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One has the Hurewicz homomorphism h1 : π1 (X , x0)→ K 1 (X )
such that

htop
K1 : π1 (X , x0) ∼=

[
S1, s0;X , x0

] K1

−−→

Hom
(
K 1
(
C
(
S1
))

,K 1 (C (X ))
) ϕ−→ K 1 (C (X )) .

Let us describe htop
K1 in details. The map K 1 is a functor of

K 1-homology. If the C ∗-algebra C
(
S1
)
be a C ∗-algebra generated

by a single unitary element u, then the group K 1
(
S1
)
is generated

by an element [u] which is represented by u. K 1
(
S1
)
is a free

Abelian group generated
[
K 1
S1

]
which corresponds to the identical

homomorphism

IdZ ∈ Hom
(
K 1
(
C
(
S1
) ∼= Z [u]

)
,Z
)
.

The Hurewicz homomorphism is given by

htop
K1 : π1 (X , x0)→ K 1 (C (X )) ,

[ω] 7→ K 1 (ω)
([
K 1
S1

])
.
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Finite-fold coverings

Theorem
Alexander Pavlov, Evgenij Troitsky. Suppose both X and Y are
compact Hausdorff connected spaces and p : Y → X is a continuous
surjection. If C (Y) is a projective finitely generated Hilbert module
over C (X ) with respect to the action

(f ξ)(y) = f (y)ξ(p(y)), f ∈ C (Y), ξ ∈ C (X ),

then p is a finite-fold covering.

It is naturally to define a finite-fold covering of C ∗-algebras as an
injective ∗-homomorphisms A ↪→ Ã such that Ã-is a finitely
generated Hilbert module over A. However this definition does not
gives good generalizations of results related to topological coverings.



Definition
We say that a C ∗-algebra A is connected if it cannot be represented
as a direct sum A ∼= A′ ⊕ A′′ of nontrivial C ∗-algebras A′ and A′′.

Definition
A connected closed two-sided ideal A of C ∗-algebra B is said to be
a connected component of B is there is a direct sum B = A⊕ A′ of
C ∗-algebras.



Definition
Pet Ivankov. Let π : A ↪→ Ã be an injective *-homomorphism of
connected C ∗-algebras such that following conditions hold:

(a) If Aut
(
Ã
)
is a group of *-automorphisms of Ã then the group

G
def
=
{
g ∈ Aut

(
Ã
) ∣∣∣ gπ (a) = π (a) ; ∀a ∈ A

}
is finite.

(b)

π (A) = ÃG def
=
{
a ∈ Ã

∣∣∣ a = ga; ∀g ∈ G
}
.

We say that the quadruple
(
A, Ã,G , π

)
and/or *-homomorphism

π : A→ Ã is a noncommutative finite-fold pre-covering.



Definition
Petr Ivankov Let

(
A, Ã,G , π

)
be a noncommutative finite-fold

pre-covering. Suppose both A and Ã are unital. We say that(
A, Ã,G , π

)
is an unital noncommutative finite-fold covering if Ã is

a finitely generated projective A-module.

Lemma
Petr Ivankov, Alexander Pavlov, Evgenij Troitsky. If X is a
connected, compact, Hausdorff space then there is a natural 1-1
correspondence(

p : X̃ → X
)
↔
(
C (X ) ,C

(
X̃
)
,G
(
X̃
∣∣∣X) ,C0 (p)

)
.

between finite-fold transitive coverings of X and unital
noncommutative finite-fold coverings of C (X ).
A covering p : X̃ → X is transitive if for all x ∈ X the group

G
(
X̃
∣∣∣X) transitively acts on p−1 (x).



Definition
Let

(
A, Ã,G , lift

)
be a noncommutative finite-fold pre-covering of

C ∗-algebras A and Ã such that following conditions hold:

(a) There are unitizations A ↪→ B and Ã ↪→ B̃ ;

(b) There is a unital noncommutative finite-fold quasi-covering(
B, B̃,G , liftB

)
such that lift = liftB |A (or, equivalently Ã is

the generated by A hereditary subalgebra of B̃) and the action
G × Ã→ Ã comes from the G × B̃ → B̃ one.

We say that the triple
(
A, Ã,G

)
and/or the quadruple(

A, Ã,G , lift
)
and/or ∗-homomorphism lift : A ↪→ Ã is a

noncommutative finite-fold covering with unitization.



Roughly speaking the above Definition is an approximation of any
covering by coverings with compact spaces. In result one has the
following theorem.

Theorem
Petr Ivankov. Let X be a connected, locally compact, Hausdorff

space. If the quadruple
(
C0 (X ) , Ã,G , π

)
is a noncommutative

finite-fold covering then there is a connected space X̃ and a
transitive finite-fold covering p : X̃ → X such that(
C0 (X ) , Ã,G , π

)
is equivalent to(

C0 (X ) ,C0

(
X̃
)
,G
(
X̃
∣∣∣X) , π)

This Theorem has a Hausdorff blowing-up generalization.



