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1. Ââåäåíèå

Â ïëàçìåííîé ýëåêòðîííîé ìàãíèòíîé ãèäðîäèíàìèêå ðàçðàáîòàí ïîä-
õîä, â êîòîðîì ýëåêòðîííàÿ ñîñòàâëÿþùàÿ ïëàçìû ïðåäñòàâëåíà â âèäå
íàáîðà ñëó÷àéíûõ èëè ðåãóëÿðíî ðàñïðåäåëåííûõ òî÷å÷íûõ ýëåêòðîííûõ
âèõðåé. Ëîêàëüíûå íåñòàöèîíàðíûå äâèæåíèÿ â ñîîòâåòñòâóþùåé äâóìåð-
íîé âèõðåâîé ñèñòåìå îïèñûâàþòñÿ ñèëüíî íåëèíåéíûì óðàâíåíèåì1,2,3

ut = uxxuyy − u2
xy.

Óðàâíåíèå Êðûëîâà4

ut(uxxuyy − u2
xy) = σ,

ãäå σ (σ < 0) � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

1Smirnov V.V., Chukbar K.V. J. Experimental & Theoretical Physics. 2001. V. 93. No. 1. 126�135.
2Zaburdaev V.Yu., Smirnov V.V., Chukbar K.V. Plasma Physics Reports. 2014. V. 30. No. 3. 214�217.
3Ohkitani K., Sultu F. Al. J. Physics A: Math. & Theor. 2013. V. 46. No. 20. 205501. 19 pp.
4Êðûëîâ Í.Â. Ñèá. ìàòåì. æóðí.. 1976. Ò. 17. � 2. 290�303.
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Â äîêëàäå áóäåò ðàññìîòðåíî îáîáùåííîå íåñòàöèîíàðíîå óðàâíåíèå
ìàãíèòíîé ãèäðîäèíàìèêè ñ íåëèíåéíîñòüþ òèïà Ìîíæà�Àìïåðà îòíî-
ñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì è ñòå-
ïåííîé íåëèíåéíîñòüþ ïðîèçâîäíîé ïî âðåìåíè

uxxuyy − u2
xy = σ(ut)

m, σ ̸= 0, (1.1)

ãäå m, σ � êîíñòàíòû.
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Îäíîðîäíîå óðàâíåíèå Ìîíæà�Àìïåðà

uxxuyy − u2
xy = 0

èìååò ðåøåíèå
u = f(ax + by),

ãäå f = f(z) � ïðîèçâîëüíàÿ ôóíêöèÿ. Ðåøåíèå ax + by ÿâëÿåòñÿ
ôóíêöèîíàëüíî-èíâàðèàíòíûì ðåøåíèåì.

Íåñòàöèîíàðíûå óðàâíåíèÿ òèïà Ìîíæà�Àìïåðà, êàê è ñòàöèîíàðíûå
óðàâíåíèÿ òèïà Ìîíæà�Àìïåðà, èìååò ñâîéñòâà, íåîáû÷íûå äëÿ áîëåå
ïðîñòûõ êâàçèëèíåéíûõ óðàâíåíèé, êîòîðûå ëèíåéíû îòíîñèòåëüíî ñòàð-
øèõ ïðîèçâîäíûõ. Â ÷àñòíîñòè, â îòëè÷èå îò ïîäàâëÿþùåãî áîëüøèíñòâà
äðóãèõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè, êîòîðûå íå çàâèñÿò ÿâíî îò
íåçàâèñèìûõ ïåðåìåííûõ, îíè íå èìåþò ïðîñòûõ ðåøåíèé òèïà áåãóùåé
âîëíû u = U(ax + by + ct) è áîëåå ñëîæíûõ ¾äâóìåðíûõ¿ ðåøåíèé âè-
äà u = V (ax + by, t), ãäå a, b, c � ïðîèçâîëüíûå ïîñòîÿííûå, U ′ ̸≡ 0 è
Vt ̸≡ 0.
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Â äàííîé ðàáîòå îñíîâíîå âíèìàíèå óäåëåíî ïîñòðîåíèþ òî÷íûõ ðåøå-
íèé óðàâíåíèÿ (1.1).

Ïîä òî÷íûìè ðåøåíèÿìè íåëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè ïîíèìàþòñÿ ðåøåíèÿ, êîòîðûå âûðàæàþòñÿ:
(a) ÷åðåç ýëåìåíòàðíûå ôóíêöèè;
(b) ÷åðåç ýëåìåíòàðíûå ôóíêöèè è íåîïðåäåë¼ííûå èíòåãðàëû (ðåøåíèÿ
â êâàäðàòóðàõ);
(c) ÷åðåç ðåøåíèÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ)
èëè ñèñòåì ÎÄÓ.

Ïîä ðåäóêöèÿìè ðàññìàòðèâàåìîãî óðàâíåíèÿ îáû÷íî ïîíèìàþòñÿ óðàâ-
íåíèÿ ìåíüøåé ðàçìåðíîñòè èëè áîëåå íèçêîãî ïîðÿäêà, âñå ðåøåíèÿ êî-
òîðûõ ÿâëÿþòñÿ ðåøåíèÿìè äàííîãî óðàâíåíèÿ.

Ðåäóêöèè èãðàåò êëþ÷åâóþ ðîëü â ïîñòðîåíèè òî÷íûõ ðåøåíèé äèô-
ôåðåíöèàëüíûõ óðàâíåíèé è ïðèâîäÿò ê áîëåå ïðîñòûì óðàâíåíèÿì. Äëÿ
íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ íàèáîëåå âàæíûìè ÿâ-
ëÿþòñÿ îäíîìåðíûå ðåäóêöèè, ñ ïîìîùüþ êîòîðûõ ìîæíî âûðàçèòü èõ
ðåøåíèÿ ÷åðåç ðåøåíèÿ ãîðàçäî áîëåå ïðîñòûõ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé.

