d ~(d
pr=T05" = 7250, | |on=TE (" | 72,817,

TI‘{O')\,) (d)} =0yy = TI'{O‘)\/p)\} = q,\(S)\/)\

Single-mode effective Hamiltonian

Legr =

—(iQ+T)a'3,
A =t = Im){nl = A = [657],
A(d) [p(d)]T & d) _ s
A_Am,,_ —iQ(m—n)—T(m+ n).
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Single-mode eigenoperators and biorthogonality

relations

Eigenoperators

min(m,n) k
. a Z)*vm!n! 505
pmon = T (€777, Z)ﬂmn - Z k! (m )k)l(n k)! ( T)m Pl k

po =& TF0)(0] = e-ZTa*a,
min(m,n)

. . A —np)kminl
Gnm = To—(1, —=n7)Npm = Z k'((m _Tz()l(n_k)l(aT)n UF LS
par i ! !

Biorthogonality relations

Zm+n+1 6n/n5m/m.

Tr{a'n’m’ﬁmn} =
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Temporal evolution in terms of P(t)

p=efp0)= Y ImmDnls e tomi0)).

m,n,m’,n’ Grm
EA = 7\-4._1ﬁd,t- ; Onm = ﬁ_ﬁnma Pnm = 7A-_1 ﬁnm = C]nm’f-___:ﬁnma
Ti-p(0) = Z Almn (M| 7 5(0 Z AmnTr{&nmp(0)},

eﬁdtﬁmn = Z Um'm(t)U;’n(t)nm’n/’ Um'm(t) = <m ’eLefft’m>’

m’.,n’

; b St Tt ookt N
e~rfim) = H ( ) 710)0, bl = ehntale~tert =" Py(t)a
=

i=1

ni+mj+1
Gmn = qui”ﬂ Qmin; = ZAR,
i=1
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0 Lindblad master equation approach

@ Method of characteristic functions
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Characteristic function [Kiselev et al. Entropy 23,

1409 (2021), Symmetry 13, 2309 (2021)]

Normally ordered characteristic function

XN(a) _ <e(a,ﬁT)e—(a*7a)>’
N N

(O’.*,é) = Za?éh (a,éT) = Zalé:r
i=1 i=1

aXN(CX, t) _7

— } : 2 : (+) +)
n
I Qan (ran + 2rnm amQ )

n,m=1 n,m=1

where

0 0

e ”aam
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Method of characteristics

Solution of characteristic equations
a=A(-tag, A(t) = Pi(t) =D

where oy = a(0).
Solution along the characteristic curves

t
xn(ao, t) = exp[—Z/o (aS,AT(—T)r+A(—T)a0)dT:| Xini(@0)-

Expression for the characteristic function

xn(e, 1) = e B0y (A(t)a) |

B(1) = 2/0tAT(T)r+A(T)dT — nr(ly — AU(DA(D), W = B(oo).

where ly is the identity N x N matrix.
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Second order moments

Exact relations for the second order moments

2 (8%
(@) = -2l d = B0+ 3 An(04(0) 32 O)
! J a=0
2 «
<é,Té}>(t)=aa’;Ni—ga;’) = 3 An(0Am()@2h) 0)

can be easily generalized to the case of higher order moments.
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Phase-space representation of superpropagator

Glauber-Sudarshan representation

d2q;

p(0) = [ dule)Pla. Dla(al,  du(a) = Hdu o), dular) =

Temporal evolution of P function

Pla t) = / 41(8)G(ax, B. 1)P(B, 0).

Green function (kernel of the superpropagator)

Gle, B, 1) = gergrge @ V8OO, a(t) = P(OB - .|
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Two-mode system

Intermode coupling vectors

3

iQ+T = (iwk + K)ok = (iwo +10)T0 + (iw + 7,0),
k=0

where v = ynr = 7(sin r cos ¢r, sin O sin ¢r, cos Or) is the relaxation
rate vector and w = whnq = w(sin fq cos ¢q, sin Oq sin ¢q, cos bq) is the
frequency vector.