Infinite coverings
Let X̃ be a topological space with an action G × X̃ → X̃ of
residually finite group G of properly discontinuous group of

homeomorphisms. Let X def
= X̃/G and p : X̃ → X be a natural

covering. For any finite factor group Gλ = G/Hλ we define a space

Xλ
def
= X̃/Hλ. Then there is a category of topological spaces and

finite-fold transitive coverings given by

Sp
def
=

{
{Xλ}λ∈Λ , {p

µ
ν : Xµ → Xν}µ,ν∈Λ

µ≥ν

}
. (1)

Usage of the functor C0 yields a category of C ∗-algebras and
∗-homomorphisms given by

SC0(p)
def
=

{{C0 (pλ) : C0 (X ) ↪→ C0 (Xλ)} , {C0 (p
µ
ν ) : C0 (Xµ) ↪→ C0 (Xν)}} .



If Ĝ
def
= lim←−λ∈Λ G (Xλ | X ) is an inverse limit of finite groups then

the group Ĝ is profinite. One has

Xλ
def
= X̃/ ker

(
G
(
X̃
∣∣∣X)→ G (Xλ | X )

)
and there is an inverse

limit X̂ = lim←−λ∈ΛXλ of topological spaces. There is a natural

continuous map ˜̂p : X̃ → X̂ . If we consider a final with respect to
the family of maps {g ◦ p̂}

g∈Ĝ topology on X̂ then we obtain a

topological space X .



Lemma
Under the above hypotheses the following conditions hold.

(i) If
{
gιG

(
X̃
∣∣∣X)}

ι∈I
is a set of all left cosets of G

(
X̃
∣∣∣X) in

Ĝ then there is a natural homeomorphism

X ∼=
⊔
ι∈I

gιX̃ .

(ii) The natural map ˜̂p : X̃ → X̂ yields a natural inclusion X̃ ⊂ X
such that X̃ is a quasi-component of X .

(iii) For any a quasi-component X̃ ′ ⊂ X there is g ∈ Ĝ such that
X̃ ′ = g X̃ .

(iv) For any λ ∈ Λ the natural surjective map p̂λ : X̂ → Xλ yields a

covering pλ : X → Xλ such that Xλ ∼= X/ ker
(
Ĝ → Gλ

)
.

(v) There is a natural bijective continuous map p̂ : X → X̂ .



Definition
Under the hypotheses of the above Lemma we say that the map
p : X → X is the disconnected covering of p : X̃ → X . The
topological X -Ĝ -category Sp is the finite covering category of

p : X̃ → X . Write

Sp
def
=

{
{Xλ}λ∈Λ , {p

µ
ν : Xµ → Xν}µ,ν∈Λ

µ≥ν

}
.

We say that p : X̃ → X is the covering inverse limit of Sp and we
write

X̃ def
= lim←−Sp



If Ĝ is a profinite group then Ĝ
def
= lim←−λ∈Λ Gλ is an inverse limit of

finite groups. The set Λ is directed. Indeed Λ is the Ĝ -set. Let A be
a C ∗-algebra with an action Ĝ × A→ A such that any g ∈ Ĝ yields
an ∗-automorphism of A. Suppose that for any element a ∈ K

(
A
)

of the Pedersen’s ideal of A a series∑
g∈Ĝ

ga

is convergent with respect to the strict topology of M
(
A
)
. For any

λ ∈ Λ denote by Aλ a generated by elements

aλ = β-
∑

g∈ker(Ĝ→Gλ)

ga (2)

C ∗-subalgebra of M
(
A
)
, where β-

∑
means a convergence with

respect to the strict topology of M
(
A
)
.



Lemma
Under the above hypotheses all µ, ν ∈ Λ such that ν ≥ µ there is a
natural noncommutative finite-fold quasi-covering
(Aµ,Aλ,Gν/Gµ, π

µ
ν ).



Definition
Under the above hypotheses λmin ∈ Λ is the minimal element and

A
def
= Aλmin

then we say that the triple
(
A,A, Ĝ

)
is an infinite

quasi-covering. We say that Aλ is the λ-descent of A. The natural
injective ∗-homomorphism liftλ : Aλ ↪→ M

(
A
)
is the λ-lift.

Definition
It is proven that under the above hypotheses for all λ ∈ Λ there is a
natural homomorphism of Aλ-Aλ-bimodules given by

descλ : K
(
A
)
→ K (Aλ) ,

a 7→ β-
∑

g∈ker(Ĝ→Gλ)

ga

where β-
∑

means the convergence with respect to the strict
topology of M

(
A
)
. We denote this homomorphism as descλ and we

say that it is the λ-descent.



