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One has the Hurewicz homomorphism hy : w1 (X, x0) — K (X)
such that

h;?lp s (X, x0) & [Sl,so;X,xo] LN

Hom (K (C (1)), K (C (X)) & KL (C (x)).
Let us describe h;?f) in details. The map K1 is a functor of
K'-homology. If the C*-algebra C (51) be a C*-algebra generated
by a single unitary element u, then the group K*! (51) is generated
by an element [u] which is represented by u. K (S!) is a free

Abelian group generated [K;l] which corresponds to the identical
homomorphism

Idz € Hom (K" (C (S') 2 Z[u]),Z).

The Hurewicz homomorphism is given by

h;?lp : 71 (X, x0) = KH(C (X)),
[w] = K (@) ([Ks:]) -
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Finite-fold coverings

Theorem

Alexander Pavlov, Evgenij Troitsky. Suppose both X and ) are
compact Hausdorff connected spaces and p : Y — X is a continuous
surjection. If C(Y) is a projective finitely generated Hilbert module
over C(X) with respect to the action

(FO)y) = F(V)E(p(y)), f € C(D), € € C(X),

then p is a finite-fold covering.

It is naturally to define a finite-fold covering of C*-algebras as an
injective x-homomorphisms A < A such that A-is a finitely
generated Hilbert module over A. However this definition does not
gives good generalizations of results related to topological coverings.



Definition
We say that a C*-algebra A is connected if it cannot be represented
as a direct sum A= A’ & A” of nontrivial C*-algebras A’ and A”.

Definition
A connected closed two-sided ideal A of C*-algebra B is said to be
a connected component of B is there is a direct sum B =A@ A’ of

C*-algebras.



Definition _
Pet lvankov. Let m : A < A be an injective *-homomorphism of
connected C*-algebras such that following conditions hold:

(a) If Aut (Z) is a group of *-automorphisms of A then the group
G {g € Aut <Z> ‘ gr(a)=m(a); Vae A} is finite.
(b)

W(A):chg{aeﬁ ’ a=ga; VgEG}.

We say that the quadruple <A,/Z, G,w) and/or *-homomorphism

7:A— Ais a noncommutative finite-fold pre-covering.



Definition N

Petr Ivankov Let (A,A, G,T[') be a noncommutative finite-fold
pre-covering. Suppose both A and A are unital. We say that

(A, A, G, 7r) is an unital noncommutative finite-fold covering if A is

a finitely generated projective A-module.

Lemma

Petr Ivankov, Alexander Pavilov, Evgenij Troitsky. If X is a
connected, compact, Hausdorff space then there is a natural 1-1
correspondence

(p;f—uc) <—>(C(X),C(f),G(z’?‘X),Co(p)).

between finite-fold transitive coverings of X and unital
noncommutative finite-fold coverings of C (X).

A covering p : X — X is transitive if for all x € X the group
G (z’?‘ X) transitively acts on p~1 (x).



Definition

Let (A A, G, [ift> be a noncommutative finite-fold pre-covering of

C*-algebras A and A such that following conditions hold:

(a) There are unitizations A<> B and A< B ;

(b) There is a unital noncommutative finite-fold quasi-covering
<B, B, G, [iftB) such that [ift = [ift?|4 (or, equivalently A is
the generated by A hereditary subalgebra of é) and the action
G X A — A comes from the G x B — B one.

We say that the triple (A,Z, G) and/or the quadruple

(A,Z, G, [ift) and/or x-homomorphism [ift : A — Ais a

noncommutative finite-fold covering with unitization.



Roughly speaking the above Definition is an approximation of any
covering by coverings with compact spaces. In result one has the
following theorem.

Theorem

Petr Ivankov. Let X be a connected, locally compact, Hausdorff
space. If the quadruple (Cg (X) ,Z, G, 7r) is a noncommutative
finite-fold covering then there is a connected space X and a
transitive finite-fold covering p : X — X such that

(CO (X) ,/K, G, 7[') is equivalent to

(CO(X),CO (z?)c (2? (X) ,7r>

This Theorem has a Hausdorff blowing-up generalization.



