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Introduction
Consideration of various differential equations often leads to the establishment
of identities for various special functions. Mixed functional differential equations
are just beginning to be intensively studied (see [1] and references therein), so
their consideration makes it possible to discover new very nontrivial identities.

Introduction
Let 𝑢0 ∈ 𝐿2(ℝ) and 𝑎 ∈ ℝ. Further, let one construct the following infinite-
dimensional Hermitian matrix:

𝑐𝑛𝑚(𝑎) =
∫+∞
−∞

𝑢0(𝑥 − 𝑛𝑎) 𝑢∗
0(𝑥 −𝑚𝑎) 𝑑𝑥

∫+∞
−∞

|𝑢0(𝑥)|2 𝑑𝑥
, 𝑛,𝑚 ∈ ℤ, (1)

then the next identity is valid:

+∞

∑
𝑛=−∞

+∞

∑
𝑚=−∞

𝑐𝑛𝑚(𝑎) 𝐽𝑛(𝑡) 𝐽𝑚(𝑡) = 1 , 𝑡 ≥ 0. (2)

where 𝐽𝑛(𝑡) is the Bessel function of the first kind with index 𝑛.
To prove this identity let one consider the next Cauchy problem:

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

= −𝑢(𝑥 + 𝑎, 𝑡) − 𝑢(𝑥 − 𝑎, 𝑡)
2

, 𝑢(𝑥, 0) = 𝑢0(𝑥). (3)
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Under small 𝑎 this mixed functional differential equation turns into a linear
transfer equation.

Using the Fourier transform, it is easy to show that the general solution of
the Cauchy problem (3) is:

𝑢(𝑥, 𝑡) =
+∞

∑
𝑛=−∞

𝐽𝑛(𝑡) 𝑢0(𝑥 − 𝑛𝑎), (4)

and that equation (3) has the following integral of motion:

∫
+∞

−∞
|𝑢(𝑥, 𝑡)|2 𝑑𝑥 = ∫

+∞

−∞
|𝑢0(𝑥)|2 𝑑𝑥. (5)

Substituting the sum (4) into the integral of motion (5), we obtain the iden-
tity (2) with the coefficients (1).

References

1. Myshkis A. Mixed functional differential equations. // Journal of Mathematical
Sciences. — 2005. —Vol. 129, no. 5. — P. 4111–4226.

19