Definition
The above category is said to be an algebraical finite covering
category if one has:

(a) any S-morphism πµν : Aµ ↪→ Aν is a noncommutative finite-fold
covering,

(b) for all λ ∈ Λ is the λ-descent descλ : K
(
A
)
→ K (Aλ) is

surjective, i.e. descλ
(
K
(
A
))

= K (Aλ).

We write

S
def
=

{
{Aλ}λ∈Λ , {π

µ
ν : Aµ ↪→ Aν}µ,ν∈Λ

µ≤ν

}
(3)

Moreover the given above infinite quasi-covering
(
A,A, Ĝ

)
is said

to be a pre-covering of the algebraical finite covering category S.



It is not clear whether pre-covering of the algebraical finite covering
category is always unique. So one needs the following definition.

Definition
Roughly speaking the disconnected infinite noncommutative

covering of S =

{
{Aλ}λ∈Λ , {π

µ
ν : Aµ ↪→ Aν}µ,ν∈Λ

µ≤ν

}
is the union of

all pre-coverings.

Theorem
For any algebraical finite covering category

S =

{
{Aλ}λ∈Λ , {π

µ
ν : Aµ ↪→ Aν}µ,ν∈Λ

µ≤ν

}
there is the unique

disconnected infinite noncommutative covering.



Let
(
A,A, Ĝ

)
be a disconnected infinite noncommutative covering

of S =

{
{Aλ}λ∈Λ , {π

µ
ν : Aµ ↪→ Aν}µ,ν∈Λ

µ≤ν

}
. If Ã is a connected

component of A, i.e. A = Ã⊕ Ã⊥, and

G
(
Ã
∣∣∣A) def

=
{
g ∈ Ĝ

∣∣∣∀ã⊥ ∈ Ã⊥ gã⊥ = ã⊥
}

then there is a natural action

G
(
Ã
∣∣∣A)× Ã→ Ã.

Definition
A disconnected infinite noncommutative covering

(
A,A, Ĝ

)
be of S

is good if following conditions hold:

(a) if both Ã′ and Ã′′ are connected components of A then there is
g ∈ Ĝ such that gÃ′ = Ã′′,

(b) if Ã is a connected component of A then for any λ ∈ Λ the
restriction hλ|Ã is an epimorphism, i. e.

hλ

(
G
(
Ã
∣∣∣A)) = G (Aλ | A).



Definition
If
(
A,A, Ĝ

)
is a good disconnected infinite noncommutative

covering of S =

{
{Aλ}λ∈Λ , {π

µ
ν : Aµ ↪→ Aν}µ,ν∈Λ

µ≤ν

}
then a

connected component Ã ⊂ A is said to be the inverse

noncommutative limit of S =

{
{Aλ}λ∈Λ , {π

µ
ν : Aµ ↪→ Aν}µ,ν∈Λ

µ≤ν

}
.

The group G
(
Ã
∣∣∣A) is said to be the covering transformation

group. The triple (
A, Ã,G

(
Ã
∣∣∣A))

is said to be the infinite noncommutative covering or the covering of

S =

{
{Aλ}λ∈Λ , {π

µ
ν : Aµ ↪→ Aν}µ,ν∈Λ

µ≤ν

}
.



Theorem
If one has

▶ the disconnected p : X → X covering of a covering p : X̃ → X
with connected X̃ and a residually finite covering group

G
(
X̃
∣∣∣X),

▶ the finite covering category

Sp
def
=
{
{Xλ}λ∈Λ , {p

µ
ν : Xµ → Xν}

}
of p : X̃ → X ,

then the given by

SC0(p)
def
={

{C0 (Xλ)}λ∈Λ , {C0 (p
µ
ν ) : C0 (Xµ) ↪→ C0 (Xν)}

}
algebraic finite covering category is good and the triple(

C0 (X ) ,C0

(
X̃
)
,G
(
X̃
∣∣∣X))

is the infinite noncommutative covering of SC0(p).

There is Hausdorff blowing-up generalization of this theorem.



Definition
Let A be a connected C ∗-algebra, and let

(
A, Ã,G

(
Ã
∣∣∣A)) be the

infinite noncommutative covering of

S =

{
{Aλ}λ∈Λ , {lift

µ
ν : Aµ ↪→ Aν}µ,ν∈Λ

µ≤ν

}
such that A = Aλmin

. Suppose that S contains all classes of
isomorphisms of noncommutative finite-fold coverings of A. Then

the triple
(
A, Ã,G

(
Ã
∣∣∣A)) of S is said to be the universal

covering of A. The group G
(
Ã
∣∣∣A) is said to be the fundamental

group of A. We use the following notation

π1 (A)
def
= G

(
Ã
∣∣∣A) .



