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Presentation summary

Introduction. Laser model. Semiclassical approach.

Quantum model. Neglecting population fluctuations

Population fluctuation effect on spontaneous emission

Solving Heisenberg nonlinear equations for LED. Results 

Notes about the method
Working in the frequency domain. Calculating quantum fluctuation power 
spectra. Preserving commutation relations for operators.
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What systems can be investigated?

Superradiant micro-lasers, with the cavity size ~ l/2

Nonlinear optical devices 

Plasmonic nanoparticles and lasers

Resonant fluorescence

Photonic time crystal devices

Other resonant quantum optic systems 
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Excited states population

Ground states population
Cavity field amplitude

Two-level transition 
width

Pumping rate

Cavity field decay 
rate

Rabi frequency

Population decay rate

The system we consider here
Micro-laser with the cavity size ~ l/2
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Different coupling of 
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Interaction picture, resonant approximation
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Bose operators
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What equations we solve?
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The stationary case

The field propagates along axis Z

ˆ( ')a t t

The number of particles is large
No polarization-population correlations!

Some conditions of the approach:

Close to resonance
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«Semiclassical» approach

Operators are replaced by c-numbers, fluctuations are neglected
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The stationary solution can be found
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Semiclassical theory results
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Quantum «zero-order» approximation

Population fluctuations are neglected
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Equations are linear in operators and can be solved by Fourier-transform

?N 

[similar with equations for coupled oscillators]

The mean population 
inversion 

must be found
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Operator Fourier-expansion
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We solve the system of linear equations and express Fourier-component 
operators through Langevin force Fourier-components
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We must find
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Mean cavity photon number
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Quantum theory 
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Zero-order approximation results
Thresholdless micro-laser with a large spontaneous 
emission to the cavity mode

Cavity photon number

Active medium transition 
width
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Laser linewidth

Laser field spectrum

Collective Rabi 
splitting

Pump rate
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We come back to nonlinear laser equations

We add a new term , so we must change the Langevin force
in order to preserve v̂F
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Population fluctuation effect on the cavity 
mode spontaneous emission 

If the mean cavity photon number is small, we neglect the stimulated emission, 
preserving the population fluctuation effect on the spontaneous emission
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This mean that we neglect nonlinear terms in equations, but take the
population fluctuation depended Langevin force
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Langevin force with population fluctuations
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If 0n  ,  then

Population fluctuation power spectrum 2 ?eN  

Now we have everything necessary for calculations

For a large number of 
emitters
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A small mean cavity photon number

Second-order autocorrelation function at
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Zero-order approximation result
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Conclusion: population fluctuations increase polarization fluctuations (through 
Langevin force) and therefore increase the mean cavity photon number n.

Population fluctuations lead to the super-thermal photon statistics at small n. 

Results

0n
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Solving nonlinear equations
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The field spectrum

Coming to Fourier-components

and               can be found from zero-order approximation2
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Perturbation 
approach:
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Narrow population fluctuation spectrum
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Explicit expression for the field spectrum

Population fluctuation dispersion               can be found from generalized laser rate 
equations (equations for the energy operators)
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Population fluctuation effect on the nonlinear LED 
power

Result: The mean power photon number grows 1.5-2.5 times in 
micro-LED because of the population fluctuations 
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Population fluctuation effect on Collective Rabi 
splitting
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Result: Population fluctuations increase the collective Rabi splitting
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Conclusion

An approach based on the spectrum analysis of Heisenberg operator 
equations is developed for solving nonlinear problems of quantum optics 
and laser physics

The approach is applied for analysis of super-radiant micro-lasers, where 
active medium polarization cannot be eliminated adiabatically

New features as collective Rabi splitting, super-thermal photon statistics 
and the radiation power increase due to population fluctuations have been 
found.

Several perturbation methods based on the operator Fourier-
representation  lead to analytical results and forms a background for 
numerical studies. 

The method can be applied to variety of quantum systems as nonlinear 
optical devices, plasmonic emitters, resonant fluorescence, photonic time 
crystals. 
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