Infinite coverings

Let X be a topological space with an action G x X — X of

residually finite group G of properly discontinuous group of

homeomorphisms. Let X def /'?/G and p: X — X be a natural

covering. For any finite factor group Gy = G/H), we define a space

X def A?/H,\. Then there is a category of topological spaces and

finite-fold transitive coverings given by

def
&, & {{XA}AGA ot Xy}u,,;@} | )
u>v

Usage of the functor (y yields a category of C*-algebras and
x-homomorphisms given by

def
6Co(P) =

HG (pr) 1 G (X) = G (X))}, {Co(p)) : Co(Xu) = Co(X)}}.



If G i, G (X | X) is an inverse limit of finite groups then

the group Gis profinite. One has
X o X/ ker ( <i’v ‘X) — G (X \z’\.’)) and there is an inverse
limit X = I|m /’\,’)\ of topological spaces. There is a natural

continuous map p X — X. If we consider a final with respect to
the family of maps {g o p}geG topology on X then we obtain a

topological space X.



Lemma
Under the above hypotheses the following conditions hold.

(i) If{gLG (2? ‘X)}LGI is a set of all left cosets of G <f ’X) in

G then there is a natural homeomorphism

?%I_lgL)?.

(ii) The natural map p: X — X yields a natural inclusion X C X
such that X is a quasi-component of X .

(iii) For any a quasi-component X' C X there is g€ G such that
X =gX.

(iv) For any X € N\ the natural surjective map p) : X — X, vyields a
covering Py : X — Xy such that X\ = X/ ker (6 — G)\>.

(v) There is a natural bijective continuous map p: X — X.



Definition

Under the hypotheses of the above Lemma we say that the map
P: X — X is the disconnected covering of p: X — X. The
topological ?—/G\—category S, is the finite covering category of
p: X — X. Write

def
S, = {{X/\}Ae/\ Apl X — XV}M7V>6A} .
u>v

We say that p: X — X is the covering inverse limit of &, and we
write

55 def .
A = lim &,



=~ . .. = def .
If G is a profinite group then G = ||<_mA€A

finite groups. The set A is directed. Indeed A is the G-set. Let A be
a C*-algebra with an action G x A — A such that any g € G yields
an x-automorphism of A. Suppose that for any element 3 € K (A)
of the Pedersen’s ideal of A a series

S

geG

G, is an inverse limit of

is convergent with respect to the strict topology of M (ﬂ) For any
A € A\ denote by Ay a generated by elements

ay = - Z ga (2)

gEker(é—)GA)

C*-subalgebra of M (A), where 3->" means a convergence with
respect to the strict topology of M (A).



Lemma

Under the above hypotheses all p,v € N\ such that v > p there is a
natural noncommutative finite-fold quasi-covering

(Au, Ax, G, /Gy, h).



Definition

Under the above hypotheses A\, € A is the minimal element and
A% A, then we say that the triple (A,Z, é) is an infinite
quasi-covering. We say that Ay is the A-descent of A. The natural
injective *-homomorphism [ifty : Ay — M (A) is the A-lift.

Definition
It is proven that under the above hypotheses for all A € A there is a
natural homomorphism of Ay-A)-bimodules given by

descy - K (A) = K(Ay),
a B Y ga
gEker(@%GA)

where 8- means the convergence with respect to the strict
topology of M (A) We denote this homomorphism as 0escy and we
say that it is the A-descent.



Definition

The above category is said to be an algebraical finite covering

category if one has:

(a) any &-morphism 7} : A, < A, is a noncommutative finite-fold
covering,

(b) for all X € Ais the A-descent descy : K (A) — K (Ay) is
surjective, i.e. descy (K (A)) = K (Ay).

We write

def
S = {{AA})\GI\ ) {ﬂ{j : AM — AV}/L,V<€/\} (3)
u<v

Moreover the given above infinite quasi-covering <A,ﬁ, 6) is said
to be a pre-covering of the algebraical finite covering category .



It is not clear whether pre-covering of the algebraical finite covering
category is always unique. So one needs the following definition.

Definition
Roughly speaking the disconnected infinite noncommutative
covering of & = {{A/\}Ae/\ Arh AL Al,}w,e/\} is the union of

pv
all pre-coverings.