Definition
Let P be a property of noncommutative finite-fold coverings. Let A

be a C ∗-algebra, and let
(
A, Ã,G

(
Ã
∣∣∣A)) be the infinite

noncommutative covering of

S =

{
{Aλ}λ∈Λ , {lift

µ
ν : Aµ ↪→ Aν}µ,ν∈Λ

µ≤ν

}
such that A = Aλmin

. Suppose that S contains all classes of
isomorphisms of noncommutative finite-fold coverings of A which
possess the property P. Assume that for all µ, ν ∈ Λ such that
µ ≤ ν the finite-fold noncommutative cornering liftµν : Aµ ↪→ Aν

possesses the property P. Then the triple
(
A, Ã,G

(
Ã
∣∣∣A)) of S

is said to be the P-universal covering of A. The group G
(
Ã
∣∣∣A) is

said to be the P-fundamental group of A. We use the following
notation

πP
1 (A)

def
= G

(
Ã
∣∣∣A) .



Let P be a property of noncommutative finite-fold coverings such
that(
A, Ã,G

(
Ã
∣∣∣A)) ∈ P ⇔ G

(
Ã
∣∣∣A) is an Abelian group

and let πab
1 (A)

def
= πP

1 (A) be the P-fundamental group. There are
two homomorphisms

hfreeK1 : πab
1 (A)free

def
= πab

1 (A) /πab
1 (A)tors → Hom (K1 (A) ,Z) ,

htorsK1 : πab
1 (A)tors → Ext1 (K0(A),Z) .

If A is N-algebra then there is an exact sequence

0→ Ext1 (K0(A),Z)
ψ−→ K 1(A)

φ−→ Hom(K1(A),Z))→ 0.

Using the above equations we will prove that under some hypothesis
ones has:

1. If A is a N -algebra then the above invariants yield the natural
homomorphism

hK1 : πab
1 (A)→ K 1 (A)

2. If A ∼= C (X ) then hK1 is the topological Hurewicz
homomorphism,



Let A be an unital C ∗-algebra with unitary element u ∈ A, and let(
A, Ã,Zn

∼= G
(
Ã
∣∣∣A) , lift)

be an unital noncommutative finite-fold covering. Suppose that
there are u ∈ A and v ∈ Ã such that

vn = u,

Ã
def
= ⊕n−1

j=0 lift (A) v
j

where ⊕ means a direct sum of left A-modules. Assume that

G
(
Ã
∣∣∣A) def

=
{
g ∈ Aut

(
Ã
) ∣∣∣ ∀a ∈ lift (A) ga = a

}
∼= Zn,

∀m ∈ Z, ∀k ∈ G
(
Ã
∣∣∣A) ∼= Zn, ∀a ∈ lift (A) k · (avm) = avme

2πimk
n .

where k is a representative of k .

Definition
Under the above hypothesis the noncommutative finite-fold covering

with unitization
(
A, Ã,Zn

∼= G
(
Ã
∣∣∣A) , lift) is a (u, v , n)-covering.



Let ϕn is a Borel nth root ϕn of identity map on the set
{z ∈ C| |z | = 1}, i.e.

(ϕn)
n = Id{ z∈C||z|=1}

In particular ϕn can be given by

ϕn (φ) = e
iφ
n

where φ ∈ (0, 2π] is the angular parameter on {z ∈ C| |z | = 1}.



Definition
Let A be a C ∗-algebra, and let be a property Pab of
noncommutative finite-fold coverings such that(

A, Ã,G , lift
)
∈ Pab ⇔ G is an Abelian group.

then the Pab-fundamental group of A is the Abelian fundamental
group. denoted by

πab
1 (A) .



Definition
Let A be an unital C ∗-algebra with a faithful nondegenerate
representation π : A→ B (H). An nontrivial element

x ∈ K1 (A)free
def
= K1 (A) /K1 (A)tors is admissible if it can be

represented by an unitary element u ∈ A such that there is a set
{vn}n∈N ⊂ B (H) \ A of unital elements with

vnn = π (u) ,

∀n, l ∈ N v ln = vnl .

and for any n ∈ N there is an (u, vn, n)-covering.(
A, Ãn,Zn

∼= G
(
Ãn

∣∣∣A) , liftn) .



