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A generalization: & = v(z), v(0) =0; x € R", v € C*°.

THEOREM (A.N. Kuznetsov, 1972). Let

(7) n _
Z@M)j, /e R", = const > 0.

be a formal solution. Then there exists a true solution t — x(t) such
that

1) z(t) — 0 as t — oo,
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An application: an energy criterion for stability

Lagrange’s equations

(8T> o OV g

dr) dr Oz

1
T = — .qi(x)x; x; 1s the kinetic ener
2293( ) &i &Y gij, V € C®(R")

V:R" — R is the potential energy
Let dV(0) = 0. Then there is an equilibrium at z = 0
V=V(0)+Voa+V, + Vi1 +--- is the Maclaurin series, m > 3



LYAPUNOV’S THEOREM: if Vo has no minimum at x = 0, then this is
an unstable equilibruim.

Assume that Vo, > 0. If V5 is positive definite, then the equilibrium
is stable (the Lagrange—Dirichlet theorem).

IT = {z € R": Vo(x) = 0} is a linear space; assume that dimII > 1
and let W,,, be the restriction of V,,, to II.

THEOREM (1986). If W,, has no minimum at * = 0, then the
equilibrium at x = 0 s unstable.

2 |
p=_——; for even m > 4 the coefficients x(9) are polynomials of
m PR

Int.

If t — x(t) is a solution, then t — z(—t) is also a solution.



EULER AND MECHANICS

A. Natural equations of motion

ma=7F, F=F7+F,i+F3

va

mo=F, — =F, Fz=0
0

s = v is the velocity

p is the curvature radius of the trajectory

F' = 0: inertial motion

Trajectories = geodesics



m v
T
K =7 x (mv) =mr x v is the angular momentum
- K:M,M:eristhetorque
D.
w lw+wxlw=M

w is the angular velocity of the body
in moving space

I is the inertia operator

M is the total torque

74



to
5/ T dt =0, T +V = h = const

t1

1 oo : : :
T = 5 Zgij Ti Ly, ds® = (h — V) Zgii dx; dx; is the Jacobl metric

“MAUPERTUIS PRINCIPLE”: the trajectories of the motion with total energy
h =T + V are geodesics of the metric ds.

F. Equations of motion of an ideal fluid:

p(c% ov )_ Ip oV dp

ot T oxl) T "or Par o Tdivier) =0

Euler’s equation the equation of continuity



Ov oh

e + (rotv) x v = 5 Lamb’s equation,
2
h= + & +V is the Bernoulli function,

2
2 is the pressure function: p~ ' dp = d ¥

Stationary flows in a bounded domain

B. ={x: h(x) = ¢} are the Bernoulli surfaces

rotv
v and rot v are tangent to B,
rot v

1o
B. B, are 2-tori foliated by almost

furthermore, v and commute

periodic trajectories



G. Elasticity theory
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H. Celestial mechanics
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Collinear solutions fixed point masses

of the three body problem Two-center problem
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12 — 2z cosp + 1 = 0; xopHE €' u e~
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®opmyna Ditnepa: e'¥ = 2cos @ —

e'¥ = 2cosp — i

2cosp- -

2cosp —

Pacxomurcst mpu Beex x # wk (k — meroe)

[lonxomsgmasi JpoOb ¢ HOMEPOM 71 PaBHA

' 1
8111(?*1 + 1) — coso+ CO8 TP
sin ng sin ng

sin @

caBur @ = o +ig, € # 0 ctgp = fo(p) = ﬁ— g:(p) = e¥e= — e,

[Ipu € # 0 dynkmus g. e umeer ocobennocreit Ha R = {p}.



Teopema I'. Beiins: ecu ¢ HecomsmMepumo ¢ 7, TO

1 27
fe(np) — = fe(x)dz (C).
T Jo
Wurerpan pased —2mi (27i), ecm € > 0 (¢ < 0).

¢ — 0 = n-as moaxo/siiast Apodb CXOIUTCS B CpeHeM (ITOCIe CKOJIb

yrogao maJsoro cMemanns € B C) Kak pa3 K cos @ Fising = eT?¥,
O6obmenwue: mycth z — f(z) — mepomopdras dyaknus Ha C, mpuyem
1) f(z+427) = f(z) nns Bcex z € C

2) f mpuHEMaeT BelleCcTBEHHbIE 3HAYEHWs IpH z € R

[Monoxum f:(p) = f(p +ic), € € R.

Teopema. Ilycrs o/ 7 uppamuonaasuo. Torma nmpu mMaisix € # 0

i (@) + £:20) + ... f.(na)

n— 00 T
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IpUIeM
1) a u b He 3aBUCAT OT &,
2) 3HAK B MPaBOi 9acTH (*) 3aBHCHUT TOJIHKO OT 3HAKA &,

3) 2b paBHO cymMe BbIYeTOB (hYHKIHH [ B MOJIOCAX HA OTPE3Ke

{0 < p<2n} CR.

[Tpumep: ecim f(z) = ctgz, To a = 0 u Ha oTpe3ke ¢ mod 27 oHa

HMeeT IBa II0JII0Ca, BBI9€TBI B KOTOPBIX PaBHBI 1. C.IIEE,II;CIBc’:‘LTe.]IE-HOj
b=1.

JTAH, 474:4 (2017), 410-412.
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