Theorem
For any algebraical finite covering category
6 = {{A)\}AE,\ Anl Ay Avtuven ¢ there is the unique

ulv
disconnected infinite noncommutative covering.



Let (A,ﬂ, @) be a disconnected infinite noncommutative covering

of & = {{A/\}Ae/\ Arh AL = Al,}w,e/\}. If Ais a connected
p<v

component of A, i.e. A= A® AL, and
( ‘A) def {g e 6‘\1% c AL g3t :’aﬂ}
then there is a natural action

G (A

A) x A— A

Definition R

A disconnected infinite noncommutative covering (A,Z, G) be of &
is good if following conditions hold:

(a) if both A" and A" are connected components of A then there is
g € G such that gA' = A",

(b) if Ais a connected component of A then for any A € A the
restriction hy|7 is an epimorphism, i. e.

hy (G (Z’A)) — G(Ay| A).



Definition.
If (A,A, G) is a good disconnected infinite noncommutative

covering of & = {{A/\}Ae/\ Arh AL = A,,}Wje/\} then a

p<v
connected component A C A is said to be the inverse

noncommutative limit of & = {{A)\})\G/\ Al DAL — Au}u,ueA}-
u<v

The group G A | A) is said to be the covering transformation

(A6 (3]4)

is said to be the infinite noncommutative covering or the covering of

group. The triple

6= {{AA})\GA ) {ﬂ-llf : Au — AI/};L,VGA} .

p<v



Theorem
If one has

» the disconnected p : X — X covering of a covering p : X X
with connected X and a residually finite covering group
o (%),

» the finite covering category
Sp & {0 hens (Pl Xy = X)) of p X — X,

then the given by

def
6Co(P) =

{{G (X))} ren - {G (PL) - Go (X)) = Go (X))}
algebraic finite covering category is good and the triple
(G). @ (T).6 (¥ |x))

is the infinite noncommutative covering of & ¢ ().

There is Hausdorff blowing-up generalization of this theorem.



Definition N N
Let A be a connected C*-algebra, and let (A, A G (A ‘A)) be the
infinite noncommutative covering of

S = {{A)\}/\eA ) {[iftﬁ : AM — Au}u,ueA}
u<v

such that A= A,_. . Suppose that & contains all classes of
isomorphisms of noncommutative finite-fold coverings of A. Then

the triple (A,Z, G (Z ‘ A)) of & is said to be the universal

covering of A. The group G (Z ‘ A) is said to be the fundamental
group of A. We use the following notation

m(A)d:"‘fG(Z)A).



Definition

Let P be a property of noncommutative finite-fold coverings. Let A
be a C*-algebra, and let (A,Z, G (Z ‘ A)) be the infinite
noncommutative covering of

& = {{AA}AEA (AL < AV}WGA}

n<v

such that A= A,_. . Suppose that & contains all classes of
isomorphisms of noncommutative finite-fold coverings of A which
possess the property P. Assume that for all u, v € A such that

p < v the finite-fold noncommutative cornering [ijt}, : A, — A,

possesses the property P. Then the triple (A, /Z, G (Z ‘ A)) of &

is said to be the P-universal covering of A. The group G (Z ’ A) is

said to be the P-fundamental group of A. We use the following
notation

wf(A)défG(Z‘A).



Let P be a property of noncommutative finite-fold coverings such
that

(A,Z\, G (Z\ ’A)) EP & G (Z\ ‘ A) is an Abelian group
and let 3P (A) o 7 (A) be the P-fundamental group. There are
two homomorphisms
Tee def 4 a
his - 13 (Aree = 17 (A) /73° (A)yors — Hom (K1 (A),Z),
hiers w22 (A), o — Ext! (Ko(A),Z).
If Ais N-algebra then there is an exact sequence
0 — Ext! (Ko(A),Z) & K1(A) & Hom(Ki(A), Z)) — 0.