P(t) = e—(iwo+70)t{cosh(qt) sin ngt)( w+,0 )}7

q=vV{A+iw,vy+iw) = \/72 — w? + 2iyw(ng, nr).
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Comparison between the methods
Algebraic approach

@ Gives transformations that explicitly relate quadratic Lindbladians
and effective non-Hermitian Hamiltonians;

@ Demonstrates efficiency in solving single-mode spectral problem
(expressions for the eigenoperators and the biorthogonality
relations are relatively easy to derive);

@ Applicable for developing of algebraic perturbative techniques and
has potential as a tool for improving numerical algorithms.

v

Method of characteristic function

@ Solving equation for the normally ordered characteristic function
avoids dealing with matrix Riccati equations;

@ Higher order moments can be easily computed;
@ Gives the Green function;
@ Provides the steady state matrix W used in the algebraic analysis.
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Exceptional points (EP)

EP of a parameter dependent matrix

The point in the parameter space where two or more eigenvalues and
the corresponding eigenvectors coalesce (reduced dimensionality of
eigenspaces and normal Jordarn block structure).

EP of Leg = J; is the EP of the matrix L = —iQ — T

EP conditionat N =2

g=0=w=~vyandnr L ng=
= P(t)]g—0 = e—("woﬂo)f{/_ YH(iw —i—’y,a)}.
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9 Speed of evolution
@ Gaussian states
@ Polarization qubit states
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Quantum speed limits for pure states and unitary

evolution

Mandelstam-Tamm uncertainty relation

S = —[H 8] = AHAS > g|(a G S
h

h
t> Earccos|( 0)|y (1)) < tgsL = AR’

™ — SRRy 2
t> 22| AH=/(FR) - (F)2.

Unified (Mandelstam-Tamm and Margolus-Levitin) QSL bound

N =

T h h
tZ tQSLZEmaX{E,m}.
)
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QSL speeds and times for mixed states

Distinguishability measures

1() = 5(0)llp,  [|All, = (Tr |AIP)!/P is the Schatten-p-norm,

Fulp(0), 7(1)) = 1v/3(0)v/(D)|2 is the Uhimann fidelity 2 2= @O,
F(0,t) = Tr[p(0)(1)], F(t1, ) = Tr[p(t)p(t2)] is the fidelity of evolution

Speed of evolution as an upper bound of the rate of change

0,00 < vy = || 22| | || 200 - s0)le| < vy

Time-dependent quantum speed limit (QSL) times

Ao A B t
to(t) = LU BN ) - 220y, = 3 [ vtoar,

t > tys > tr.
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9 Speed of evolution
@ Gaussian states
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Speed of evolution [Kiselev et al. Entropy 24, 1774

(2022)]

Initial and evolved states
[4(0)) = explnKy — " K_J[0)|, 5 =re®, K. =K' =244,

(@) = exp{ ~3 (@', Qoa) + 4 [(e Poa) + (o, Poa)’] ).

Qg = cosh(2r)og, Pg = sinh(2r)e oy,

x(s,t) = exp {—%(S,G(t)s)} ,8 = \/E(Reoq,...,lmom...,ImaN).

Fidelity and speed of evolution
F(ty, tp) = 2V[det(G(t) + G(1))] /2,
1

A1) = T / (s, G(1)s)2 exp {—%(S,G(t)s)} d2Ns
_ 1 iree-yR (GG~ 112
= 16\/m{[T (GG )" +2Tr([GG™']7) }-
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Time of disentanglement

1.4 B
| — r=005<r, 1

S
Parameters B
Yola(0) = =
In(1+ (1 —e~2")/2n7) 1

0.8_\||||||\|‘|||||\|\|||||\
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Long-time asymptotic ratio for fidelity based QSL

time at different temperatures

te/t 2% gp =

(1~ Floo) 5w
S0 = /0 v()dt
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Long-time asymptotic ratio for fidelity based QSL

time at different temperatures

0.8¢

0.7]
te/t 172 kg =
(1 = F(00)/ S0

Suo = / v(t)dt 0.5
i :

J-0.6f

041

0.3,
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Long-time asymptotic ratio for fidelity based QSL

time at different temperatures

te/t 172 kg =

(1~ Floo) 5w
S0 = /0 v(t)dt
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Long-time asymptotic ratio for Hilbert-Schmidt

distance based QSL time at different temperatures

t—o00
ths/t —— KHs =

0 r

A " 0.7
1Pea = PO)ll2/00r <77
Soo = / v(t)dt 0.6
i _

0.4
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Long-time asymptotic ratio for Hilbert-Schmidt

distance based QSL time at different temperatures

0.9}
0.8}
tis/t =5 ks = 2 i
0ea — P(0 Soos I
(| Peq p(oo)llz/ ~ 01}
S0 = / v(1)dt :
0 i
< 06}
: L L L " L " L " l L
0.5 0.5 i 15 2
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Long-time asymptotic ratio for Hilbert-Schmidt

distance based QSL time at different temperatures
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9 Speed of evolution