5 / 40



2. Ñèììåòðèè ôîðìóëû ðàçìíîæåíèÿ ðåøåíèé
íåñòàöèîíàðíîãî óðàâíåíèÿ òèïà Ìîíæà � Àìïåðà

Îïåðàòîðû ñèììåòðèè óðàâíåíèÿ (1.1) èùåì â âèäå

X = ξ1(x, y, t, u)
∂

∂x
+ ξ2(x, y, t, u)

∂

∂y
+ ξ3(x, y, t, u)

∂

∂t
+ η(x, y, t, u)

∂

∂u
.

(2.1)
2.1. Îñíîâíîé ñëó÷àé ïðè m ̸= 2

Ïðèìåíÿÿ êðèòåðèé èíâàðèàíòíîñòè4, ïîëó÷èì ñëåäóþùóþ ïåðåîïðå-
äåëåííóþ ëèíåéíóþ îäíîðîäíóþ ñèñòåìó îïðåäåëÿþùèõ óðàâíåíèé:

ξ1t = 0 , ξ1u = 0 , ξ2t = 0 , ξ2u = 0 ,

ξ3x = 0 , ξ3y = 0 , ξ3u = 0 ,

ηt = 0 , ηu +
2ξ1x + 2ξ2y − mξ3t

m − 2
= 0 ,

ξ1xx = 0 , ξ1xy = 0 , ξ1yy = 0 ,

(2.2)

ξ2xx = 0 , ξ2xy = 0 , ξ2yy = 0 ,

ξ3tt = 0 , ηxx = 0 , ηxy = 0 , ηyy = 0 .

5Îâñÿííèêîâ Ë.Â. Ãðóïïîâîé àíàëèç äèôôåðåíöèàëüíûõ óðàâíåíèé. Ì.: Íàóêà, 1978.
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Ðåøåíèå ñèñòåìû óðàâíåíèé (2.2) äàåòñÿ ôîðìóëàìè

ξ1 = α1x + α2y + α3 ,

ξ2 = α4x + α5y + α6 ,

ξ3 = α7t + α8 ,

η =
mc7 − 2(α1 + α5)

m − 2
u + α9x + α10y + α11,

ãäå αj (j = 1, . . . , 11) � ïðîèçâîëüíûå ïîñòîÿííûå.
Óòâåðæäåíèå 1. Áàçèñ àëãåáðû Ëè îïåðàòîðîâ ñèììåòðèè óðàâíåíèÿ (1.1)

ïðè m ̸= 2 èìååò âèä

X1 =
∂

∂x
, X2 =

∂

∂y
, X3 =

∂

∂t
, X4 =

∂

∂u
,

X5 = y
∂

∂x
, X6 = x

∂

∂y
, X7 = x

∂

∂u
, X8 = y

∂

∂u
,

X9 = x
∂

∂x
−

2u

m − 2

∂

∂u
, X10 = y

∂

∂y
−

2u

m − 2

∂

∂u
,

X11 = t
∂

∂t
+

mu

m − 2

∂

∂u
.
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Èç óòâåðæäåíèÿ 1 ñëåäóåò:
Óòâåðæäåíèå 2. Ïðè m ̸= 2 ïðåîáðàçîâàíèå

x̄ = a1x + b1y + c1, ȳ = a2x + b2y + c2, t̄ = pt + q, p ̸= 0,

ū = ku + a3x + b3y + c3,

k = p |p|
2

m−2 |a1b2 − a2b1|
− 2

m−2, a1b2 − a2b1 ̸= 0,

(2.3)

ãäå a1, a2, a3, b1, b2, b3, c1, c2, c3, p, q�ïðîèçâîëüíûå ïîñòîÿííûå, ïðå-

îáðàçóåò óðàâíåíèå (1.1) â ñåáÿ.

Îäèííàäöàòèïàðàìåòðè÷åñêîå ïðåîáðàçîâàíèå (2.3) ïîçâîëÿåò ñ ïîìî-
ùüþ áîëåå ïðîñòûõ ÷àñòíûõ ðåøåíèé óðàâíåíèÿ (1.1) ñòðîèòü åãî áîëåå
ñëîæíûå òî÷íûå ðåøåíèÿ. À èìåííî, åñëè u = Φ(x, y, t)�ðåøåíèå óðàâ-
íåíèÿ (1.1) ïðè m ̸= 2, òî ôóíêöèÿ

u =
1

k
[Φ(a1x + b1y + c1, a2x + b2y + c2, pt + q) − (a3x + b3y + c3)]

òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî óðàâíåíèÿ.
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2.2. Ñèììåòðèè óðàâíåíèÿ (1.1) â ñïåöèàëüíîì ñëó÷àå
ïðè m = 2

Îïåðàòîðû ñèììåòðèè óðàâíåíèÿ (1.1) ïðè m = 2, êàê è ðàíåå, èùåì â
âèäå (2.1). Èñïîëüçóÿ êðèòåðèé èíâàðèàíòíîñòè, â ýòîì ñëó÷àå ïðèõîäèì
ê ïåðåîïðåäåëåííîé ñèñòåìå îïðåäåëÿþùèõ óðàâíåíèé

ξ1t = 0 , ξ1u = 0 , ξ2t = 0 , ξ2u = 0 ,

ξ3x = 0 , ξ3y = 0 , ξ3u = 0 , ξ1x + ξ2y − ξ3t = 0 ,

ηt = 0 , ξ1xx = 0 , ξ2xx = 0 , ξ2xy = 0 , ξ2yy = 0 ,

ξ3tt = 0 , ηxx = 0 , ηxy = 0 , ηyy = 0 ,

ηxu = 0 , ηxu = 0 , ηuu = 0 .

Ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé èìååò âèä

ξ1 = α1x + α2y + α3 ,

ξ2 = α4x + α5y + α6 ,

ξ3 = (α1 + α5)t + α7 ,

η = α8x + α9y + α10u + α11,

ãäå αj (j = 1, . . . , 11) � ïðîèçâîëüíûå ïîñòîÿííûå.
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Óòâåðæäåíèå 3. Áàçèñ àëãåáðû Ëè îïåðàòîðîâ ñèììåòðèè óðàâíåíèÿ (1.1)
ïðè m = 2 èìååò âèä

X1 =
∂

∂x
, X2 =

∂

∂y
, X3 =

∂

∂t
, X4 =

∂

∂u
,

X5 = y
∂

∂x
, X6 = x

∂

∂y
, X7 = x

∂

∂u
, X8 = y

∂

∂u
,

X9 = u
∂

∂u
, X10 = x

∂

∂x
+ t

∂

∂t
, X11 = y

∂

∂y
+ t

∂

∂t
.

Èç óòâåðæäåíèÿ 3 ñëåäóåò:
Óòâåðæäåíèå 4. Ïðè m = 2 ïðåîáðàçîâàíèå

x̄ = a1x + b1y + c1, ȳ = a2x + b2y + c2,

t̄ = pt + q, p = a1b2 − a2b1, a1b2 − a2b1 ̸= 0,

ū = ku + a3x + b3y + c3, k ̸= 0,

(2.4)

ãäå a1, a2, a3, b1, b2, b3, c1, c2, c3, k, q�ïðîèçâîëüíûå ïîñòîÿííûå, ïðå-

îáðàçóåò èñõîäíîå óðàâíåíèå (1.1) â ñåáÿ.
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Îäèííàäöàòèïàðàìåòðè÷åñêîå ïðåîáðàçîâàíèå (2.4) ïîçâîëÿåò ñ ïîìî-
ùüþ áîëåå ïðîñòûõ ÷àñòíûõ ðåøåíèé óðàâíåíèÿ (1.1) ñòðîèòü åãî áîëåå
ñëîæíûå òî÷íûå ðåøåíèÿ. À èìåííî, åñëè u = Φ(x, y, t)�ðåøåíèå óðàâ-
íåíèÿ (1.1) ïðè m = 2, òî ôóíêöèÿ

u =
1

k
[Φ(a1x + b1y + c1, a2x + b2y + c2, pt + q) − (a3x + b3y + c3)]

òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî óðàâíåíèÿ.
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3. Äâóìåðíûå ñèììåòðèéíûå ðåäóêöèè

3.1. Äâóìåðíûå ðåäóêöèè óðàâíåíèÿ (1.1) â îñíîâíîì ñëó÷àå
ïðè m ̸= 2

1◦. Â îáùåì ñëó÷àå ïðè ëþáîì m, ïåðåõîäÿ â (1.1) ê ïåðåìåííûì òèïà
áåãóùåé âîëíû

u = U(ξ, η), ξ = x + a1t, η = y + a2t, (3.1)

ãäå a1 è a2�ïðîèçâîëüíûå ïîñòîÿííûå, ïðèõîäèì ê äâóìåðíîìó óðàâíå-
íèþ òèïà Ìîíæà�Àìïåðà

UξξUηη − U2
ξη = σ(a1Uξ + a2Uη)

m .

Ðåøåíèå âèäà (3.1) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî îäíîïàðàìåò-
ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðîì ñèììåòðèè

Y = a1X1 + a2X2 − X3 = a1

∂

∂x
+ a2

∂

∂y
−

∂

∂t
.
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2◦. Ïðè m ̸= 2, ïåðåõîäÿ â óðàâíåíèè (1.1) ê ïåðåìåííûì àâòîìîäåëü-
íîãî òèïà

u = t
2α+2β+m

m−2 U(ξ, η), ξ = xtα, η = ytβ, (3.2)

ãäå α è β�ïðîèçâîëüíûå ïîñòîÿííûå, ïîëó÷èì äâóìåðíîå óðàâíåíèå òèïà
Ìîíæà �Àìïåðà ñ ïåðåìåííûìè êîýôôèöèåíòàìè ïðè ìëàäøèõ ïðîèç-
âîäíûõ

UξξUηη − U2
ξη = σ

(
αξUξ + βηUη +

2α + 2β + m

m − 2
U
)m

. (3.3)

Ðåøåíèå âèäà (3.3) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî îäíîïàðàìåò-
ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðîì ñèììåòðèè

Y = αX9 + βX10 − X11 = αx
∂

∂x
+ βy

∂

∂y
− t

∂

∂t
−

(2α + 2β + m)u

m − 2

∂

∂u
.
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3◦. Ïðè m ̸= 2, ïåðåõîäÿ â óðàâíåíèè (1.1) ê ïåðåìåííûì ïðåäåëüíîãî
àâòîìîäåëüíîãî òèïà

u = exp
[2(α + β)

m − 2
t
]
U(ξ, η), ξ = x exp(αt), η = y exp(βt), (3.4)

ãäå α è β�ïðîèçâîëüíûå ïîñòîÿííûå, ïîëó÷èì äðóãîå äâóìåðíîå óðàâíå-
íèå òèïà Ìîíæà�Àìïåðà ñ ïåðåìåííûìè êîýôôèöèåíòàìè ïðè ìëàäøèõ
ïðîèçâîäíûõ