If V adm ⊂ K1 (A)free ⊗Q is a generated by admissible elements
subspace then V adm is isomorphic to the factor-space of

K1 (A)free ⊗Q. Similarly if K adm
1 (A)free

def
= V adm ∩ K1 (A)free then

K adm
1 (A) is isomorphic to a factor-group of a K1 (A)free. Indeed

K adm
1 (A) ∼= Zx1 ⊕ ...⊕ Zxp

where xj is admissible for any j ∈ {1, ..., p} and there is a (non
unique) surjective homomorphism K1 (A)free → Zxj . Any
x ∈ {x1, ..., xp} can be represented by u ∈ A satisfying to the above
conditions. For any n ∈ N let (A,An,Zn, liftn) For any n ∈ N let
(A,An,Zn, liftn) be the required by the above definition unital
finite-fold noncommutative covering. If hn : πab

1 (A)→ Zn is the
natural homomorphism then any g ∈ π1 (A) yields a character

χg
n : Zx → U (1) ,

kx 7→ hn (g) v
k
n

vn
= e

2πiks
n

where and s ∈ Z is a representative of hn (g) ∈ Zn.



Moreover one has

∀g,g2 ∈ π1 (A) ∼= Zm χg1+g2
n = χg1

n χg2
n .

If Qx
def
= Q⊗Z Zx then there is a character

χg
Q : Qx → U (1) ,

∀a ∈ Z ∀b ∈ N χg
Q

(a
b
x
)

def
=
(
χg
b (x)

)a
such that

∀a
b
∈ Z χg

Q

(a
b
x
)
= 1.

The map

ϕab
(uj ,vj ,j)

: π1 (A)→ χ (Qx) ,

g 7→ χg
Q

is a homomorphism of groups.



For any locally compact Abelian group G one can define its
topological dual G ∗ as a group of continuous characters. For any
vector space V over field K there is algebraic dual space V ′ of
K -linear functionals.

Theorem
Let K be a non-discrete locally compact field, and V a left
vector-space of finite dimension n over K; let χ be a non-trivial
character of the additive group of K. Then the topological dual V ∗

of V is a right vector-space of dimension n over K; the formula

⟨v , v∗⟩V = χ
([
v , v ′

])
defines a bijective mapping v ′ 7→ v∗ of the algebraic dual V ′ of V
onto V ∗.



From the Theorem it turns out that if we consider the standard
character

χstandard : R→ U (1) ,

x 7→ e2πix

then since R is a locally compact field any character χ : R→ U (1)
uniquely defines a functional fR : R→ R with

χ = χstandard ◦ fR.

In particular the explained above character χq
Q : Qx → U(1) is

continuous, so it can be uniquely extended up to the character

χq
R : Rx def

= Qx ⊗Q R→ U(1). There is the unique functional such
f gR : Rx → R such that χg

R = χstandard ◦ f gR . From the our
construction it turns out that χq

R (Z) = {1}, so f Rg (Zx) ⊂ Z and
the functional f gR yields a homomorphism ϕg ∈ Hom (Zx ,Z).



From the direct sum K adm
1 (A) ∼= Zx1 ⊕ ...⊕ Zxp one can deduce a

non unique direct sum K1 (A)free
∼= Zx1 ⊕ ...⊕ Zxp ⊕ K⊥

1 (A)free
Using it one can construct a homomorphism

f gx : K1 (A)free → Z

and from the above equations it follows that f gx linearly depends on
g , i.e.

∀g,g2 ∈ πab
1 (A) ∼= Zm f g1+g2

x = f g1x + f g2x .

The formula
f g = f gx1 + ...+ f gxp

yields an element of Hom (K1 (A)free ,Z).



In result one has a group homomorphism

hfreeK1 : π1 (A)→ Hom (K1 (A) ,Z) ,
g 7→ f g

Definition
The homomorphism hfreeK1 is the free noncommutative Hurewicz
homomorphism.



Let G be a finite Abelian group, and let(
A, Ã,G = G

(
Ã
∣∣∣A) , lift)

be an unital finite-fold covering. Consider a category of finitely
generated projective Ã - G -modules, i.e. Ã-modules with equivariant
action of G . According to the well known result this category
Morita equivalent to both:

▶ Category of finitely-generated projective Ã⋊ G -modules where
Ã⋊ G is a crossed product.

▶ Category of finitely-generated projective A-modules.

So there are natural isomorphisms

KG
0

(
Ã
)
∼= K0

(
Ã⋊ G

)
∼= K0 (A) .



If Q is a projective finitely generated Ã - G -module and

QG def
= {q ∈ Q |∀g ∈ G gq = q } then there is a natural direct sum

Q = QG ⊕ Q⊥

since any q ∈ Q equals to the sum qG + q⊥ where

qG
def
=

1

|G |
∑
g∈G

gq ∈ QG ,

q⊥
def
= q − qG ∈ P⊥.