Using the above equations we will prove that under some hypothesis
ones has:
1. If Ais a N -algebra then the above invariants yield the natural
homomorphism

tors

hii - 3P (A) = KL (A)
2. If A= C(X) then hka is the topological Hurewicz
homomorphism,



Let A be an unital C*-algebra with unitary element u € A, and let
(A,Z, 7, G (Z} A) ,ﬁft)

be an unital noncommutative finite-fold covering. Suppose that
there are u € A and v € A such that

vl = u,
A oLt (A)
where @ means a direct sum of left A-modules. Assume that

G (Z) A) def {g € Aut (~) )Va € lift(A) ga= a} ~7,

2mwimk

Vm € Z, VkEG(A‘ ) Zp, Vaclift(A) k-(av™)=avme n

where k is a representative of k.

Definition
Under the above hypothesis the noncommutative finite-fold covering
with unitization (A, Z,Z,, =G (Z‘ A) ,[ift) is a (u, v, n)-covering.



Let ¢, is a Borel n'® root ¢, of identity map on the set
{zeC||z| =1}, ie.

(¢n)" = 1d{zec))z1=13

In particular ¢, can be given by

Pn(p)=en

where ¢ € (0,27] is the angular parameter on {z € C| |z| = 1}.



Definition
Let A be a C*-algebra, and let be a property P, of
noncommutative finite-fold coverings such that

(A, Z, G, [ift> € Py, & G is an Abelian group.

then the P,,-fundamental group of A is the Abelian fundamental
group. denoted by



Definition

Let A be an unital C*-algebra with a faithful nondegenerate
representation 7 : A — B (). An nontrivial element

x € K1 (A)poe & K1 (A) /Ky (), is admissible if it can be
represented by an unitary element u € A such that there is a set

{Vn}pen € B(H) \ A of unital elements with
V:? =7 (u) )
Vn,l € N v,’, = V.
and for any n € N there is an (u, vy, n)-covering.

A) ,[iftn> .

(A,Zn,zn ~ G (ﬁn




If vadm ¢ Ky (A)ree ® Q is a generated by admissible elements
subspace then V2™ is isomorphic to the factor-space of

K1 (A)gee @ Q. Similarly if Kidm(A), = L \adm K1 (A)fe0 then
K{dm (A) is isomorphic to a factor-group of a Ky (A)... Indeed

KM (A) 2 Zxy @ ... © Zx,

where x; is admissible for any j € {1,..., p} and there is a (non
unique) surjective homomorphism Ky (A)g... — Zxj. Any

x € {x1,...,Xp} can be represented by u € A satisfying to the above
conditions. For any n € N let (A, A,, Zp, lift,) For any n € N let
(A, Ap, Zp, lift,,) be the required by the above definition unital
finite-fold noncommutative covering. If h, : 7% (A) — Z, is the
natural homomorphism then any g € 1 (A) yields a character

& Zx —-U(),
kx — hn (g) vo i/ — e
Vn

where and s € Z is a representative of h, (g) € Zp.



Moreover one has
Vg7g2 c ] (A) o~ Zm X%1+g2 — X%IX%Z

If Qx def Q ®7 Zx then there is a character

Xé Qx - U(1),
vaeZ WheN x&(5x) % (xf(x)’

such that

Vg S/ Xé (%X) =1

The map

() - ™1 (A) = X (@),
g X%

is a homomorphism of groups.



For any locally compact Abelian group G one can define its
topological dual G* as a group of continuous characters. For any
vector space V over field K there is algebraic dual space V'’ of
K-linear functionals.

Theorem

Let K be a non-discrete locally compact field, and V a left
vector-space of finite dimension n over K let x be a non-trivial
character of the additive group of K. Then the topological dual V*
of V is a right vector-space of dimension n over K, the formula

(viv)y =x([v.v])

defines a bijective mapping v' — v* of the algebraic dual V' of V
onto V*.



From the Theorem it turns out that if we consider the standard
character

Xstandard - R—U (1) ’

X = e.27rix
then since R is a locally compact field any character y : R — U (1)
uniquely defines a functional fg : R — R with

X = Xstandard © fr.