UξξUηη − U2
ξη = σ

(
αξUξ + βηUη +

2(α + β)

m − 2
U
)m

. (3.5)

Ðåøåíèå âèäà (3.5) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî îäíîïàðàìåò-
ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðîì ñèììåòðèè

Y = αX9 + βX10 − X3 = αx
∂

∂x
+ βy

∂

∂y
−

∂

∂t
−

2(α + β)u

m − 2

∂

∂u
.
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3.2. Äâóìåðíûå ðåäóêöèè óðàâíåíèÿ (1.1)
â ñïåöèàëüíîì ñëó÷àå ïðè m = 2

1◦. Ïðè m = 2 èìåþòñÿ ðåøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì
ïåðåìåííûõ âèäà

u = eλtU(x, y), (3.6)

ãäå λ� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à ôóíêöèÿ U = U(x, y) îïèñûâàåòñÿ
äâóìåðíûì óðàâíåíèåì

UxxUyy − U2
xy = σλ2U2.

Ðåøåíèå âèäà (3.6) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî îäíîïàðàìåò-
ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðîì ñèììåòðèè

Y = X3 + λX9 =
∂

∂t
+ λu

∂

∂u
.
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2◦. Ïðè m = 2 èìåþòñÿ äðóãèå ðåøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäå-
ëåíèåì ïåðåìåííûõ

u = eγxU(y, t), (3.7)

ãäå λ� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à ôóíêöèÿ U = U(x, y) îïèñûâàåòñÿ
äâóìåðíûì óðàâíåíèåì

UUyy − U2
y = σγ−2U2

t .

Ðåøåíèå âèäà (3.7) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî îäíîïàðàìåò-
ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðîì ñèììåòðèè

Y = X1 + γX9 =
∂

∂x
+ γu

∂

∂u
.

Çàìå÷àíèå 1. Áîëåå ñëîæíûå äâóìåðíûå ðåäóêöèè óðàâíåíèÿ (1.1) ìîæ-
íî ïîëó÷èòü, çàìåíèâ â ðåøåíèÿõ (3.1), (3.2), (3.4), (3.6), (3.7) ïðîñòðàí-
ñòâåííûå ïåðåìåííûå èõ ïðîèçâîëüíûìè ëèíåéíûìè êîìáèíàöèÿìè ïî
ïðàâèëó x =⇒ a1x + b1y è y =⇒ a2x + b2y.
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4. Îäíîìåðíûå ñèììåòðèéíûå ðåäóêöèè è òî÷íûå ðåøåíèÿ

4.1. Îäíîìåðíûå ðåäóêöèè óðàâíåíèÿ (1.1)
â îñíîâíîì ñëó÷àå ïðè m ̸= 2

1◦. Ïðè m ̸= 2 ïðîñòåéøèì èíâàðèàíòíûì ðåøåíèåì óðàâíåíèÿ (1.1),
äîïóñêàþùèì ïðåîáðàçîâàíèå ìàñøòàáèðîâàíèÿ, ÿâëÿåòñÿ ðåøåíèå â âèäå
ïðîèçâåäåíèÿ ñîîòâåòñòâóþùèõ ñòåïåíåé íåçàâèñèìûõ ïåðåìåííûõ

u = A(xy)
− 2

m−2t
m

m−2, A =

[
4(m + 2)(m − 2)m−3

σmm

] 1
m−2

. (4.1)

Ýòó ôîðìóëó ìîæíî èñïîëüçîâàòü ïðè òåõ çíà÷åíèÿõ ïàðàìåòðîâ m è σ,
êîãäà A�äåéñòâèòåëüíîå ÷èñëî.
Íèæå ðàññìîòðåíî íåñêîëüêî èíâàðèàíòíûõ ðåøåíèé, êîòîðûå îáîáùà-

þò ðåøåíèå (4.1) è ìîãóò áûòü ïîëó÷åíû ñ ïîìîùüþ ïðîñòûõ ìåòîäîâ,
îïèñàííûõ â5,6.

6Aksenov A.V., Polyanin A.D. Methods for constructing complex solutions of nonlinear PDEs using

simpler solutions. Mathematics. 2021. V. 9. � 4. 345. 30 pp.
7Àêñåíîâ À.Â., Ïîëÿíèí À.Ä. Îáçîð ìåòîäîâ ïîñòðîåíèÿ òî÷íûõ ðåøåíèé óðàâíåíèé ìàòåìàòè÷å-

ñêîé ôèçèêè, îñíîâàííûõ íà èñïîëüçîâàíèè áîëåå ïðîñòûõ ðåøåíèé. Òåîðåòè÷åñêàÿ è ìàòåìàòè÷å-

ñêàÿ ôèçèêà. 2022. Ò. 211. � 2. 567�594.
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Ðåøåíèå (4.1) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì áîëåå øèðîêîãî ñåìåéñòâà èí-
âàðèàíòíûõ ðåøåíèé âèäà

u = x
− 2

m−2t
m

m−2f(z), z = y + β ln t, (4.2)

ãäå β � ñâîáîäíûé ïàðàìåòð, à ôóíêöèÿ f = f(z) îïèñûâàåòñÿ ÎÄÓ

2m

(m − 2)2
ff ′′

zz −
4

(m − 2)2
(f ′

z)
2 = σ

( m

m − 2
f + βf ′

z

)m
.