@ Polarization qubit states
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Low-temperature approximation

Initial polarization qubit state

[9(0)) = cos 214 0v) + €sin & 04, 10)

A - 1

p(0) = K )10)(0],  Ro = 5 {00+ (n, o)},
Linear approximation

p(t) = po(t) + nTp1(1),

Zero-temperature and first-order terms

o(t) = (KRG +[0)(0], R=P(t)RoPi(t), r=1-TtR,
pi(t) = RPRE + &G +v)l0y0], Q=1-P)PH(1),
V=Q-QTrR-RTrQ—-{R,Q}, v=Tr(RQ)+TrRTrQ—-TrQ.

QOART Talk 40/49
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v2(t) = det G{ F(R, R) — 2nr [F(P, R) = F(P, R, R)] + & [F(P, P)

—~2F(P,P,R)+ F(P,P,R.R)]}, G=(I+2nr(I— PP~

where
F(Aq,A2) = Z Z /1 in(1) Izlp = Tr(A1 ) Tr(AZ) + Tr(A1 AZ)
PES: itz
F A1 ) A27 A3 Z Z A1 ’1 ’p ’2’p (A3)i3ip(3)
PES; it i2,13

= Tr(A1) Tr(A) Tr(As) + Tr(Ay) Tr(A2Ag) + Tr(Az) Tr(A; Ag)
+ Tl'(lz\;g) TI‘(A1 /2\2) + TI'(A1 /2\212\3) + TI‘(/Z\1 12\3/2\2)
F(A17A27A37A4 Z Z A1 I1Ip A2 12/p (A3)13/p (A )I4Ip (4 —

PESy it,l2,l3,is

A = AiG.
QOART Talk )
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Speed of evolution as a function of time

at w = v and different 6

Parameters
0=mn/4,¢=0,

w = 0.97(0,0,1), v =
0.970(sin Or, 0, cos Or),
Or =m/2.

06/02/2025 (ITMO)

Evolution speed, v/y0

|_ n_=0_.n =01_. nT=0.3|

=
1

o
L]
1

o
=
1

0.05

0.01

Lindblad dynamics

3
0 1 2 3 4
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Speed of evolution as a function of time

at w = v and different 6

|_ n_=0_.n =01_. nT=0.3|

5_
& 1
>
T 0.5
Parameters §
0=mn/4,¢=0, g
w=0.91(0,0,1),y= % 0.1
0.970(sinfr,0,cos6r), 2 o.05-
Or =7/4.
0.01 |
0 1 2 3 4
vy t
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Speed of evolution as a function of time

at w = v and different 6

|_ n_=0_.n =01_. nT=0.3|

5\
S
N
5 0.5
§
0:71'/4,¢:0, .E ol
w :09’70(07071)!7: E )
0.97o(sin 0r, 0, cos ), ..."j 0.05 -
Or = 0. J
0.01
0.005 1
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Speed of evolution as a function of time

at 0 = 7/2 and different w

|_ n_=0_.n =01_. nT=0.3|

50

S
>

35 0.5
Parameters g

0=n/4,¢=0, o o
w =w(0,0,1), 5

v =0.97(1,0,0), s 0057

w = 0. )
0.01 1
0.005
1] 1 2 3 4
v t

06/02/2025 (ITMO) Lindblad dynamics QOART Talk 45/49



Speed of evolution as a function of time

at 0 = 7/2 and different w

|_ n_=0_.n =01_. nT=0.3|

5_
£ 14
>
T 0.5-
0:7r/4,¢:0, g
w =w(0,0,1), £ 0.1
’7:0-970(1a070)= ,E 0.05
w =". '
0.01 -
0 1 2 3 a
'yt
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Speed of evolution as a function of time

at 0 = 7/2 and different w

|_ n_=0_.n =01_. nT=0.3|

5_
1_
L 05-
3
0=mr/4, ¢ =0, § 0051
w =w(0,0,1), 5
V= 0970(13070)= E 0.01 1
w = 3. | 0.005-
0.001 -
° 1 2 3 4
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Conclusions

@ Jump-eliminating transformations of the algebraic method are
determined by the steady state density matrix.

@ In two-mode bosonic system, geometry of coherent and
incoherent interactions between modes and EP conditions can be
described in terms of the frequency and the relaxation rate
vectors.

@ Intermode coupling have a pronounced effect on QSL times and
speed of evolution.
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Thank you for attention!
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