In particular the explained above character X(‘é Qx — U(1) is
continuous, so it can be uniquely extended up to the character

xp - Rx f 0x ®g R — U(1). There is the unique functional such
f[§ : Rx — R such that X% = Xstandard © fﬁ. From the our
construction it turns out that x (Z) = {1}, so f;* (Zx) C Z and
the functional ££ yields a homomorphism ¢, € Hom (Zx, Z).



From the direct sum K™ (A) 2 Zx; @ ... @ Zx, one can deduce a
non unique direct sum K1 (A)g.. = Zx1 @ ... ® Zx, ® Ki- (A)
Using it one can construct a homomorphism

free

F8: Ky (A)pee — Z

free

and from the above equations it follows that ££ linearly depends on
g, ie.

Vg € TP (A) X ZT fETR = (8 4 £2.
The formula
f& =1 +..+12

yields an element of Hom (Kj (A) 7).

free ?



In result one has a group homomorphism

his® w1 (A) = Hom (K1 (A),2),
g— &

Definition

The homomorphism At is the free noncommutative Hurewicz
P K

homomorphism.



Let G be a finite Abelian group, and let
(A,A~, G=G (Z\] A) ,[ift)

be an unital finite-fold covering. Consider a category of finitely
generated projective A - G-modules, i.e. A-modules with equivariant
action of G. According to the well known result this category
Morita equivalent to both:

> Category of finitely-generated projective A x G-modules where
A x G is a crossed product.

» Category of finitely-generated projective A-modules.

So there are natural isomorphisms

KE (Z) ~ K, (Zx G) > Ko (A).



If Q is a projective finitely generated A - G-module and
Q¢ {g€ Q|Vg € G gq= q} then there is a natural direct sum

Q=Q°@ Q"

since any g € Q equals to the sum g® + g+ where

Similarly if r: G — U (1) is an irreducible representation then
Q' = Q. @ @ since any p € PL equals to the sum g, + g;- where

def
ar ’ker > &g

gckerr

d
g ¥q-q



It follows that any projective finitely generated A-G-module Q is
represented by direct sum

Q=QG@<@Q>

rer

where R is a set of irreducible representations of G. It turns out that

() - (w5 (7))@ (@45 (7))

For any r € R there is a prime number p, € N such that
2miZ

im r=er . Thereis g € G with

2mi

r(g)=er,
vr'e R\ {r} r(g)=



~ 2mik
If x1,x € K§ (A) are such that x, (g) = xx, (g) = e 7r with
r

k € N then one has

VEEG Xaq-—x(g)={l} x1—x¢€ (KOG (Z»G

it is possible if and only if x; — x» = 0. From our construction there
is an isomorphism

b Lp, = KE (A~)

r

such that

where k € Z is a representative of k. Moreover any g € G yield a
character

v K§ (A) = (). (4)

Following Lemma is a consequence of the above construction and
the isomorphism .



Lemma
If R is a set of irreducible representations of G then there is a
decomposition

Ko (A) = Ko (A)" D (@ Ko (A)r> :

rer

27iZ
Ifim r = e p then Koy (A), is trivial, or there is an isomorphism
Ko (A), = Z,.



The decomposition of the lemma yield a map from G to the set of
characters of Kj (A)

g (xJ‘—FZXr — er(xr)>

reR rer

From
ve'e" € G x:(g')x(g") = xp; (&'8")-
Using it one can construct a homomorphism
hiers . G — Ext} (Ko (A),7Z)
If A belongs to class N then one has a homomorphism
Ha® G — K (A)
Definition

The above map is the torsion of noncommutative Hurewicz
homomorphism.



Definition

An unital C*-algebra A admits Hurewicz homomorphism if one has:

(a) All Abelian groups 73" (A), Ko (A) and Ki (A) are finitely
generated.

(b) If 73> (A),.,. C 7P (A) is the torsion subgroup then there an
unital finite-fold noncommutative covering

(A,Z, G (Z‘ A) ,[ift) such that the composition
TP (A)iors = ™ (A) = G (Z‘ A) is isomorphism.