Similarly if r : G → U (1) is an irreducible representation then
Q⊥ = Qr ⊕ Q⊥

r since any p ∈ P⊥ equals to the sum qr + q⊥r where

qr
def
=

1

|ker r |
∑

g∈ker r
gq

q⊥r
def
= q − qr



It follows that any projective finitely generated Ã-G -module Q is
represented by direct sum

Q = QG
⊕(⊕

r∈R
Qr

)

where R is a set of irreducible representations of G . It turns out that

KG
0

(
Ã
)
=
(
KG
0

(
Ã
))G ⊕(⊕

r∈R
KG
0

(
Ã
)
r

)

For any r ∈ R there is a prime number pr ∈ N such that

im r = e
2πiZ
pr . There is g ∈ G with

r (g) = e
2πi
pr ,

∀r ′ ∈ R \ {r} r ′(g) = 1.



If x1, x2 ∈ KG
0

(
Ã
)
r
are such that χx1 (g) = χx2 (g) = e

2πik
pr with

k ∈ N then one has

∀g ∈ G χx1−x2 (g) = {1} x1 − x2 ∈
(
KG
0

(
Ã
))G

it is possible if and only if x1 − x2 = 0. From our construction there
is an isomorphism

ϕr : Zpr
∼= KG

0

(
Ã
)
r

such that
∀k ∈ Zpr χϕr(k) (g) = e

2πik
pr

where k ∈ Z is a representative of k . Moreover any g ∈ G yield a
character

χr : K
G
0

(
Ã
)
r
→ U(1). (4)

Following Lemma is a consequence of the above construction and
the isomorphism .



Lemma
If R is a set of irreducible representations of G then there is a
decomposition

K0 (A) = K0 (A)
⊥⊕(⊕

r∈R
K0 (A)r

)
.

If im r = e
2πiZ
pr then K0 (A)r is trivial, or there is an isomorphism

K0 (A)r
∼= Zpr .



The decomposition of the lemma yield a map from G to the set of
characters of K0 (A)

g 7→

(
x⊥ +

∑
r∈R

xr 7→
∏
r∈R

χr (xr )

)

From

∀g ′, g ′′ ∈ G χr

(
g ′)χr

(
g ′′) = χPj

(
g ′g ′′) .

Using it one can construct a homomorphism

htorsK1 : G → Ext1Z (K0 (A) ,Z)

If A belongs to class N then one has a homomorphism

htorsK1 : G → K 1 (A)

Definition
The above map is the torsion of noncommutative Hurewicz
homomorphism.



Definition
An unital C ∗-algebra A admits Hurewicz homomorphism if one has:

(a) All Abelian groups πab
1 (A), K0 (A) and K1 (A) are finitely

generated.

(b) If πab
1 (A)tors ⊂ πab

1 (A) is the torsion subgroup then there an
unital finite-fold noncommutative covering(
A, Ã,G

(
Ã
∣∣∣A) , lift) such that the composition

πab
1 (A)tors ↪→ π1 (A)→ G

(
Ã
∣∣∣A) is isomorphism.

If an unital C ∗-algebra A admits Hurewicz homomorphism then
πab
1 (A) is the direct sum of groups

πab
1 (A) ∼= πab

1 (A)tors ⊕ πab
1 (A) /πab

1 (A)tors
∼=

G
(
Ã
∣∣∣A)⊕ πab

1

(
Ã
)
∼=

∼= πab
1 (A)tors ⊕ πab

1 (A)free .

(5)



There are the free and the torsion Hurewicz homomorphisms

hfreeK1 : πab
1

(
Ã
)
→ Hom

(
K1

(
Ã
)
,Z
)
,

htorsK1 : G
(
Ã
∣∣∣A) ∼= πab

1 (A)tors → Ext1Z

(
K0

(
Ã,Z

))
.

The inclusion yields a homomorphism ι : K0 (A)→ K0

(
Ã
)
so there

are homomorphisms

r1 : Hom
(
K1

(
Ã
)
,Z
)
→ Hom (K1 (A) ,Z) ,

r2 : Ext
1
Z

(
K0

(
Ã
)
,Z
)
→ Ext1Z (K0 (A) ,Z) ,

On the other hand there are subjective homomorphism

s1 : π
ab
1 (A)→ G

(
Ã
∣∣∣A) = πab

1 (A)tors and s2 : π
ab
1 (A)→ πab

1

(
Ã
)
.



Definition
If A admits Hurewicz homomorphism then a pair of homomorphisms

h1K1
def
= r1 ◦ s1 : πab

1 (A)→ Hom (K1 (A) ,Z) ,

h2K1
def
= r2 ◦ s2 : πab

1 (A)→ Ext1Z (K0 (A) ,Z)
(6)

is the Hurewicz pair.



Definition
If A is an N-algebra then both direct sum and exact sequence yield
the following diagram

πab
1 (A)tors πab

1 (A)tors ⊕ πab
1 (A)free πab

1 (A)free

Ext1 (K0(A),Z) K 1(A) Hom(K1(A),Z)).

h1
K1 hA

K1
def
= h1

K1+h2
K1

h2
K1

ψ φ

So there is the unital Hurewicz homomorphism given by

hAK1
def
= h1K1 + h2K1 : π

ab
1 (A)→ K 1 (A) .