Ðåøåíèå âèäà (4.2) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî äâóõïàðàìåò-
ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðàìè ñèììåòðèè

Y1 = X9 = x
∂

∂x
−

2u

m − 2

∂

∂u
,

Y2 = −βX2 + X11 = −β
∂

∂y
+ t

∂

∂t
+

mu

m − 2

∂

∂u
.
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Ðåøåíèå (4.1) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì äðóãîãî áîëåå øèðîêîãî ñå-
ìåéñòâà èíâàðèàíòíûõ ðåøåíèé âèäà

u = x
− 2

m−2t
m

m−2g(ξ), ξ = y + λ lnx, (4.3)

ãäå λ � ñâîáîäíûé ïàðàìåòð, à ôóíêöèÿ f = f(z) óäîâëåòâîðÿåò ÎÄÓ

λg′
ξg

′′
ξξ −

2m

(m − 2)2
gg′′

ξξ +
4

(m − 2)2
(g′

ξ)
2 = −σ

( m

m − 2
g
)m

, m ̸= 2.

Ðåøåíèå âèäà (4.3) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî äâóõïàðàìåò-
ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðàìè ñèììåòðèè

Y1 = X11 = t
∂

∂t
+

mu

m − 2

∂

∂u
,

Y2 = λX2 − X9 = λ
∂

∂y
− x

∂

∂x
+

2u

m − 2

∂

∂u
.
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Ðåøåíèå (4.1) òàêæå ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì äðóãîãî áîëåå øèðîêîãî
ñåìåéñòâà èíâàðèàíòíûõ ðåøåíèé âèäà

u = (xy)
− 2

m−2φ(η), η = t + γ ln y, (4.4)

ãäå γ � ñâîáîäíûé ïàðàìåòð, à ôóíêöèÿ φ = φ(η) óäîâëåòâîðÿåò ÎÄÓ

2mγ2

(2 − m)2
φφ′′

ηη −
4γ2

(2 − m)2
(φ′

η)
2 +

2γ(m − 6)

(2 − m)3
φφ′

η −
4(m + 2)

(2 − m)3
φ2 = σ(φ′

η)
m.

Ðåøåíèå âèäà (4.4) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî äâóõïàðàìåò-
ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðàìè ñèììåòðèè

Y1 = X9 = x
∂

∂x
−

2u

m − 2

∂

∂u
,

Y2 = γX3 − X10 = y
∂

∂y
− γ

∂

∂t
−

2u

m − 2

∂

∂u
.
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2◦. Óðàâíåíèå (1.1) ïðè m ̸= 2 ñ èñïîëüçîâàíèåì èíâàðèàíòíûõ ïåðå-
ìåííûõ

u = t
2α+m
m−2 x

2(β−1)
m−2 V (ζ) , ζ = tαxβy (4.5)

ðåäóöèðóåòñÿ ê ÎÄÓ âòîðîãî ïîðÿäêà, êîòîðîå çäåñü íå ïðèâîäèòñÿ ââèäó
åãî ãðîìîçäêîñòè.
Ðåøåíèå âèäà (4.5) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî äâóõïàðàìåò-

ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðàìè ñèììåòðèè

Y1 = X9 − βX10 = x
∂

∂x
− βy

∂

∂y
+

2(β − 1)u

m − 2

∂

∂u
,

Y2 = X11 − αX10 = t
∂

∂t
− αy

∂

∂y
+

(2α + m)u

m − 2

∂

∂u
.
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3◦. Óðàâíåíèå (1.1) ïðè m ̸= 2 ñ èñïîëüçîâàíèåì èíâàðèàíòíûõ ïåðå-
ìåííûõ

u = exp
( 2αt

m − 2

)
x

2(β−1)
m−2 V (ζ), ζ = exp(αt)xβy (4.6)

ðåäóöèðóåòñÿ ê ÎÄÓ âòîðîãî ïîðÿäêà, êîòîðîå çäåñü íå ïðèâîäèòñÿ.
Ðåøåíèå âèäà (4.6) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî äâóõïàðàìåò-

ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðàìè ñèììåòðèè

Y1 = X3 − αX10 =
∂

∂t
− αy

∂

∂y
+

2αu

m − 2

∂

∂u
,

Y2 = X9 − βX10 = x
∂

∂x
− βy

∂

∂y
+

2(β − 1)u

m − 2

∂

∂u
.
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4◦. Óðàâíåíèå (1.1) ïðè m ̸= 2 ñ èñïîëüçîâàíèåì èíâàðèàíòíûõ ïåðå-
ìåííûõ

u = t
2α+m
m−2 exp

( 2βx

m − 2

)
V (ζ), ζ = tα exp(βx)y (4.7)

ðåäóöèðóåòñÿ ê ÎÄÓ âòîðîãî ïîðÿäêà, êîòîðîå çäåñü íå ïðèâîäèòñÿ.
Ðåøåíèå âèäà (4.7) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî äâóõïàðàìåò-

ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðàìè ñèììåòðèè

Y1 = X11 − αX10 = t
∂

∂t
− αy

∂

∂y
+

(2α + m)u

m − 2

∂

∂u
,

Y2 = X1 − βX10 =
∂

∂x
− βy

∂

∂y
+

2βu

m − 2

∂

∂u
.
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5◦. Óðàâíåíèå (1.1) ïðè m ̸= 2 ñ èñïîëüçîâàíèåì èíâàðèàíòíûõ ïåðå-
ìåííûõ

u = exp
(2αt + 2βx

m − 2

)
V (ζ), ζ = exp(αt + βx)y (4.8)

ðåäóöèðóåòñÿ ê ÎÄÓ âòîðîãî ïîðÿäêà, êîòîðîå çäåñü íå ïðèâîäèòñÿ.
Ðåøåíèå âèäà (4.8) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî äâóõïàðàìåò-

ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðàìè ñèììåòðèè

Y1 = X3 − αX10 =
∂

∂t
− αy

∂

∂y
+

2αu

m − 2

∂

∂u
,

Y2 = X1 − βX10 =
∂

∂x
− βy

∂

∂y
+

2βu

m − 2

∂

∂u
.
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4.2. Îäíîìåðíûå ðåäóêöèè óðàâíåíèÿ (1.1) â ñïåöèàëüíîì
ñëó÷àå ïðè m = 2

1◦. Ïðè m = 2 óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà

u = exp(a1x + b1y + c1t)U(ξ),

ξ = a2x + b2y + c2t, a1b2 − a2b1 ̸= 0,
(4.9)

ãäå a1, a2, b1, b2, c1, c2�ïðîèçâîëüíûå ïîñòîÿííûå, à ôóíêöèÿ U = U(ξ)
óäîâëåòâîðÿåò àâòîíîìíîìó ÎÄÓ

UU ′′
ξξ − (U ′

ξ)
2 = σ(a1b2 − a2b1)

−2(c1U + c2U
′
ξ)

2. (4.10)

Ðåøåíèå âèäà (4.9) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî äâóõïàðàìåò-
ðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé, çàäàâàåìîé îïåðàòîðàìè ñèììåòðèè

Y1 =
b1c2 − b2c1

a1b2 − a2b1

∂

∂x
−

a1c2 − a2c1

a1b2 − a2b1

∂

∂y
+

∂

∂t
,

Y2 =
b2

a1b2 − a2b1

∂

∂x
−

a2

a1b2 − a2b1

∂

∂y
+ u

∂

∂u
.
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Óðàâíåíèå (4.10) ïðè c1 = 0 ëåãêî èíòåãðèðóåòñÿ è èìååò ïðîñòîå ðåøå-
íèå

U = (Aξ + B)−k, k =
(a1b2 − a2b1)

2

σc22
,

ãäå A, B�ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðè c2 = 0 îáùåå ðåøåíèå óðàâíåíèÿ (4.10) äàåòñÿ ôîðìóëîé

U = A exp(λξ2 + Bξ), λ = 1
2
σc21(a1b2 − a2b1)

−2.

ãäå A, B�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Ïðè m = 2 óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà

u = eαtV (z), z = xy,

ãäå α � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à ôóíêöèÿ V = V (z) óäîâëåòâîðÿåò
íåàâòîíîìíîìó ÎÄÓ

2ζV ′
zV

′′
zz + (V ′

z )
2 + σα2V 2 = 0.
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5. Ðåäóêöèè ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ,
âåäóùèå ê ñòàöèîíàðíûì óðàâíåíèÿì Ìîíæà�Àìïåðà

1◦. Óðàâíåíèå (1.1) èìååò ðåøåíèÿ ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåí-
íûõ âèäà

u = At + w(x, y), (5.1)

ãäå A�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à ôóíêöèÿ w îïèñûâàåòñÿ ñòàöèîíàð-
íûì íåîäíîðîäíûì óðàâíåíèåì Ìîíæà � Àìïåðà ñ ïîñòîÿííîé ïðàâîé
÷àñòüþ

wxxwyy − w2
xy = σAm.

2◦. Íåòðóäíî ïðîâåðèòü, ÷òî óðàâíåíèå (1.1) äîïóñêàåò òî÷íîå ðåøåíèå
ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ âèäà (5.1), êîòîðîå âûðàæàåòñÿ â
ýëåìåíòàðíûõ ôóíêöèÿõ

u = C1x
2 + C2xy +

1

4C1

(
σAm + C2

2

)
y2 + C4x + C5y + At + C6,

ãäå A, C1, . . . , C5 (C1 ̸= 0)�ïðîèçâîëüíûå ïîñòîÿííûå.
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3◦. Èñïîëüçóÿ ðåçóëüòàòû7, ìîæíî ïîëó÷èòü, íàïðèìåð, ñëåäóþùèå òî÷-
íûå ðåøåíèÿ âèäà (5.1) óðàâíåíèÿ (1.1):

u = At ±
√
−σAm

C2

x(C1x + C2y) + φ(C1x + C2y) + C3x + C4y + C5,

u = At +
1

x + C1

(
C2y

2 + C3y +
C2

3

4C2

)
+

σAm

12C2

(x3 + 3C1x
2) + C4y + C5x + C6,

u = At ±
2
√
−σAm

3C1C2

(C1x − C2
2y

2 + C3)
3/2 + C4x + C5y + C6,

ãäå C1, . . . , C6 � ïðîèçâîëüíûå ïîñòîÿííûå, φ = φ(z) � ïðîèçâîëüíàÿ
ôóíêöèÿ.

8Polyanin A.D., Zaitsev V.F. Handbook of Nonlinear Partial Di�erential Equations, 2nd ed. Chapman &

Hall/CRC, Boca Raton�London, 2012.
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4◦. Óðàâíåíèå (1.1) äîïóñêàåò áîëåå ñëîæíûå, ÷åì (5.1), ðåøåíèÿ ñ îáîá-
ùåííûì ðàçäåëåíèåì ïåðåìåííûõ âèäà

u = (ax + by + c)t + w(x, y),

ãäå a, b, c�ïðîèçâîëüíûå ïîñòîÿííûå, à ôóíêöèÿ w îïèñûâàåòñÿ ñòàöèî-
íàðíûì íåîäíîðîäíûì óðàâíåíèåì Ìîíæà�Àìïåðà ñ ïåðåìåííîé ïðàâîé
÷àñòüþ

wxxwyy − w2
xy = σ(ax + by + c)m. (5.2)