If an unital C*-algebra A admits Hurewicz homomorphism then
7 (A) is the direct sum of groups

I

1" (A) Z 71" (Asors © 717 (A) /717 (A ors
6 (4] ) ot (A)

= F?b (A)tors @ W?b (A)free :

1%
—~~
(6]
~



There are the free and the torsion Hurewicz homomorphisms
h%e : W%b (Z) — Hom (Kl (Z) ,Z) ,
e (Z\‘ A) =75 (A) oy = Bxth (Ko (A,2))

The inclusion yields a homomorphism ¢ : Ko (A) — Ko (A) so there

are homomorphisms
r : Hom (Kl (Z\) ,Z) — Hom (K (A), Z),

r : Extl (KO (Z\) ,Z) 5 Ext} (Ko (A),Z),

On the other hand there are subjective homomorphism
s (A) = G (A‘ A) = 78 (A, and s 1 72D (A) — b <A).



Definition
If A admits Hurewicz homomorphism then a pair of homomorphisms

hly € rosy w3 (A) = Hom (Ky (A),Z),

Wy o5, 7 (A) = Ext} (Ko (A),2Z)

is the Hurewicz pair.



Definition
If Ais an N-algebra then both direct sum and exact sequence yield
the following diagram

tors @ W%b (A)free — ﬂ—%b (A)free

[ (TR [
Ext! (Ko(A), Z) v KY(A) - Hom(K1(A),Z))
So there is the unital Hurewicz homomorphism given by

ﬂ-%b (A)tors — ﬂ-%b (A)

WA L 4 B2 i (A) = KL (A).



Hurewicz homomorphism for
commutative C*-algebras

If X — X is an universal covering then the Hurewicz
homomorphism looks like

hM .6 (;?’ X) = KL(C (X))

If X is not path connected then it is possible that 7 (X, xo) is
trivial but G ()?‘ X) is not trivial the Hurewicz homomorphism of
C*-algebras is more informative. There is the weak fundamental
group 7y’ (X, x0) such that 7}’ (X, x0) = 71 (X, x0) is X is path
connected a semilocally 1-connected. However it is possible that

m1 (X, xo) is trivial but 7} (X', xo) is not trivial. Moreover for any
Abelian group A one can define a Hurewicz homomorphism

W{V(X,Xo) — /:/1 (X,A)

to Cech homology. Above homomorphism have new early unknown
type. There are examples nontrivial homomorphisms with trivial
1 (X, x0).



Let X be a compact, connected topological space such that:
> The groups 73 (X, x0), Ko (C (X)) = K°(X) and
K1 (C (X)) = K (X)) are finitely generated Abelian groups,
» There is the universal covering p : X — X with the natural
isomorphism 71 (X, x0) = G (2?’ X).
The (classical) Hurewicz homomorphism A" : 711 (X, x9) — Hi (X)
into singular homology is an isomorphism. If w : (51, 50) — (X, x0)
represents an element [w] € 71 (X, x0) is such that

m1 (X, x0) = Z[w] @ m1 (X, x0) "
There is a surjective homomorphism ¢y @ Hy (X) — Z with
o (Zy) = Z and ¢y (Hl (X)i> = {0}. This homomorphism yields
an element z € H (X, Z) with HY (X, Z) = Zz & H' (X, Z)™.
There is a representative ¢, : X — K (Z,n) = S! of z. The
composition ¢, o w : ST — S! yields an isomorphism of cohomology

of S1 so it is a homotopy equivalence. It follows that there is a
surjective homomorphism

1 (¢z) : m1 (X, x0) = m1 (St 50) 2 Z.



Free case

For any n € N thee is a there are a finite index subgroup,
topological space and two transitive coverings given by

H, def 7'1'171 (¢2) (n7r1 (51, S()))

X, X /H,,

5n : Xv — '/X‘an
Pn : /'E, — X.
Since S! =2 U (1) the map ¢, yields an unitary element

ue U(C(X)). If m: C(X) — B(Ha) be an atomic representation
and ¢, is given is defined above then for any n > 1 there is a
generally discontinuous map v, def $no i, X — U(1) = St which
can be regarded as an element of B (#,). If v, is continuous map
then v, represents an element z, € H' (X, Z) with nz, = z. It is
impossible since x is not divisible, so v, ¢ C (X). It follows that

vy = (u),

Vn,l € N v,l, = V.