Hurewicz homomorphism for
commutative C ∗-algebras
If X̃ → X is an universal covering then the Hurewicz
homomorphism looks like

h
C(X )
K1 : G

(
X̃
∣∣∣X)→ K 1 (C (X ))

If X̃ is not path connected then it is possible that π1 (X , x0) is
trivial but G

(
X̃
∣∣∣X) is not trivial the Hurewicz homomorphism of

C ∗-algebras is more informative. There is the weak fundamental
group πw

1 (X , x0) such that πw
1 (X , x0) ∼= π1 (X , x0) is X is path

connected a semilocally 1-connected. However it is possible that
π1 (X , x0) is trivial but πw

1 (X , x0) is not trivial. Moreover for any
Abelian group A one can define a Hurewicz homomorphism

πw
1 (X , x0)→ Ȟ1 (X ,A)

to Čech homology. Above homomorphism have new early unknown
type. There are examples nontrivial homomorphisms with trivial
π1 (X , x0).



Let X be a compact, connected topological space such that:
▶ The groups πab

1 (X , x0), K0 (C (X )) ∼= K 0 (X ) and
K1 (C (X )) ∼= K 1 (X )) are finitely generated Abelian groups,

▶ There is the universal covering p : X̃ → X with the natural

isomorphism π1 (X , x0) ∼= G
(
X̃
∣∣∣X).

The (classical) Hurewicz homomorphism hsing : π1 (X , x0)→ H1 (X )
into singular homology is an isomorphism. If ω :

(
S1, s0

)
→ (X , x0)

represents an element [ω] ∈ π1 (X , x0) is such that

π1 (X , x0) = Z [ω]⊕ π1 (X , x0)⊥ .

There is a surjective homomorphism ϕH : H1 (X )→ Z with

ϕH (Zy) = Z and ϕH

(
H1 (X )⊥

)
= {0}. This homomorphism yields

an element z ∈ H1 (X ,Z) with H1 (X ,Z) = Zz ⊕ H1 (X ,Z)⊥.
There is a representative φz : X → K (Z, n) = S1 of z . The
composition φz ◦ ω : S1 → S1 yields an isomorphism of cohomology
of S1 so it is a homotopy equivalence. It follows that there is a
surjective homomorphism

π1 (φz) : π1 (X , x0)→ π1
(
S1, s0

) ∼= Z.



Free case
For any n ∈ N thee is a there are a finite index subgroup,
topological space and two transitive coverings given by

Hn
def
= π−1

1 (φz)
(
nπ1

(
S1, s0

))
X̃n

def
= X̃/Hn,

p̃n : X̃ → X̃n,

pn : X̃n → X .

(7)

Since S1 ∼= U (1) the map φz yields an unitary element
u ∈ U (C (X )). If π : C (X )→ B (Ha) be an atomic representation
and ϕn is given is defined above then for any n > 1 there is a

generally discontinuous map vn
def
= ϕn ◦ φz : X → U (1) ∼= S1 which

can be regarded as an element of B (Ha). If vn is continuous map
then vn represents an element zn ∈ H1 (X ,Z) with nzn = z . It is
impossible since x is not divisible, so vn /∈ C (X ). It follows that

vnn = π (u) ,

∀n, l ∈ N v ln = vnl .



If Ãn is a C ∗-subalgebra of B (Ha) generated by the union
C (X ) ∪ {vn} then Ã is a subalgebra of maps from X → C, so it is
commutative, so from the Theorem Gelfand theorem it turns out

that Ãn
∼= C

(
X̃ ′
n

)
. Moreover

vn = u,

C
(
X̃ ′
n

)
= ⊕n−1

j=0 π (C (X )) v j
(8)

where ⊕ means a direct sum of left A-modules, i.e. there is an
(u, vn, n)-covering(

C (X ) ,C
(
X̃ ′
n

)
,Zn
∼= G

(
C
(
X̃ ′
n

)∣∣∣C (X )
)
,C
(
p′n
))

where p′n : X̃ ′
n → X is a covering induced by an inclusion

C (X ) ↪→ C
(
X̃ ′
n

)
.



From vn = u it turns out that

π1
(
φz ◦ p′n

) (
π1

(
X̃ ′
n

))
= nπ1 (X , x0) = π1 (φz ◦ pn)

(
π1

(
X̃n

))
and from the above equation it follows that the covering
p′n : X̃ ′

n → X is equivalent to the pn : X̃n → X one. If u represents
a nonzero element [u] ∈ K1 (C (X )) then from the above equations
it turns out that [u] is admissible. For any n ∈ N the specialization
of the character explained in general theory character

χ
[ω]
n : Z [u]→ U (1) ,

k [u] 7→ e
2πik
n .

and from the above equation it follows that the covering
p′n : X̃ ′

n → X is equivalent to the pn : X̃n → X one. Clearly a set
{vn}n∈N satisfies to the conditions of the definition of admissible
element, i.e. u is admissible.