Ïðè a = 1, b = c = 0 óðàâíåíèå (5.2) èìååò, íàïðèìåð, ñëåäóþùèå
òî÷íûå ðåøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

w = ±
2
√
−σ

m + 2
x

m+2
2 y + φ(x), m ̸= 2;

w = C1y
2 + C2xy +

C2
2

4C1

x2 +
σ

2C1(m + 1)(m + 2)
xm+2, m ̸= −1, −2;

w =
1

x

(
C1y

2 + C2y +
C2

2

4C1

)
+

σ

2C1(m + 2)(m + 3)
xm+3, m ̸= −2, −3,

ãäå φ(x)�ïðîèçâîëüíàÿ ôóíêöèÿ, à C1, C2�ïðîèçâîëüíûå ïîñòîÿííûå.
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6. Ðåäóêöèè ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ,
âåäóùèå ê ñòàöèîíàðíûì óðàâíåíèÿì Ìîíæà�Àìïåðà

1◦. Óðàâíåíèå (1.1) ïðè m ̸= 2 èìååò ðåøåíèÿ ñ ìóëüòèïëèêàòèâíûì
ðàçäåëåíèåì ïåðåìåííûõ

u = (t + A)
m

m−2U(x, y),

ãäå A� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à ôóíêöèÿ U = U(x, y) îïèñûâàåòñÿ
ñòàöèîíàðíûì óðàâíåíèåì Ìîíæà�Àìïåðà

UxxUyy − U2
xy = σ

( m

m − 2

)m
Um. (6.1)

Óðàâíåíèå (6.1), â ñâîþ î÷åðåäü, äîïóñêàåò ðåøåíèå ñ ìóëüòèïëèêàòèâ-
íûì ðàçäåëåíèåì ïåðåìåííûõ

U = x
2

2−mθ(y),

ãäå θ = θ(y) óäîâëåòâîðÿåò àâòîíîìíîìó ÎÄÓ

2mθθ′′
yy − 4(θ′

y)
2 = σ(m − 2)2

( m

m − 2

)m
θm.
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Ïîäñòàíîâêà Z(θ) = (θ′
y)

2 ïðèâîäèò ýòî óðàâíåíèå ê ëèíåéíîìó ÎÄÓ ïåð-
âîãî ïîðÿäêà

mθZ′
θ − 4Z = σ(m − 2)2

( m

m − 2

)m
θm,

êîòîðîå ëåãêî èíòåãðèðóåòñÿ.

2◦. Óðàâíåíèå (1.1) ïðè m = 2 äîïóñêàåò ðåøåíèå ñ ìóëüòèïëèêàòèâ-
íûì ðàçäåëåíèåì ïåðåìåííûõ

u = eλtU(x, y),

ãäå λ� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à ôóíêöèÿ U = U(x, y) îïèñûâàåòñÿ
ñòàöèîíàðíûì óðàâíåíèåì Ìîíæà�Àìïåðà

UxxUyy − U2
xy = σλ2U2. (6.2)

Óðàâíåíèå (6.2) äîïóñêàåò ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì
ïåðåìåííûõ, êîòîðîå âûðàæàåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ

U = C1e
βxθ(y), θ = exp

[
1
2
σ(λ/β)2y2 + C2y

]
ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå.
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7. Ðåäóêöèè ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ,
ïðèâîäÿùèå ê äâóìåðíîìó íåñòàöèîíàðíîìó óðàâíåíèþ

1◦. Óðàâíåíèå (1.1) äîïóñêàåò ðåøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïå-
ðåìåííûõ âèäà

u = 1
2
y2 + axy + 1

2
a2x2 + by + U(x, t),

ãäå a, b�ïðîèçâîëüíûå ïîñòîÿííûå, à ôóíêöèÿ U = U(x, t) îïèñûâàåòñÿ
ñðàâíèòåëüíî ïðîñòûì íåëèíåéíûì óðàâíåíèåì

Uxx = σUm
t . (7.1)

Äëÿ óðàâíåíèÿ ìàãíèòíîé ãèäðîäèíàìèêè, êîòîðîå îïðåäåëÿåòñÿ çíà-
÷åíèÿìè m = σ = 1 â (1.1), ðåäóöèðîâàííîå óðàâíåíèå (7.1) ÿâëÿåòñÿ
ëèíåéíûì óðàâíåíèåì òåïëîïðîâîäíîñòè.
Íåêîòîðûå òî÷íûå ðåøåíèÿ óðàâíåíèÿ (7.1) îïèñàíû íèæå.

2◦. Óðàâíåíèå (7.1) èìååò ïðîñòîå ðåøåíèå c àääèòèâíûì ðàçäåëåíèåì
ïåðåìåííûõ

U = At + 1
2
σAmx2 + Bx + C,

ãäå A, B, C�ïðîèçâîëüíûå ïîñòîÿííûå.
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3◦. Óðàâíåíèå (7.1) èìååò òî÷íîå ðåøåíèå â âèäå ïðîèçâåäåíèÿ ôóíêöèé
ðàçíûõ àðãóìåíòîâ U = T (t)X(x), â òîì ÷èñëå ïðîñòîå ðåøåíèå

U = A(t + C1)
m

m−1(x + C2)
2

1−m, A =

[
2(m + 1)(m − 1)m−2

σmm

] 1
m−1

.

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå.