If A, is a C*-subalgebra of B (H,) generated by the union
C(X)U{v,} then A is a subalgebra of maps from X — C, so it is
commutative, so from the Theorem Gelfand theorem it turns out

that A, = C (z’?,’,) Moreover

C (55’) = &l dn (C(X) v

where @ means a direct sum of left A-modules, i.e. there is an
(u, vn, n)-covering

(C(X) .C (2?’) T~ G (c ()?’) C(X)) ,C (p’n)>

where p, : f,’, — X is a covering induced by an inclusion
C(X)—C (;?)



From v" = u it turns out that
1 (02 © pp) <7T1 (/‘Zﬁ)) = nm1 (X, x0) = 71 (¢z © pn) (7T1 <X~n>)

and from the above equation it follows that the covering

P )?,’, — X is equivalent to the p, : X, — X one. If u represents
a nonzero element [u] € K1 (C (X)) then from the above equations
it turns out that [u] is admissible. For any n € N the specialization
of the character explained in general theory character

X 2l > U (1),
2mik
klu] —en .
and from the above equation it follows that the covering
p, : X} — X is equivalent to the p, : X, — X one. Clearly a set

{Vn} e satisfies to the conditions of the definition of admissible
element, i.e. u is admissible.



Here we drop analogs manipulations below the equation and obtain
a specialization

f[%])] K1 (A)free — 7

of the given by the equation free Hurewicz homomorphism, i,e. h%e
maps w onto the image of f[E‘]’] Using this fact one can prove that
free part of classical free Hurewicz homomorphism coincides with
noncommutative one,



Torsion case

Let p € N be a prime number and X is path connected and

w: (S s9) = (X, x0) is a representative of an element

[w] € 1 (X, x0) with p[w] = 0. Suppose that there is a p-listed
covering 6, : X — X such that the composition

Zw) = Zp — 11 (X, %0) = G (55‘ X)

is isomorphism of Abelian groups. It turns out that the composition
w o 0, represents a trivial element [w o 0,] = p[w] € 71 (X, x0). So
there is a homotopy ® : S x [0,1] — X with

Vs €St & (s5,0)=wob,(s);
(D(S,].):Xo,
Vte[0,1] & (xo,t) = x0



Let C’w be the mapping cone defined by the following way:
> there is a mapping cylinder My, (cf. Definition ??),

> Clw ™ My, /j (SY).
then map @ yields a composition

S Cw— X,

If mg corresponds to a base point of C'w then there is a
decomposition
St = Clw\{m} — X.

It follows that one has
K (C(SY) = K (C(C'w\ {mo})) — K (C (X))

On the other hand (C (C'w\ {mg}) is the mapping cone Cc(y,) of
the homomorphism C (6,) : C (S*) < C (S'). There is a following
exact sequence

0 = SC (%) % Ceqo,) = € (SY) — 0.



From the Puppe sequences

KK (1d ,5C(6,)
KK (SC (5Y),5C (%)) (g 5€06)

KK (SC(S'),SC(SY))

KK (Idc (c1y,P
KK(SC(SU,C(C@))__E_EEL_L

kK (Idsc(sl)vc(ep))

KK (SC(SY),C (SY)

KK (SC(S%),C(SY));
KK (C (51) .C (51)) M KK (C (Sl) .C (51)) M
— KK (C¢, C (51)) M KK (SC (51> .C (51))

KK (5C(6,),1d
( c(sl)) KK (SC (51),C(51)).




it follows that
Ko (SC (8Y)) 2B, 4 (sc (sY) L9, Ky (€ (Gy,)) 2225 Ko (€ (SY))

)
Ko(C(6,)) ( ( )) ’
K (C (81)) 240D, jer (¢ (s1)) K9 k1 (¢ (@) L85 K2 (sC (5Y))

O, ke (sc (51).
So one has

Ko (C(Gy)) = K (C(G,)) 2 2,



The decomposition
St = Clw\ {mg} —» X
yields the following homomorphisms
K (C(SY) = K (Go (C'w\ {mo})) — K (C (X))

Using the above homomorphisms one can prove the coincidence of
classical and noncommutative Hurewicz homomorphism.
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