Here we drop analogs manipulations below the equation and obtain
a specialization

f
[ω]
[u] : K1 (A)free → Z

of the given by the equation free Hurewicz homomorphism, i,e. hfreeK1

maps ω onto the image of f
[ω]
[u] Using this fact one can prove that

free part of classical free Hurewicz homomorphism coincides with
noncommutative one,



Torsion case

Let p ∈ N be a prime number and X is path connected and
ω :
(
S1, s0

)
→ (X , x0) is a representative of an element

[ω] ∈ π1 (X , x0) with p [ω] = 0. Suppose that there is a p-listed
covering θp : X̃ → X such that the composition

Z [ω] ∼= Zp → π1 (X , x0)→ G
(
X̃
∣∣∣X)

is isomorphism of Abelian groups. It turns out that the composition
ω ◦ θp represents a trivial element [ω ◦ θp] = p [ω] ∈ π1 (X , x0). So
there is a homotopy Φ : S1 × [0, 1]→ X with

∀s ∈ S1 Φ (s, 0) = ω ◦ θp (s) ;
Φ (s, 1) = x0,

∀t ∈ [0, 1] Φ (x0, t) = x0



Let C ′ω be the mapping cone defined by the following way:

▶ there is a mapping cylinder Mθp (cf. Definition ??),

▶ C ′ω
def
= Mθp/j

(
S1
)
.

then map Φ yields a composition

S1 → C ′ω → X .

If m0 corresponds to a base point of C ′ω then there is a
decomposition

S1 → C ′ω \ {m0} → X .

It follows that one has

K 1
(
C
(
S1
))
→ K 1

(
C
(
C ′ω \ {m0}

))
→ K 1 (C (X ))

On the other hand (C (C ′ω \ {m0}) is the mapping cone CC(θp) of

the homomorphism C (θp) : C
(
S1
)
↪→ C

(
S1
)
. There is a following

exact sequence

0→ SC
(
S1
) ι−→ CC(θp)

P−→ C
(
S1
)
→ 0.



From the Puppe sequences

KK
(
SC
(
S1
)
,SC

(
S1
)) KK

(
IdSC(S1),SC(θp)

)
−−−−−−−−−−−−−→ KK

(
SC
(
S1
)
,SC

(
S1
))

KK
(
IdSC(S1),ι

)
−−−−−−−−−→ KK

(
SC
(
S1
)
,C
(
Cθp

)) KK
(
IdSC(S1),P

)
−−−−−−−−−−→ KK

(
SC
(
S1
)
,C
(
S1
))

KK
(
IdSC(S1),C(θp)

)
−−−−−−−−−−−−→ KK

(
SC
(
S1
)
,C
(
S1
))

;

KK
(
C
(
S1
)
,C
(
S1
)) KK

(
C(θp),IdC(S1)

)
−−−−−−−−−−−−→ KK

(
C
(
S1
)
,C
(
S1
)) KK

(
P,IdC(S1)

)
−−−−−−−−−→

→ KK
(
Cϕ,C

(
S1
)) KK

(
ι,IdC(S1)

)
−−−−−−−−−→ KK

(
SC
(
S1
)
,C
(
S1
))

KK
(
SC(θp),IdC(S1)

)
−−−−−−−−−−−−→ KK

(
SC
(
S1
)
,C
(
S1
))

.



it follows that

K0

(
SC
(
S1
)) K0(SC(θp))−−−−−−→ K0

(
SC
(
S1
)) K0(ι)−−−→ K0

(
C
(
Cθp

)) K0(p)−−−→ K0

(
C
(
S1
))

K0(C(θp))−−−−−−→ K0

(
C
(
S1
))

,

K 1
(
C
(
S1
)) K 1(C(θp))−−−−−−→ K 1

(
C
(
S1
)) K 1(ι)−−−→ K 1

(
C
(
Cθp

)) K 1(p)−−−→ K 1
(
SC
(
S1
))

K 1(SC(θp))−−−−−−−→ K 1
(
SC
(
S1
))

,

So one has

K0

(
C
(
Cθp
)) ∼= K 1

(
C
(
Cθp
)) ∼= Zp.



The decomposition

S1 → C ′ω \ {m0} → X

yields the following homomorphisms

K 1
(
C
(
S1
))
→ K

(
C0

(
C ′ω \ {m0}

))
→ K 1 (C (X ))

Using the above homomorphisms one can prove the coincidence of
classical and noncommutative Hurewicz homomorphism.
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