4◦. Óðàâíåíèå (7.1) èìååò ðåøåíèå òèïà áåãóùåé âîëíû

U = U(z), z = x + λt,

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à ôóíêöèÿ U(z) îïèñûâàåòñÿ ïðîñòûì
àâòîíîìíûì ÎÄÓ

U ′′
zz = σλm(U ′

z)
m,

îáùåå ðåøåíèå êîòîðîãî ïðè m ̸= 1, 2 îïðåäåëÿåòñÿ ôîðìóëîé

U =
1

(2 − m)σλm

[
(1 − m)σλmz + C1

]2−m
1−m + C2,

C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå.
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Óðàâíåíèå (7.1) èìååò òàêæå áîëåå îáùåå ðåøåíèå âèäà

u = ax2 + bx + ct + U(z), z = x + λt,

ãäå a, b, c, λ� ïðîèçâîëüíûå ïîñòîÿííûå, à ôóíêöèÿ U(z) îïèñûâàåòñÿ
àâòîíîìíûì ÎÄÓ

U ′′
zz = σ

(
λU ′

z + c)m − 2a.

5◦. Óðàâíåíèå (7.1) ïðè m ̸= 1 äîïóñêàåò àâòîìîäåëüíûå ðåøåíèå

U = t
m+2β
m−1 V (ζ), ζ = xtβ,

ãäå ôóíêöèÿ V (ξ) îïèñûâàåòñÿ íåàâòîíîìíûì ÎÄÓ

V ′′
ζζ = σ

(m + 2β

m − 1
V + βζV ′

ζ

)m
.
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6◦. Óðàâíåíèå (7.1) ïðè m ̸= 1 èìååò èíâàðèàíòíîå ðåøåíèå âèäà

U = t
m

m−1θ(z), z = x + β ln t, (7.2)

ãäå β�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à ôóíêöèÿ θ = θ(z) îïèñûâàåòñÿ àâòî-
íîìíûì ÎÄÓ

θ′′
zz = σ

( m

m − 1
θ + βθ′

z

)m
.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ ïðè β = 0, ÷òî ñîîòâåòñòâóåò ðåøåíèþ ñ
ìóëüòèïëèêàòèâíûì ðàçäåëåíèå ïåðåìåííûõ (7.2), ìîæíî ïðåäñòàâèòü â
íåÿâíîé ôîðìå.

7◦. Óðàâíåíèå (7.1) ïðè m ̸= 1 èìååò äðóãîå èíâàðèàíòíîå ðåøåíèå
âèäà

U = exp
( 2β

m − 1
t
)
W (ξ), ξ = x exp(βt),

ãäå β � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à ôóíêöèÿ W = W (ξ) îïèñûâàåòñÿ
íåàâòîíîìíûì ÎÄÓ

W ′′
ξξ = σ

( 2β

m − 1
W + βξW ′

ξ

)m
.
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8◦. Óðàâíåíèå (7.1) ïðè m = −1 ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ýéëåðà8:

u(x, t) + w(ξ, τ ) = xξ, x = wξ, t = −τ/σ,

ïðèâîäèòñÿ ê ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

wτ = wξξ.

9Polyanin A.D., Zaitsev V.F. Handbook of Nonlinear Partial Di�erential Equations, 2nd ed. Chapman &

Hall/CRC, Boca Raton�London, 2012.

36 / 40



8. Ïðåîáðàçîâàíèå Ýéëåðà � Ëåæàíäðà

Ïðåîáðàçóåì èñõîäíîå óðàâíåíèå (1.1) ñ ïîìîùüþ êîíòàêòíîãî ïðåîáðà-
çîâàíèÿ Ýéëåðà � Ëåæàíäðà, êîòîðîå îïðåäåëÿåòñÿ ñëåäóþùèìè ôîðìó-
ëàìè:

t = T, x = UX, y = UY , u = XUX + Y UY − U (ïðÿìîå ïðåîáðàçîâàíèå);
(8.1)

T = t, X = ux, Y = wy, U = xux + yuy − u (îáðàòíîå ïðåîáðàçîâàíèå),
(8.2)

ãäå u = u(t, x, y) è U = U(T,X, Y ), à ïðîèçâîäíûå ïî âðåìåíè ñâÿçàíû
ñîîòíîøåíèåì

ut = −UT . (8.3)

Èñïîëüçóÿ (8.1)�(8.2), íàõîäèì âòîðûå ïðîèçâîäíûå

uxx = JUY Y , uxy = uyx = −JUXY , uyy = JUXX,

ãäå

J = uxxuyy − u2
xy,

1

J
= UXXUY Y − U2

XY . (8.4)
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Çàìåíèâ â óðàâíåíèè (1.1) ñòàðûå ïðîèçâîäíûå íà íîâûå ïî ôîðìó-
ëàì (8.3)�(8.4) è äîïîëíèòåëüíî ñäåëàâ ïîäñòàíîâêó U = −W , ïðèõîäèì
ê óðàâíåíèþ àíàëîãè÷íîãî âèäà ñ äðóãèì ïîêàçàòåëåì ñòåïåíè ó ïåðâîé
ïðîèçâîäíîé

WXXWY Y − W 2
XY = σ−1(WT )

−m. (8.5)

Åñëè ôóíêöèÿ U = U(T,X, Y ) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (8.5), òî
ôîðìóëû (8.1) îïðåäåëÿþò ñîîòâåòñòâóþùåå ðåøåíèå óðàâíåíèÿ (1.1) â
ïàðàìåòðè÷åñêîé ôîðìå. Îáðàòíî, åñëè ôóíêöèÿ u = u(t, x, y) ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ (1.1), òî ôîðìóëû (8.2) îïðåäåëÿþò ñîîòâåòñòâóþùåå
ðåøåíèå óðàâíåíèÿ (8.5) â ïàðàìåòðè÷åñêîé ôîðìå.
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